Dé thi chon hoc sinh gidi Iop 12
TP. H6 Chi Minh ném hoc 2011-2012

Neay thi: 14-3-2012
Bai 1: (4 diém) Giai cAc phuong trinh sau:
a) sin 2z + cos 2x + tanx = 2
b) sin® (:L‘ — %) =+/2sinz
Bai 2: (4 diém) Giai cAc phuong trinh sau:
a) 23 — 2% — 102 — 2 = /722 + 23z + 12
b) 3z +2)v2x — 3 =222+ 32 — 6
Bai 3: (4 diém)
a) Cho céc s6 thuc a, b, ¢ > 0 théa man abc = 1. Chiing minh:

1 1 1
<1
a+b+1+b+c+1+c+a+1 -

b) Cho céc s6 thuc a,b,c € [-1;2] va a + b+ ¢ = 0. Chiing minh
a’+ 0>+ <6

Bai 4: (3 diém)
Cho hinh chép S.ABCD c6 canh déu bang a. Goi M 1a 1 diém trén canh C'D sao cho CM = %CD.
Tinh theo a ban kinh m#t cau ngoai tiép hinh chép S.AM B.
Bai 5: (2 diém)
Cho céc sb thuc x,y,z € (0;1) va 2y + yz + zx = 1. Chitng minh
x Y z 3v/3

>
1—x2+1—y2+1—22_ 2

Bai 6: (3 diém) Giai he phuong trinh sau:

r?y? 4+ 2y +4 = Ty
22 + 2y* + 6y = 3wy?

Hét



Loi gidi dé thi chon hoc sinh gidi I6p 12
TP. H6 Chi Minh ném hoc 2011-2012

Bai 1: (4 diém) Gidi cac phuong trinh sau:

a) sin2x + cos 2z + tanx = 2

Diéu kién: cosz # 0

Do cosx = 0 khong phai la nghiém ctia phuong trinh nén ta dat ¢t = tgx
= sin2x = ﬁ—tﬁ; }jr—g

Phuong trinh da cho trd thanh ¢* —3t*+ 3t —1=(t -1’ =0&t=1
Stgr=1r=7+kr(ke Z)

b) sin® (m — g) =+2sinzx
Phuong trinh da cho

Ccos 2x =

3
& [\/§Sin (x — %)] = 4sinz < (sinz — cosz)® = 4sinz < (tanz — 1)° = 4tan z(1 + tan’r)

& Stan’r+3tan’r+tanz+1 = 0 & (tanz+1)(3tan’r+1) = 0 & tanr = —1 & o = —%—l—lm(k € )

Bai 2: (4 diém) Gidi cac phuong trinh sau:
a) 23 — 2% — 100 — 2 = /722 + 23z + 12
Phuong trinh da cho

S (42> o +2= V722 + 230 + 12+ 72? + 232 + 12

Dat f(t) =+t f(t) =2t +1 > 0Vt € R Vay ham s6 f(¢) dong bién neén ta c6

ft+2) = f(VT22 + 230+ 12) & o + 2 = V722 + 23z + 12

r=4
s -1llz-4=0&(z-4)(2*-32+1) =0« x:3+2‘/5
3-v5

8
I

b) 3z +2)v2x —3 =22 +3z — 6
Diéu kién = > %
Dat t = v/2x — 3 (¢t > 0) Phuong trinh da cho

SBr+t=22"+r -3+t <t - 20 +2)t+22 +1r-3=0

3
A:x2+8x+16:(x+4)2>0‘v’x25
t=2r+3
t=x—1

Véit=2r4+3=t>)—t=0=t=1Vt=0

t=0:>x:%

t=1=x=2
Véit=r—-1=>V2r—-3=r—-1=>2=2
Thit lai thiy = 2 thoa man. Vay phuong trinh c6 nghiém duy nhat x = 2.



Bai 3: (4 diém)
a) Cho céc s6 thuc a,b,c > 0 thoa man abc = 1. Chiing minh:

1 1 1
<1
a+b+1+b+c+1+c+a+1 -

Cédch 1: Sau khi quy dong va két hop cac dang thitc a?+ b2 +c? = (a + b+ ¢)? —2(ab+bec+ac); ab(a+
b) +be(b+c) +acla+c) = (a+b+c)(ab+ be + ac) — 3abe va diéu kien abe = 1 ta c6 bat dang thic
can chitng minh

& (a+b+c)(ab+bc+ac—2) >3

Bat ding thic cudi ding do a + b+ ¢ > 3;ab+ be + ac > 3 nén ta c6 diéu can ching minh.
Cach 2: Dat a = 2%;b = y>; c = 2% v6i xyz = 1 bat dang thiic trén viét lai thanh

1 1 1
+ + <1
w4yt tayr P+ 2 Hayr 23+ 23 +ayz
St dung bat dang thic can ban sau 2% + y* > ry(x + y) ta co
1 1 1 1 1 1
< =

+ + + +
By tayz P2 +aoyz B+ B+ayz T ayle+y+z2) zzle+y+z) zy(e+y+2)

Vay bai toan dugc ching minh.
Ngoai ra ta c6 bai toan tong quat sau:
Cho a,b,c > 0 va abc = 1 thi

1 1
<1(k>0
1+a+bk+1+b+ck+1+c+ak_ ( )

b) Cho céc s6 thuc a,b, ¢ € [—1;2] va a + b+ ¢ = 0. Chiing minh
a’+ b+ <6

Tt diéu kién ta c6 (a —2)(a+1) > 0& a* < a+2.
Tuong tu taco b> <b+2; 2 <c+2
Cong lai ta c6 a®> +b*+c* <a+b+c+6=06 (dpcm)
Bai 4: (3 diém)
Cho hinh chép S.ABCD c6 canh déu bang a. Goi M 1a 1 diém trén canh C'D sao cho CM = %CD.
Tinh theo a ban kinh m#t cau ngoai tiép hinh chép S.AM B.
Ban doc tu giai.
Bai 5: (2 diém)
Cho céc sb thuc x,y,z € (0;1) vd 2y + yz + zx = 1. Chitng minh
T Y z S 3\/5

1—x2+1—y2+1—z2_ 2

Cach 1:Dat x = tané; y=tgZ;z= tg% (tgé; tgg;tg% € (0;1))
Vé6i A, B, C la 3 canh mot tam giac.

Ta can chitng minh tanA + tanB + tanC > V3

Dé chiing minh bat dang thic nay ta chi can st dung déng thic quen thudc:



tgA +tgB + tgC = tgA.tgB.tgC
Cach 2: Vi0 <z < 1nén 1—2?> 0 ap dung bat déng thitc Cauchy ta c6

2 202+ (1—a?)+(1—2%) _ , 2 2 T 3v/3
- = > {f22(1— a2 = =~ >a(1—2%) = > 2V
3 3 > 22(1 — 2?) 3\/3_17( x”) 22 5 O

Thiét lap tuong tu 16i cong lai ta c6

3vV3 3vV3 3V3
VT > T\/_(a:2+y2+z2) > T\/_(xy—l—xz—i-yz) = T\/_
Dau "="dat dugc khiz =y =2z = \/Lg
Cach 3: Ta c6 danh gia sau
6z —v3
TS V3 & (V3z —1)2(2z + V3) > 0 (dang do x>0)

1—22 — 2

Thiét lap tuong tu r6i cong lai

VT > 6(m—|—y+22) —3V3 > 6.\/3(xy+:v;—l— yz) — 3v/3 _ 3\2/§

Bai 6: (3 diém) Giai he phuong trinh sau:

2?y? 4 2y* + 4 = Tay(1)
22 + 2y* + 6y = 3xy%(2)

T (2) ta ¢6 : xggjyg =xy —2
T (1) ta co:

2
= 3ay — 2y°
22

22 y* + 4 — doy = 3oy — 2y° & (vy — 2)? =32y — 2° & <
2
Nhan thay y = 0 khong phai 14 nghiém ctia phuong trinh nén ta chia hai vé cho y? ta dugc (% + %) =
3t—2v6it= %

t=1
St A =27+ 22 =0 (t— 1)+ + 5t — 22) & [t )

:L‘:y:

trinh c¢6 hai nghiem (z;y) = (1;1); (2;2)

V6i t = 1 thi x = y giai ra ta dugc V6i t = 2 ta thay khong thoa man. Vay phuong

Hét



