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1. MO PAU

Ham s6 1a mot khai niém co ban cta toan hoc, nd dong vai tro trung tdm
trong chuong trinh todan THPT, Ham sd ciing 1a nén tang cta nhiéu linh vuc
khac nhau ctia Toan hoc va cac khoa hoc khac. Nam duoc cac van dé vé ham sb
khong chi gitip nguoi hoc giai quyét cac bai toan co nhiing rang budc phtc tap,
ma con rén luyén tu duy hé théng, sang tao, c6 thoi quen xem xét su vat, hién
tuong trong su van dong va phu thudc 1an nhau.

Trong ky thi THPT qudc gia va thi hoc sinh giéi nhitng nim gan day bai
todn tim gia tri 1on nhét, gia tri nho nhat ciia mot biéu thire, 13 bai toan co tinh
phan loai cao. Mot phan 16n trong céc bai todn nay co thé giai dugc bang
phuong phap ham sb. Tuy nhién sach gido khoa chi trinh bay van dé ndy véi cac
vi du va bai tdp & mirc d¢ van dung thép, cac sach tham khao, cac website toan
c6 viét kha nhiéu phuong phéap giai bai todn tim gia tri 16n nhat, gid tri nho nhat,
trong d6 c6 mot sd vi du vé ung dung dao ham giai bai toan dang nay. Vi vay
cac bai tap lai qua khé voi cac em hoc sinh khi méi bat dau tiép can van dé, cau
hoi thuong truc cua cac em la tai sao lai c6 cach dat an moi nay, hay lai c6 cach
danh gid kia, hon nita kha nang ty doc sach, tu hoc cua cac em hoc cling con
nhiéu han ché. Nham muc dich gitip hoc sinh budc dau cé thé dinh hudng va
tim kiém 10i giadi cho dang toan nay. Téi manh dan thuc hién chuyén dé:
“Hwéng din hoc sinh giai bai toan tim gia tri 16m, gia tri nhoé nhét bang
phwong phap ham s6”.

Trong chuyén dé nay Tai trinh bay cac bai toan c6 van dung cac bat ding
thire don gian, thuong gip dé xac dinh ham s, danh gid va phan tich 101 giai
gitip cac em hoc sinh c6 cai nhin rd rang vé mot 101 giai, cac bai tap ban dau kha
d& ciing s& 1am cho hoc sinh ty tin khi tiép can van dé nay. Sau cing bang cach
van dung nhing kién thic nay cac em sé& giai dugc mot sd bai toan vira moi thi
gan day. Trong chuyén dé nay t6i cing trinh bay phuwong phép tiép tuyén giai bai
toan: “Tim gia tri 1on nhét cua biéu thuc...”, c6 trong Dé thi khao sat chat luong
l6p 12 THPT nam 2106 cia S6 GD&DPT Thanh Hbéa va néu mot s6 bai tap
tuong tu.



T6i thuc hién chuyén dé nay bang cach tap hop lai cac vi du va cac bai tap
c6 cung cach giai, sip xép chung tir mirc do dé, dén trung binh pht hop cho hoc
sinh truong THPT Néong Céng 3.

2. NOI DUNG SANG KIEN KINH NGHIEM
2.1 Co s6 ly luan

D6i v6i ham s6 ¥ =/ () xé4c dinh trén tdp D < R.

a. Néu ton tai mot gia tri X, €D sao cho f(x) <f(x,)). Vx€D thi f(x,) la

gia trj 16n nhét cua f{x).

b. Néu ton tai mot gia tri X, €D sao cho f(x) =f(x)) Vx€D thi f(x,) 1a

gia tri nho nhat cua f{x).

c. Ham sb f{x) dong bién trén D, néu Vx,,x, €D, x, <x, = f(x)< f(x,)

d. Ham sd f{x) nghich bién trén D, néu Yx;;x, €D, x, <x,= f(x)> f(x,)

Ham s6 f{x) néu lién tuc trén [Cl;b] c6 dao ham trén (a;b) thi bang cach xét
su bién thién trén doan duoc chi ra ta c6 thé xac dinh duoc gia tri 1én nhat, gia
tri nho nhat cua ham f{x).

Déi véi bai todn tim gia tri 16n nhat, gia tri nhé nhat cia mot biéu thic ba
bién thi viéc quan sat, nhan xét vé biéu thirc can danh gia la hét strc quan trong,
thong qua viéc nhan xét tinh chat ddi xtng, su binh déng vé vai tro cta céc bién,
moi quan hé gitra cac bién, tir d6 x4c dinh bién moi, diéu kién x4c dinh cta bién
moi va xdy dung duoc ham sb.

2.2 Thue trang van dé

Hoc sinh trudong THPT Nong Cong 3 1a hoc sinh duoc tuyén tir vang 3
ctia huyén Néng Céng, mot ving con rat nhidu khé khin, diém tuyén sinh dau
vao con thap. Trog khi d6 bai toan tim gi tri 16n nhat, nho nhat 1a mot van dé
kho trong chwong trinh todan THPT. Vi vay hoc sinh rat ngai khi gip loai toan
nay, cac em thuong khong biét bat dau tir dau, khai thac gia thiét da cho nhu thé
nao, st dung su ddi xung, hodc tim ra su ddi xung cua cac bién, xac l1ap céc
quan hé c6 ich cua cac bién dé co thé danh gia ciing 1a mot khé khan 16n dbi voi
cac em.

Trong nam hoc 2014 — 2015, khi chwa day chuyén dé nay. Sau khi day
phan tim gia tri 16n nhét, gia tri nho nhat ciia ham sb cho 16p 12A1, t6i cho 16p
1am bai kiém tra thi két qua thu duoc 13 khiém ton.

Két qua qua bai kiém tra thir & 16p 12A1 - Trudng THPT Noéng Cong 111

Diém tir 5 dén
8
S6 | Tyle | S6 | Tyle | S6 | Tyle

Nam hoc Lép | Tong sb

Diém 8 trd 1én biém dudi 5




lugng luong lugng

2014-2015 | 12A1 49 8 16.3% 20 | 40.8% 21 | 42.9%

2.3 Noi dung
2.3.1 Mot s6 bat dang thirc thuong dung.
Loai 1: Vi moi s6 thuc a, b, ¢ ta luén c¢6 cac két qua sau:

i) a*+b’+c’=ab+bc+ca iii) (a+b+c)’ =3(ab+bc + ca)

2 iv) a’b’+b’c’ +c’a’ =abc(a+b+c

i) @ +biec Z(a - [;-'- : v)) (ab + bc + ca)? Z3abc(a(+ b+c) |
Déu bang xay rakhia=b=c.
Loai 2: V61 moi s6 thuc duong x, y, z ta cé

~ 11 .
) —+—= .Dau “="khix =y
X y x+y
11 1 9 . .
i) —+—+—=2——— Dau“="khi x=y =z

X y z x+y+z
Loai 3: Vi moiso X,7,Z =1 tacod

1 1 2
i + > 5 e X4 ix =
) l+x 14y 1+ (_xy' Dang thirc xay ra khix =y

1 1 1 3
+ + >
I+x 1+y 14z 1+{/xyz
2.3.2 Xét ham mdt bién

ii) .Pang thirc xay rakhix =y =z = |
\e o s .~ 3. I
Bai toan 1: Cho 0 =<x,y,z <] Thoa mdn x+y+z 25 tim gia tri 1on nhat cta
biéu thuc P =x" +y” +2°
. . . . |
Loi giai: Khong mat tinh tong quat, gid st 0 <x <y <z <1 khi d6 e <1

2
+z2=27"- 32+2
4

L
2

. 2, 2
COP=x"+y"+z° <

—-z
2

, 9
Xét ham sb f(z) =2z° - 3z +Z Vze

fl(z)=4x-3=0< x:%



D=3 3
5]—f(1)—4,f(4

9 5
TaCéf ):§:> f(Z)SZ Vze

l;1] ;
2

N 7 . 14 /( 2 \ 5 M 1 e 14 14 M ? 14
Vay gié tr1 16n nhat ctia P 1a rk khi x =0,y :5,2 =1 hodac cac hoan vi ctua no.

Bai toan 2: Cho cac sb thuc *>Y>Z thda mén cac diéu kién x+y +z =0,
va x°+y’ +z> =1. Tim gia tri 16n nhét cia biéu thuc P =x" + )’ + 2’
(Dé tuyén sinh Pai hoc Khéi B nam 2012)
Loi giai
Tir gia thiét x+y +z =0; x> +)* +z° =1
Co: O=(x+y+z) =x"+y" +z° =2x(y+z)+2yz =1- 2x" + 2z

Nényz=x2-5
2 2 2 2
Mit khac yz <2 2 L SN B :-ﬁs)csﬁ
2 2 2 2 3 3
Khi do

P=x+(y"+2)(y +2)- ¥z (y+2)

P=x"+(1- )’ + )y +2)- yz(y +2)| +[ ¥ -

1 2

2
X+ x -—| X

X - =
2

P=x"+(1-x)|-(1-x)x+

5
P==(2x°-
4(x x)

Xétham sé f(x) =2x° - x. Vxe€

_ Y6 6
373

J6

Co f'(x)=6x"-1;, f'(x)=0= x :i?

Vo) _ (6| _ V& [V6
f’T‘f[?‘T’fT 6

BRGRG

J6 56

= f(x) sg du bang khi x == p <20

= 36
56

Vay gié tr1 I16n nhat cua P 1a ?



J6
x = J6
3 Sy
Khi {y+z=-x b
s
2 1 1 y—Z—-—
pexts o= | 6

2.3.3 Doi bién doi xing
Bai toan 1. Cho x, y, z khong am thoa man x2 +y2 +22 =3. Tim gia tri lon
nhdt va gid tri nho nhat ciia A =xy + yz +zx + Yt y+z
Loi gidi:
-3

Dat t=x+y+z=>xy+yz+zx =

Mit khac 0 <xy+yz+zx <x’+)° +z° =3 nén 3 <> <9= 3 <t <3 vi >0

t* 5 3
Khid 4 =—+—- —, re|+3;3
AT, V33
. ? 5 3
Xéthamso f(t) =—+—- —, re|«3;3
¢t ham so f(¢) AP [\/—}
5 -5

Co £ =t = =—=>0 vie (33| dodof) déng bién tren V333
= fWB) < f () <f(3) = % </ =

. 14 . 5
Vay gia tri 16n nhat cia 4 1a EY khi x =y =z=1; gia tri nhé nhat cia A 1a ﬁ

khi hai trong ba s6 bang 0 s6 con lai bang /3.
Bai toan 2. Cho cdc s6 thuc khéng ém a, b, ¢ théa man diéu kién

3(a® +b* +c*)+ab +bc +ca =12
Tim gia tri lon nhdt va gia tri nho nhdt cua biéu thirc

P :M+ab+bc+ca
a+b+c

Loi giai:
Tir gia thiét ta co:

12>3(a> +b° +c*)= a’> +b* +c* <4



12<3(a’>+b° +c*)+a" +b*+c* = a’ +b* +c” =3
Vay a® +b* +c* €[3;4]
Ciing tir gia thiét ta c6:

*) ab+bc+ca=12-3(a’+b* +c°)

*)  3(a® +b° +c*) +(ab +bc + ca) =12

o S(a*+b°+c*)+(a+b+c) =24

o a+b+c=\24- 5> +b> +c7)

a’+b*+c’

J24- 5(a* +b* + )

Do d6 P = +12-3(a* +b> +¢?)

Dit t =24 - 5(a’ +b* +¢?) vi &> +b* +¢* €[3;4] nén 1€[2;3]

1

(41 .

Va p_5 s12-3242 0 Ligp 24 12
‘ 5 5 (s
, , 24

Xeétham s6 /() =3t"- t- = vre[2;3]

Taco f'(t) =6t- 1- 3—24 =(t- 1)+ (5t - 3_24) >0 Vie[2;3]

Nén ham s6 ddng bién trén [2;3] = max /(1) =/ () =32 min /(1) =/(2) =22
= 2<P<4 Vie|23;

P=2 o t=2 khi a =2,b=c =0

P=4 o t=3khi a=b=c=1
Bai toan 3
Chitng minh rang véi moi sé thiee dwong x, v, z théa man: x(x +y + z) = 3yz,
ta co:

(x+p) +(x+2) +3(x+y)(x+2)(y+2) <5(y+z)
(Tuyén sinh Pai hoc Khoi A, 2009)

Nhan xét: Tu gia thiét va biéu thirc can ching minh ta nhan thay cac biéu thuc
dang cap doi xung doi voiy, z.

That vay, tur gia thiétta c6: x(x+y+z)=3yz e 1+ Yz :3Zi

X X XX
Va bi€u thirc can chung minh c6 thé viét lai nhu sau:



(x+ ) +(x+2) +3(x+ p)(x+2)(y+2) <5(y+2)°

3 3 3

= 1+Z + 1+E +3 1+X 1+E Z+E <5 l+E
X X X X X X X X
Z r ,
Dgltazl; b =—, khi d6 a, b 1a cac s6 duong thoa man 1 + a + b = 3ab va bat
X X

dang thirc can chirng minh tré thanh:
(1+a)’ +(1+b)’ +3(1+a)(1+b)(a+b) <5(a+b)’

e 2+6a+6b+6a’ +6b> +a’ +b +3a’b +3ab’ +6ab <5(a +b)’
© 2+6(a+b)+6ab+6a’ +6b° +(a+b)’ <5(a+b)’
o 1+3(a+b)- 3ab +3(a+b)’ <2(a+b)’

o 2(a+b)+3(a+b)’ <2(a+b)’ (vil +a+b=23ab)
e 2+3(a+b) <2(a+b)’ (1)
2 2
Ditr=a+ b tacd 1+t =l+a+b=3ab <32 :3%

o3P -4t-4>0e 1 >2
Khi d6 tir biéu thirc (1) ta cAn chimg minh
f()=26-3t- 2=(t- )2 +1) 20 Vr€[2;+ )
Dau dang thirc xay ra khi va chikhi t =2 < a =b =l x =y =z
2.3.4 Panh gia két hop doi bién
a. Panh gia ba bién d6i xirng
Bai toan 1. Cho cdc sé khong am a, b, c thoa man a + b +c = 1. Tim gia tri nho
nhdt ciia biéu thire: M =3(a’b* +b*c* +c2a®) +3(ab +bc +ca) + 2Ma> +b* +¢°
(Tuyén sinh Pai hoc Khoi B, 2010)
Loi giai:
Tacd M =(ab+bc +ca)’ +3(ab + bc + ca) + 2\/1 - 2(ab + bc +ca) .
(a+b+c) 1
3 3

bat t =ab+bc+ca= 0 <t =ab+bc+ca <

Xétham f(¢) =t* +3t+241- 2¢, te ();H

2

2
= f'(t) =2t +3- , (1) =2 - ——
COf() + ﬂ f() (1_203

<0



£°(0) = 0 suy ra f"(x) nghich bién trén |0

5

nén f'(t) = f"

1 —_— e -
E] = 2\/_ 0.
dodo f(¢t) =f(0)=2,Vte 0;%]
O;l]
3

Gi4 tri nho nhat ciia M 1a 2 khi ab = be = ca, ab + bc +ca =0, via +b +c = I
< (a; b; ¢) = (1; 0; 0) hoac (0; 1; 0) hoac (0; 0; 1)
Bai toan 2: Cho a, b, ¢ la cdc so thwe dwong. Tim gid tri 1om nhdt ciia biéu thirc

pP= 4 - 0

N> +b* +¢> +4  (a+b)J(a+2c)(b+2c)

Viy (t) dong bién trén

O;l
3

Vivay M =f(¢) =2 Vte

(Tuyén sinh Pai hoc Khoi B, 2013)
Loi giai:

Ta co

2 2
LA AP +a +b+2(a” + )+ 2B +C7)

< > <2a +b> +c°)

Khido P = 4 - 2 92 2
Ja2 #b2 2 +4 2@+ +cP)

(a+b)\/(a+2c)(b+2c) < (a +b)a+b+4c a” +b” +2ab+4ac +4bc

Dit=Ja? +b>+P+4 > 1>2

. 4 9
r \ A t- —_ - , z.>2
Xét ham so /(1) 7 20 - %)
L 4 Ot -(t- 44 +7¢ - 4¢- 16)
T 1) =- —+ —
ach 1) 2 (- 4) (17 - 4)

Do 4 +7t° - 4t-16=4(+' - 4)+t(7t- >0 Vt>2 nén f'(t)=0= t=4
suy ra bang bién thién
4 2 4 +00

1) + 0 -

>
A0 /8\

X 5
Tu bang bién thién ta c6 P Sg




. 5 . .
Vay gid tr1 I6n nhat cta P 1a 3 dau bang xayrakhia=b=c=2

Nhdn xét. Ngoai cach danh gia va xét ham nhu trén ta con c6 cach danh gia va
xét ham nhu sau:

a* +b* +c’ +4 2%(a+b)2 +%(c+2)2 2%(41 +h+c+2);

3(a+b)f(a+ 20)(b+20) <(3a +3p)4F0H4C 2;(3(1 +3b)(a +b +4c)
2
Sl w :2(a+b+c)2
2 2
8 27
P < -
Suy ra a+b+c+2 2a+b+c)
8 27
bitt=a+b+c=>t>0khid6 P<——- —
t+2 2t
e 8 27 5
Xét ham so f(t):m'?, vt (0;+0) ta duoc f(t)Sf(6)=§ tr day ta

cling c6 két qua tuong tu.

Bai toan 3:

Cho x, y, z la cac sé thuc khong am théa man diéu kiénx* +y> + 22 =2
Tim gia tri lon nhadt cua biéu thuc

P= x’ L y*tz l1+yz
X +yz+x+1l x+y+z+1 9
(Tuyén sinh Pai hoc Khoi A, 2014)
Loi giai:
Ta co

0<(x-y-z)V =x"+y" +27- 2xp- 2zx+2yz =2(1- xy- xz +yz)

= X +yz+x+l=x(x+y+z+D)+(1- xp- xz+yz) 2x(x+ y+z+1)

-
=

X X
= — <

X +y+x+l x+y+x+l
Mat khac:

(x+y+z) =x*+ )y +27 +2x(y+2)+2yz =24+ 2yz + 2x(y + 2)

<2+2yz+[X° +(y+z) 2+ 2yz+ X7 +y 427 +2yz =4(1 + yz)
2

oy (xty+2)

9 36
Khi do

10



p< x L Y*z C(x+y+2)’ _ x+y+z  (x+y+z)
Cx+y+z+l x+y+z+l 36 x+y+z+l1 36

batr=x+y+z cot=0
0<t’ <(x+y+z) =x*+y* +27 +2(xy + yz + zx)

<X+ Y+ +2(xX° +)y +27) =6

:OSZS\/E
t
P<f(t) =—- — re|0;4/6
= P=I0=r0 5 |0:6|
1 t (t- 2)(£* +4t+9)
’ () = - = = H=0ot=2
Taco /1) t+1)° 18 18(1 +1)° /@
Bang bién thién
t o 2 J6
S + 0 -
2
9
S

= f(@) S% VtE[O;\/g] = ng

5 . 5
Khix=y=1vaz= 0thi P=§.Véygiétri 16n nhat cua P=§

b. Panh gia hai bién dbi xing
Bai toan 1: Cho cdc s6 thiee dirong a, b, ¢ théa man ab + be + ca = 1. Tim gid
tri 1ém nhat cia biéu thire:

a b 3c

P = + +
1+a2 1+b2 \/1+Cz

Loi giai: Trudc tién ta chimg minh két qua sau day:

a b 1
+ <
1+a* 140" J1+¢?
That vay: ab +bc+ca=1nénl +a’=(a+b)a+c) 1+b’=(b+c)(b+a)

a b a b a(b+c)+b(c+a)
do do: >t > = + =
l+a” 1+b° (a+b)a+c) (b+c)b+a) (a+b)b+c)(c+a)
1 +ab B Ja+aH)a+p) 1

:\/(1 ra)(1+b)(1+c?)  JA+a)1+b) 1+ 1+

11



A < , 5 . a :b
Dau dang thirc xay ra khi {ab+bc+ca -
S p< 1 N 3c  1+3c
uyra I = =
Y \/1+02 \/1+02 \/1+02
, 3c+1
Xét ham s6 f(¢) =———, Vc€(0;+w)
AJl+c
Vo 3-¢ . Vo _ )
Ta co f(C)_(1+ 2)\/1_'_ =; /'(¢) =0 = ¢ =35uy ra bang bién thién:
C c
T 0 3 + 00
S

+ 0 -
J10
a / \

Tir bang bién thién cua ham sd ta co P <10, déu biang xay ra khi

{aZb;c:_’) {a:b:m-3
=

ab +bc + ca =1

c=3
Bai toan 2: Cho cdc s6 thirc x, y, z thuéc doan [1;4] thoaman X =y, X2z,
Tim gid tri I6m nhdt ciia biéu thirc
p=—" 4+ Y 4 =
2x+3y y+z z+x
o (Tuyén sinh Pai hoc Khoi A, 2011)

Cach 1. Trudce tién ta chiing minh Bat dang thuc sau
{a,b >0_ 1 1 2

ab=1  1+a 1+b Z1+\/E ®)
Bét ddng thirc (*) < (a +b+2)(1+~Jab) =2(1+a)(1 +b)
= (a+b+2)ab =2(1+a)1+b)- (a+b+2)
= (a+b+2)\/E >a+b+2ab
o Jab(a+b- 2\ab)- (a+b- 2Jab) =0

& (Jab - D(Wa - Jb) =0 (BDT nay luon ding Vab >1)
Dau bang xay ra khi va chi khi ab = / hodc a = b

12



P:x+y+z_1+1+1
Ta co 2x +3y

ytz o zHx 5.3V 4% (4% Ap dung BPT (¥)
X y z
= P> : + 2 . X
7 +3Y 1+ |X , ddu bang xay ra khi — =lhodc z* =xy
x y Y

Dét\/gzt.DolﬁySXS4 nén 1 <t <2
Y

1 2 1 2
+ = +
1 141 27 +3 1+t

. t 2
Xéthamso f(¢r) = + , te|l;2

/) 26 +3  1+¢ [ ]

2 P VL B B
f'(;):%(y ,,+3) ,,4t 2 I 4t %t +(2t 3z‘q+9 <0, Vt =1

(2t" +3)° (t+1) (2t +3)° (¢ +1)°

K P . T

Suy ra P=f(t)=f(2) :E' Vay gia tri nho nhat cia P la 3 khi va chi khi
X _ 24 o 2
—=t"=4vaz =xy=>x=4, y=I, z =2
Y
Cidch 2: Xem P nhu 1a ham sd ctia bién z
P(z) = A

2x+3y y+z z+x

LS SR SRR ) el 4 Chast) )
(y+2)° (z+x)°  (y+2)(z+x)
P'(z) =0 x(y+2)° =y(z +x)’

> X=y
e (x-y)Nz-x)=0= S
, X X z 1 6
a =vythi P= + + =—+] ==
Newx = thi 2x+3x x+z z+x 5 5

Neéu z =4/xy ta co bang bién thién sau:

z |1 Jo 4
0

P’(z) -
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P(z)

P(y/xy)
y Jo

Tt bang bién thién ta c6 P(2) >P(\/_) _2 +3y ' y+\/7 \/73"")6

X B Jy x 2y _ 1 2
2x+3y \/;+\/_ J;+J_ 2x+3y \/;+\/_ 2+3y 1+\/E
y

bat t = (1 =<t <2) ta duogc

ST

2 r 2

3 T+1 2043 140
9 +? +7 r+ +1
T6i day ta tiép tuc nhu cach 1.
Bai toan 3: Cho cdc soj thuc dwong a, b, ¢ théa man (a + ¢)(b + ¢) = 4¢’ . Tim
gia tri nho nhat cua biéu thiec.

_ 32a 3200 Na'+b
(b+3c) (a+3c) c
, 7 (Tqyén sinh Dai hoc Khéi 4, 2013)

Loi gidi: Do c 1a s6 thuc duong nén ta c¢6 thé viét lai Bi€u thuc can chiing minh

P(z) 2 te[1;2]

al’ b\’
32| — 32 ] T
a
nhu’sau:PZbc3+ 63-\/2 +Z
+3] 43
c c
. a b
bit x=—; y=— (x>0, y>0)
c c
Khi d6 diéu kién ctia bai todn trd thanh xy + x +y=3 va

3 3
_ 32x3+ 32y3_ S
(y+3) (x+3)
Voimoiu > 0,v>0tacod

(u+v)
4

WV =(u+v) - 3uvu+v) =(u+v)’ - 4(u+ vy =

14



(x+ 1)’ - 2xp +3x+3y 3

. 32x 32y° x Y
Do d6 T+ 78| St | =
(y+3)  (x+37 " [ y+3 x+3 Xy +3x+3y +9
Thay xy=3-x-y taco
3 3 - ’
32x 4 32)/32 (x+y-D(x+y+6) —(x+y- 1)
(y+3)  (x+3) 2x+y+06)

Suyra P=(x+y- 1) - X + 3> =(x+y- 1) - J(x+y) - 2xp

=(x+y- 1)3- \/(x+y)2+2(x+y)- 6
batt=x+ytacod

3=x+y+xy<x+y+

P>f(t)=(t-1yY- @ +2t-6 V=2

t+1

S0 =3(t-1)° - m
t+l :\/1 —7 S\/l-}-l:&

Vé6i 122 taco 3(t- 1)* 23 va ————
JP+2i- 6
W2
2

2 2
(x;y) :z+%@ (- 2t +6) 20 o 1 =2

Nén f'(t)=3- ==>0= f(t)=f(2) =1- V2.

Dod6 P >1- +2. Khia=b=c thi P =1- 2. Vay gi4 tri nhé nhat P =1- /2.
Bai toan 4: Cho x, y, z la cac 50 thue thoa man
“1- 202 <x<-1+4242, y>0, 250 vax +y +z =-1 . Tim gid tri nhé nhat
1 1 1
= 2 + 2 + 2
(x+y)y (x+z) 8-(y+2)
(Pé Khao sdt chat lwong khéi 12 THPT nam 2015, S6 GD&DT Thanh Héa)
Loi giai:

cuia biéu thirc P

U S
(1+y) (I+2)° 8- (1+x)

Taco P =
(1+y) (+z) l+yz )

Pau tién ta chimg minh BDT

That vay

1 1 1 2 2 2
e B = (e ] )

o (1+y2)2+2z+2y+z2° + )y ) =(I+yz+z+y)

15



o 2(z+ p)(1+y2)+2(1+ yz) +(1+ yz)(y - 2)° +2px(1 + y2)
>(1+yz)" +2(1+ yz)(y +2) +(y +z)°

 yz(y- z)> +(1- yz)* =0 (hién nhién ding)

Déau “="xayrakhiy=z=1

Tu BDT (*) ta co
1 1 1 1 4
2+ 2Z = 2 = 2
(1+y) (A+z) 1+yz 1+ y+z 4+(1+x)
2

= 4 + !

4+(1+x)° 8- (1+x)

Do - 1- 242 <x<-1+22 = (1+x)’ €[0;8]
it t =(1+x) = t€]08] va P2f() =+, vre[osg]
' 4+t 8-t
4 1 _-37+72-240
(4+1)° (B-1)° (4+1)°(8-1)

= P

= f(t) =0« t =4; t =20

Co  f'(t)=-

(loai)
Bang bién thién

t |0 4 20
S - 0 +

v \ /
3
4

(1+x)* =4

3 3 x=-3
DOd(,)PZf(f)Z—VéP:—@ y:z:l PN
4 4 y:Z:I

x+y+z=-1

. 3
Vay gié tri nhé nhat cua P la 2 khix=-3,y=z=1

Bai toan 5 Cho cdc s6 thuc a, b, ¢ thudc doan [1;3] va théa man diéu kién
a+b+c =6 tim gid tri I6n nhat ciia biéu thirc
a’b* +b*c* +c*a’ +12abc+72 1
P= - —abc
ab +bc + ca 2
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( Bé thi THPT Quéc gia 2015)
Giai. Ta co
(ab+bc+ca) =a’b* +b°c +c*a® +2abc(a+b +¢) =a’h* +b°c* +*a® +12abc
(ab+bc+ca) +72 1
= - —abc
ab +bc + ca
(a+b+c)

bat x =ab+bc+ca < =12

Do a,b,c€[1;3]= (a- 1)(b- 1)(c- 1)=0
= abc- (ab+bc+ca)+a+b+c-1=0
= abc- x+5>0= abc>x-5

a,b,c€[1;3]= (a- 3)(b- 3)(c- 3) <0

= abc- 3(ab+bc+ca)+9(a+b+c)- 27 <0

= abc- 3x+27 <0

= abc <3x- 27

= 3x- 27 =zabc =x- 5

=

x=>11

pXF2 52,2 E—f(x) re[11:12]
2 2
= f(x) —-—<o vxe[11;12]
a+b+c=6 a =1
:>P<f(x)<f(11)—@du"—" khi {ab+bc+ca =11 b =2
abc =6 c =3
160

Vay gié tr1 16n nhét ctia P :T khia=1;b=2;c=23.

2.3.5 Phuwong phap tiép tuyén

DPdi vi mot sd ham sb, tiép tuyén tai mot diém nao d6 ludn nam trén hay
nam dudi do thi ham so.

Cho ham sd f(x) xac dinh trén mot khoang I, lién tuc va c6 dao ham trén I
khi d6 tiép tuyén tai diém x, €I ¢6 phuong trinh ¥y =a(x- x,) +b s& luén nam
trén hodc ndm dudi do thi ciia ham f(x).

f(x)<a(x- x))+b hoacla f(x)=a(x- x))+b Vx€&€l
Do do
Xy Xgyewens X, EL = f(x)+ f(x))+...+ f(x,) <a(x, +Xx, +....+ X, - nx,)+nb
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Hoacla f(x)+ f(x,)+..+ f(x,) =a(x, +x, +...+x, - nx,)+nb

Bai toan 1. Cho a, b, ¢ > 0. Chimg minh ring —— +—0—+ ¢ 3

ai toan 1. Cho a, b, ¢ > 0. Churng minh ran =>—
& gb+c c+a a+b 2

(Bdt dang thirc Nesbitt)

Phan tich

Bit dang thirc da cho thuan nhat véi ba bién a, b, ¢ nén ta ¢ thé chuan

b c 3
+ >

a
+ >

3-a 3-b 3-c¢ 2

V¢ trai c6 dang tong ham va bat dang thirc c6 dau bang khi a =b =c =1 nén ta

X

hoa cho a +b + ¢ =3 khi d6 ta sé chirng minh

tim phuong trinh tiép tuyén tai x =1 ctia ham s f(x) :3

3x-1

Tiép tuyén c6 dang y =f'(I)(x- 1) + £ (1) =

3x- 1
Dovaytaséchfrngminh3x zx4 v6i 0<x <3
- X

Gidi.
Do tinh thudn nhat ctia ba bién a, b, ¢ nén khong mat tinh tong quat gia st
b c 3
+ p—

a
+ >
3-a 3-b 3-¢ 2

a +b +c =3 khi d6 bat dang thirc tré thanh

3a-1
Ta chu inh >
a chung min -2 1
Co 3a Z3a4- ! e 4a>-3a’ +10a- 3 >0 < 3(a- 1)> =0
-a
Tuone tir ta b >3b-1 c >3c-1
aco > ; >
sH 3-b 4 3¢ 4
a b c 3a-1+3b-1+3¢c-1 3
= + + > =
3-a 3-b 3-c¢ 4 2

Diu " =" khi @ =b =c =1

3 .
Bai toan 2. Cho a,b,c =- 2 va a+b+c =1. Chung minh rang

a b c 9
2 +t 3 =5
a+l b+l ¢ +1 10
, 0 r N . 1 4 <A A
Bat dang thirc ¢6 dau bang tai a =b =c =§ nén ta viét phuong trinh ti€p tuyén

X

1 ,
tai X =—ctia ham s6 f(x) =—;
3 x°+1
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36x+3
50

. . 1 1 1
Ti€p tuyén cd phuong trinh: y =f '(5)(x - 5) +f (g) =

Loi eidi: Ta chime minh: —4— <2043
stat: g mm 1= 50

That vay
a4 30443 e 43a7 - 1404320 (da+3)(3a- 1)) 20 Vaz- >
a +1 50 4
b 36b+3 ¢ 36c+3
< : <
b* +1 50 c’+1 50
a b L€ <36a+3+36b+3+36c+3_9

Tuong tu ta chirng minh dugc

b>+1 c*+1 50 10

COng cac vé cO —;
a +

+
1
£ . 1
Dau " =" khi a =b =c =§

Bai toan 3. Cho a,b,c la do dai ba canh ciia mét tam gidc. Tim gid tri [on nhat
3a-b 3b-c¢ 3c-a

ctia biéu thire. P =(a+b+¢) 3 t— +—
a +ab b +bc ¢ +ca

(Khdo sdt chat lwong I6p 12 THPT ndm hoc 2015 — 2016)
Loi giai . L , -
Day la bat dang thirc thuan nhat vadi cd ba bién a, b, ¢ nén ta c¢6 thé chuan
héa a+b+c =1
=:’P:3ﬂa-b N 3})-0 . 3’c-a :4a-(a+b)+4b-(b+c)+4c-(c+a)
a”+ab b +bc ¢ +ca a(a +b) b(b +c) c(c+a)
4 | 4 | 4 14 1 4 1 4 1
P = - —+ - —+ - —= - —+ - —+
a+b a b+c b c+a ¢ 1-¢ a l-a b 1-b c
_S5a-1 5b-1 5¢c-1

+ +
a-a* b-b* c-ct

P

Do a, b, c laba canh cia tam giacnén b+c>a < 1-a>a < a<5

vay a€(0;1) twong tu ta c6 b,c€(0;1)

s A 5x-1 1 Y X o aA -
Xét ham so f(x) R Vxe 0;5 phuong trinh tiép tuyén cua do thi
, L I | 1 1
ham so6 f(x) tai diém x 25 1ay=,f"(x)x- 3 +f 3 =18x-3
R Lo .. Sa-1 1
Do vay ta sé chung minh L <18 -3 Vae 0;5

That vay co
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S5a- 1 <184 - 3 18a” - 21a“ﬁ+8a- 1 S(3(1- )" (2a-1) <0 Vg e 0;1]
a-a a-a a(l- a) 2
5b-1 5¢-1
Tuong tu ta cling chirng minh duoc PR <18h- 3; ¢ > <I8¢c-3
- c-c

Taco P=<18a-3+18b-3+18c-3=18a+b+c)- 9=9
Déu " =" xay ra khi a =b =c
2.3.6 Mot s6 bai tip van dung
Bai 1. Cho a, b, ¢ 1a céc sb thuc khong am théa man
3(a+b+c)’ =12+5(ab +bc +ca).
Tim gia tri 16n nhat va gia tri nho nhat ctia biéu thirc
A :M+ab+bc+ca
a+b+c

Bai 2. Cho a, b, ¢ 1a cac sb thuc khong am théa man didukién g +b+c =3
Tim gia tri 16n nhét cua biéu thic.

B =2015- 2(ab+bc+ca)’ +27a°b’c’ - 3(a+b+c)’ +12(ab + bc +ca)
Bai 3. Cho céc sb thuc X,7,2€[0;2] thoa man didu kién X+ y +z =3

1 1

Tim gia tri 16n nhat cta biéu thirc P = + + txy+yz+ox
x+y y+z z+x

Bai 4. Cho a,b,c 1a ba s6 thuc duong. Tim gia tri nho nhat cta biéu thuc.
3

2
C= -
a+\/ﬁ+3/abc \/a+b+c

Bai 5. Cho ba s6 thyc duong @,b,c thoa méan a +b+c <2. Tim gia tri nho nhat

a\/; . b\/E . C'\/Z . 1

a+~ab+b b+bc+c cH+Aca+a 27\/abc

cua P =

Bai 6. Cho cac s6 thuc duong g, b, c thbamin a + b + ¢ = 1. Tim gia tri 16n
7 N 121
a’+b>+c* 14(ab +bc +ca)

Bai 7. Cho x, y 13 cac sb thuc khong 4m théa man: x +y =2. Tim gia tri 16n

nhét cua biéu thuc 4 =

nhét cua biéu thuc P = + Xy

xy+1
Bai 8. Choa, b, c > O vaa+ b+ c=23. Chung minh rﬁng:
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a’+9 b*+9 ¢ +9
+ +
2a° +(b+c) 2b° +(c+a)® 2c” +(a+b)
Bai 9. Cho a, b, ¢, d 1a céc sb thy duong théa man a + b +c > 0. Ching minh
(b d 4
>__
b+2 d+2

3 3 3

a

rang
a+?2

c+2 27
. 1 .
Bai 10. Cho a, b, ¢ 1a c4c s6 thuc duong thoéa man abe :g' Tim gia tri nho nhat

a’ 4p* 36¢°
2 + 2 + 3
(1+a)” (A+2b) (1+3c)

cua biéu thic: £ =

2.4 Hiéu qua ciia sing kién kinh nghi¢m.

Pé tai cua t6i da duoc kiém nghiém trong cic nam hoc giang day 16p 12,
duoc hoc sinh déng tinh va dat dugc két qua, nang cao kha ning tim gia tri l6n
nhét, gia tri nho nhét cua mot biéu thire. Cac em htmg thu hoc tap hon, nhiing
em hoc sinh véi mirc hoc trung binh, da c6 k¥ ning giai dang bai tip nay. S6
hoc sinh tham gia giai dang ndy ting 1o rét. Cu thé & cac lop khdi 12 sau khi ap
dung sang kién nay vao giang day thi két qua qua cac bai kiém tra thir nhu sau :

Két qua bai kiém tra thir & cac 16p 12 - Truong THPT Nong Cong 111

Nim hoe L3 Tong Diém 8 trg 1én Diém tir 5 dén 8 Diém dudi 5
i op sO SO luong Ty 1€ Soluong Tylé¢ Solugng Ty lé
12B1 47 35 74.5% 7 14.9% 5 10.6%
2015-2016 =345 15 357% 20  476% 7 167%

3. KET LUAN VA KIEN NGHI
I. Két luan:

Bai toan: Tim gia tri 16n nhat, gia tri nho nhat ctia mot biéu thirc ba bién
1a mot phan kho, nhung hap dan d6i véi ca Gido vién va Hoc sinh, viéc giang
day dé lam sao cac em hoc tot phan nay ludn 1a mot trin tré cua cac thay co
giao.

Phuong phap ham sb khong phai s& giai dugc tat ca cac bai toan dang nay,
nhung né dang to ra 1a mot phuong phap hi¢u qua khi giai bai toan tim gia tri
16n nhat, gia tri nho nhat ctia mot biéu thirc ba bién. Khi day chuyén dé nay, giao
vién nén bat dau tir nhitng vi du d&, mot cach cham rai 1am cho hoc sinh hiéu rd
ting bai giai, nim duoc tu tudng giai dang toan, khong nén voi dua hoc sinh vao
cac bai tap kho, van dung nhiéu bat dang thirc. Vi vay khi thuc hién chuyén dé
nay toi nhan thiy cac em rat cha ¥ tiép thu va budc dau da giai dugc mot sb bai
toan.
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Trén day 12 mot con dudng giup hoc sinh hoc tot phan Tim gia tri 16n
nhat, gia tri nho nhat ma t61 da dac rat dugc trong suot qua trinh giang day.

Mac du da c6 gang tim toi, nghién ctru song chdc chan con c6 nhi€u thiéu
sot va han ché. T6i rat mong dugc su quan tam cua tat ca cac dong nghi¢p bo
sung va gop y cho t61. To1 xin chan thanh cam on.

II. Kién nghi va dé xuit:

- D& nghi cac cip lanh dao tao diéu kién giup d& hoc sinh va gido vién co
nhi€u hon ntra tai li€u sadch tham khao d61 méi va phong thu vién dé nghién ctru
hoc tap nang cao kién thirc chuyén mon nghi¢p vu .

- Nha trudng can t6 chire cac boi trao doi phuwong phap giang day. Co ti sach
luu lai céc tai li€u chuyén dé boi dudng on tap cua gido vién hang nam dé lam
cd s0 nghién ctru phat trién chuyén de.

- Hoc sinh can tang cuong hoc tap trao ddi, hoc nhom nang cao chat lugng hoc
tap.
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XAC NHAN CUA THU TRUONG PON VI Thanh Héa, ngay 10 théang 5 ndm 2016

22



T61 xin cam doan day 1a SKKN cua
minh viét, khong sao chép ndi dung
cua nguoi khac.

Nguyén Lé Minh

23



	1. MỞ ĐẦU
	2. NỘI DUNG SÁNG KIẾN KINH NGHIỆM
	2.1 Cơ sở lý luận
	2.2 Thực trạng vấn đề
	
	2.3 Nội dung
	2.3.1 Một số bất đẳng thức thường dùng.
	2.3.2 Xét hàm một biến
	2.3.3 Đổi biến đối xứng
	2.3.4 Đánh giá kết hợp đổi biến
	2.3.5 Phương pháp tiếp tuyến
	2.3.6 Một số bài tập vận dụng

	2.4 Hiệu quả của sáng kiến kinh nghiệm.

	3. KẾT LUẬN VÀ KIẾN NGHỊ
	Tài Liệu tham khảo

