PHAN B. BAI TAP TU LUAN

Dang 1. Xac dinh phwong trinh dwong thing

1. Dang 1. Viét phwong trinh dwong thing d dang tham sé va dang chinh tic (néu cé), biét
M(x:,v:z)

=(a,:a,:a,).

. -4 N oy > M,
d di qua diém va co vécto chi phwong

. 1 Qua M(x;y.;2.)

d:
Phiurone phap. Ta ¢o- 0 VTCP:u, =(a:a,.a,)

x =x_+at

d:{y=y +a,t| (t€R).

z =z +a,t

Phurong trinh dwong thang d dang tham sé

P ETLCI S S , (aa,a, #0).

Phirong trinh dwong thang @ dang chinh tic

2. Dang 2. Viét phwong trinh tham sé va chinh tic (néu cé) ciia dwong thing d gi qua 4 va
B.
B d

: A
1 Qua A (hay B /
d: 2 - ]]%

lF "y, =
IFTCP:u, =AB (dang 1)

Phuong phdp. Puong thing

3. Dang 3. Viét phwong trinh dwong thang d dang tham so6 va chinh tic (néu cé), biét d gi

qua diém M va song song véi dwong thing - ST
u
[0 QuaM(x;y:z) M d
d: o0 0o
0 VTCP:u, =u

Phwong phap. Ta co ‘' (dang 1)

4. Dang 4. Viét phwong trinh dwong thing d dang tham so6 va chinh tic (néu cé), biét d gi

qua diém M vi vuong goc véi mit phing (F): @+ by ez +d =0.

: 1 Qua M __
a.q_
1 ¥VTCP:u, =n, =la:bc)

Phuong phap. Ta co (dang 1)

5. Dang 5. Viét phwong trinh tham sé va chinh tic ciia dwong thing d 14 giao tuyén ciia hai

mat phang () yq @ cho trude. r
A
0 Qua A=(F)n(Q) !

d:
v u, =8 .0,
Phurong phap. Tacs~ \° VTP 4 Mep o] o 1)
6. Dang 6. Viét phwong trinh tham sé va chinh tic (néu c6) ciia dwong thing d di qua diém
M va vuong géc véi hai dwong thing 2o & cho truoc. J*:‘: /_/ :lL;Z

1 Qua M ___

d d
0 VTCP:u, =[u, '”.;:] ‘ : d2/

d:

Phwong phap. Ta co

(dgng 1)



7. Dang 7. Viét phwong trinh dwong thing d qua M va song song véi hai mat phing
(P), (O).

1 Qua M ___

i:
‘ {] VICP tu, =[n,,n,]

Phuwong phap. Ta co (dang 1)

8. Dang 8. Viét phwong trinh dwong thing d qua M, vuong goc dwong d" g song song mdt
(P).

{] Oua M ___

- .:l FTCP :H.:' :[H." .Hln] (ddng 1)

Phuwong phap. Ta co
9. Dang 9. Viét phwong trinh dwong thing d nam trong mdt (P), song song mdt Q) va qua
M.

f {] Qua M ___
d:

0 VTCP:u, =[n..n,
Phuong phap. Ta co Uy ={npsng] (dang 1)
10. Dang 10. Viét phwong trinh dwong thing d di qua diém 4, yuéng géc va cit dwong thing
d’.

Phuwong phap. g
Viét phwong trinh mdt phang (P) qua 4, vuong goc d. p
1 Qua A ﬁ{ 5
N avrer:n, =u,
Nghia la mdt phang - T =l
Tim B =d N(P). Suy ra duong thang 4 qua 4 va B (dang 1)

d =AB

Luu y: Truong hop d’ 14 cac truc toa do thi * véi B la hinh chiéu cia 4 1én truc.
11. Dang 11. Viét phwong trinh tham sé va chinh tic (néu cd) ciia dwong thing d dgi qua diém

M va cit dwong thing z va vuong goc & cho trudc.

Phuone phan. Gid sir dnd =H, (HEd, HEd) d d,
= Hx +aft. x, +a,t; x; +a,t)Ed, d H M
L
yn MH Ld, = MHu, =0=t= H. / u,
(1 Qua M -
d: = ~ (0000
2 FTCP 1u, =1
Suy ra dwong thang | VTCP:u, =MH (dang 1)
M (x,:v:2,) d,d,.

Dang 12. 4 di qua diém va cit hai duong thang

o Cich I: Goi Mi1€d» Mz €d; 1y 4ix 1ian
d6 suy ra phuong trinh duong thang d.

M, M,, M, thang hang ta tim dugc M. M, 1y

e Cich 2: Goi (PY=Myd) @) =(My.ds) oaea =(PY 1 (O) 4 i vTCP ctia

2



, a=|n,,n
d co thé chon la [ ! Q]

Dang 13. ¢ nim trong mat phing (P) va cat ca hai duong thang d, d, :

Tim cac giao diém A =dnP) B =dnP) Khi d6 @ chinh 1a duong thang 4B .

d, d,.

)

Dang 14. 4 song song v6i A va cit ca hai dudng thing
(P)

Viét phuong trinh mit phang chira A va d, , mit phang chua A va d, .

Khi dod =) @)

~

Dang 15. 94 13 dudng vudng goc chung cia hai dudng thing dy, d, chéo nhau:

MN Lld,
e Cich I: Goi M€9 N€d: 1y gidy kien MV % 3 tim duge M-V
Khi do, 4 1a duong thing MN .
® Cach 2:
_vidLd ydLdy o sTep cin d oo thé @ L% %]
— Lap phuong trinh mit phang (P) chira 4 va d , bang cach:
+ Lay mot diém 4 trén d, .
+ Mot VIPT cua (P) c6 thé 1a: 7 :[ aa]
R . I () 7 s @
— Tuong tu lap phuong trinh mat phang chira ¢ va ™.
Khido d =F) n (@)
Dang 16. Viét phwong trinh dwong thing ¢ 1a hinh chiéu vudng goc ciia dwong thing A 1én
mat (P). M A
Phuong phap: Xét vi tri twong dbi ciia duong thang A va (P). v 7
A I S
1 Néu AN (P). /
Chon mot diém M trén A A

M
Tim H 13 hinh chiéu cia M 1en (P) A/
i,'QuaHH A ! d fy
@ | VICP :u,; =u,

U N&y AN(P) =L

Hinh chiéu

Chon mét diém M #I trén A

Tim H 13 hinh chiéu cua M 1én (P).

Hinh chiéu vudng goc cua A 1én (P) 1a d =IH.

Dang 17. Viét dwong thing d 1a duwong thang ddi xing véi dwong thing A qua méit phiang

(P). M A

e / 3

M| d

Phwong phap: Xét vi tri twong dbi cua duong thang A va (P).




U Néu A I(P).

Chon mot diém M trén A

Tim H 13 hinh chiéu cua M 1én (P).
Tim M déi ximg voi M qua (P)

(Qua M’
d: -
| VICP :u, =u

A

Puong thang di xtng

U Néy AN(P) =1

Chon mot diém M trén A

Tim H 13 hinh chiéu cia M 1en (P)
Tim M~ déi ximg véi M qua (P).

(Qua M’ -
i: Q ~ [0 .

d:
o ‘. W u, =IM’
Duong thang do1 xtrng TCP:u, =IM

Caul. (Chuyén Dai Hoc Vinh 2019) Trong khong gian P07, cho EC10:2) vy F(Z1=3) vig
phuong trinh dudng thang EF

M(2:0;-1)

Oxyz , cho dudng thang A di qua diém va c6 mot vecto chi

Cau 2. Trong khong gian

=(4:-6:2 , ,
phuong a=(%-6; “}. Viét phuong trinh tham sb cta A

Cau3. (Chuyén Lé Hdng Phong Nam Pinh 2019) Trong khong gian P*Y7 | viét phuong trinh dudng

) , .. AL
théng di qua hai diém 1 132:3) 45 B(5:4:- D)

Caud. (Chuyén Pai hoc Vinh - 2019) Trong khong gian P77 | ch
huong trinh dudng thang EF

1" -1- - ,
o E( 1,0,)\/21 F(2:1; 5)-Viétp

Ciu 5. (Ngb Quyén - Hai Phong 2019) Trong khong gian Oxyz ,viét phuong trinh tham s6 cua duong

2 : 2 M;2;3) , 1;-4;-5
thang d g qua diem M (1:2:3) va cd vécto chi phuong a( )

Cau 6. (S¢ Binh Thuan 2019) Trong khong gian Oxyz , cho duong thang d g qua diém M (0:- 1:4)

N u=(3-135) . , " . o
va nhan vecto G ) lam vecto chi phuong. Viét phuong trinh tham s6 cua do

A 2 f - 2;
Ciu7. (M 101 2020 Lin 2) Trong khong gian P07, cho diém M (17 2:3)
(P):2x- y+3z+1=0

va mit phing

(P)

. Viét phuong trinh ctia duong thang di qua M va vuéng gdc voi

3 . M(1;-2;2
Cau8. (Ma 103 - 2020 Lin 2) Trong khong gian %7, cho didm (5722

(P):2x+y-3z+1=0

(P)

Cau 9. Trong khong gian Oxyz, cho diém M(32-1) va mat phang (P):x+2z-2=0. Viét phuong
trinh dudng thang di qua M 3 vuong goc voi (P)
Cau 10. (SGD Bic Ninh 2019) Trong khong gian véi hé truc toa d6 V7| viét phuwong trinh duong thing

Y / e B T - —
d di qua diém A(1:2:1) (P):x-2y+z-1=0

va mit phang

. Viét phuong trinh ciia duong thang qua M va vudng goc véi mit phang

va vuong gdoc voi mat phang



Cau 11.

Cau 12.

Cau 13.

Cau 14.

Cau 15.

Cau 16.

Cau 17.

Cau 18.

Cau 19.

Cau 20.

(Nguyén Hué- Ninh Binh- 2019) Trong khong gian voéi hé toa do Oxyz | ¢ho
(P): 2x-5y+z-1=0 v A0;2:-1)

. (P)

voi
(M4 103 - 2020 Lan 1) Trong khong gian Oxyz’ cho ba diém A(1,2,0), B(L1,2) va C(Z31)
Viét phuong trinh dudng thang di qua 4 va song song v6i BC

(Nho Quan A - Ninh Binh - 2019) Trong khong gian véi hé toa @0 @7 cho ba diém
A(0; 0:1),B(- ;- 2:0),c(2:1:- 1)
AB

. Viét phuong trinh dudng thang A qua 4 va vudng goc

. Viét phuong trinh dudng thang A di qua Cva song song voi

A(1;2;3)

(Ma 101 2018) Trong khong gian P97 cho diém duong  thang

g X 3 _y-1_z+7
i — —.
2 ! -2 Viét phuong trinh dudng thang di qua 4, vudng goc véi d va cht truc
Ox
x-3 y-3 z+12
2 Oxyz , A T,
(P& Tham Khao 2018) Trong khong gian “?“ | cho hai duong thing -1 "= L
x-5 y+l _z-12
d: == : x+2y+3z-5= , :
-3 2 I va mit phing (P)ix+2y+3z2-5 =0 . Viét phuong trinh duong thang

P a4 . d
vudng goc voi ,cat ! va

(P):2x+2y- z-3=0

(P& Tham Khio 2021) Trong khong gian Oxyz , cho mat phang va hai
x-1 y z+l x-2 y z+l
o od i —=== d,: === i
duong thang 2 1 -2 1 2 -1 | Viét phuong trinh duong thang vudng
gocvei U7 ddng thoi chtca D va
},I.r+i y _z+2
d! — ==
(Mai 103 2018) Trong khong gian Oxyz, cho dudng thiang 2 - 1 2 va mat phang

(P)ix+y-z+41=0 v phuong trinh duong thang nam trong mit phang (P) ddng thoi cit va

vuong goc voi d

(Ma 123 2017) Trong khong gian Oxyz cho diém M(- LL 3)

x-1_y+3 _z-1 ﬂ._ilzy_ z

va hai duong thang

: 3 2 1 , 1 3 -2 viét phuong trinh duong thang di qua M vy vuong
goc voi A va A,
. I A oo AW-13)
(Kinh Mon - Hai Duwong 2019) Trong khong gian v6i hé toa d§ Oxyz cho diém va hai
H_.r—?s-__1‘+3_:—1 x-2 _y+l_z-1
dudng thing 3 3 -1 o -1 1 Viét phwong trinh duong thing

d & qua 4, vudng goc v6i dudong thing d va cit thang d, .

(Hoi 8 trwong chuyén 2019) Trong khong gian OxXVZ. cho didm M (- 1:2) va hai duong thang

v

‘ x =t

diiy=-1-4t, L
1- . y-1
z =0+0t

M

Vit phuong trinh duong thang di qua /> vudng goc voi

d vy do



A(2;0;-1) (P):x+y-1=0

(Oxy)

Oxyz

Cau 21. Trong khong gian , cho diém va mit phang . Viét phuong

trinh dudng thang di qua 4 ddng thoi song song voi (P) va mit phing
Ciau 22. (Chuyén Lé Quy Don Quang Tri 2019) Trong khong gian toa do Oxyz , viét phuong trinh chinh

A@G:-1:5)

taic coa duong thang di qua diém va cung song song v&i hai mit phang

(P)x-y+z-4=0 (Q)2x+y+z+4=0
Cau 23. (Chu Vin An - Ha Ngi - 2019) Trong khong gian véi hé tryc toa do OXYZ | ¢ho hai mit phang
(er):x-2y4z-1=0 (f):2x+y-z=0 A(1;2;-1)

A di qua diém 4 va song song v&i ca hai mat phang (@), (B)

A(1:0;0) B(0:2:0) c(0;0:3)

va diém . Viét phuong trinh dudng thang

. Viét phuong trinh
(Oxy) v

Cau 24. Trong khong gian Oxyz , cho ba diém

duong thing di qua tim dudng tron ngoai tiép tam giac 4BC | song song voi mit phing
a vubng goc voi 4B .
Cau 25. Trong khong gian voi hé toa do Oxyz , viét phuong trinh tham s6 ctia duong thang di qua diém

M(1:3;-2) (P):x+y-3=0 v

, ddng thoi song song vé&i giao tuyén cua hai mit phing a

(Q): 2x- y+z-3=0

Ciu 26. Trong khong gian v6i hé toa do Oxyz, cho duong thang 1 , mit phang

(P):2x+y+2z-5=0 A(1:1:-2)

va diém . Viét phuong trinh duong thang A di qua diém 4 s

ong song v4i mit phang (P) va vuong gbéc voi d

Cau27. (SP Pong Nai - 2019) Trong khong gian voi hé toa do Oxyz’ cho mat phang
- - "',1 ' = "',1 -
ood: A
duong thang ] 3 2

(P):x+y- z+9=0, AQ;2:-1).

va diém Viét phuong trinh
duong thang A di qua diém 4 cit d vy song song v4i mit phang

Cau28. (Pé Tham Khao 2017) Trong khong gian véi hé toa do Oxyz, cho duong thing
- +5 -1
P 1:_1+,:_ 3
2 -1

4 . Viét phuong trinh duong thing hinh chiéu vudéng goc cua @ trén mat
phing *+3 =09
(P):ix+y+z-3=0

Cau 29. (Pé Tham Khao 2019) Trong khong gian Oxyz, cho mit phang va dudng
x _y+l _z-2
T (P)

thang = -1 Viét phuong trinh hinh chiéu vuéng goc cia d trén

Dang 2. Xac dinh mét s6 phwong trinh dwong thang dic biét (phén giac, trung tuyén, giao
tuyen...)

A (.Tﬂ; Vos :u)

Hai duong thing d,,d, cit nhau tai diém va ¢6 vécto chi phuong |an luot 1a

u, (a;b:c ), (a,ib,ic,)

Puong thang phan gidc cta goc tao bai hai duong thang nay co vécto chi phuong duoc xac dinh
theo cong thirc
i ! ] O

M=l £— U, =
| e




Cau 30.

Cau 31.

Cau 32.

Cau 33.

Cau 34.

Cau 35.

Chi tiét c6 hai phan giac:

0 - ] ]

wu, >0= u =— ;
Néu |“' | |”3 | la vécto chi phuong cia phan

- ] ]
u U,

giac tao boi goc nhon giira hai dudng thang va |“' | |”3 | la vécto chi phuong cua phan
giac tao bai goc tu gitra hai duong thang.

gl - 0 ]J

u,u::a-EI:'u— U, +—
Néu |“'| |” | la vécto chi phuong cia phan

- 1 0 ]
W =— U s
gi4c tao bai goc tu gitra hai dudng thing va |“'| |”3| la vécto chi phuong cua phan
giac tao bai goc nhon gitta hai dudng thang.
x =1+3¢
d:{y=-3
~ N . Oxyz \ 2 13 :5 +4!‘ . A \ \ A
(Ma 102 2018) Trong khong gian , cho duong thang - . Goi A la duong thang
R Y .o 3. s P Lz ,
di qua diém A(L:-3:5) va cd vecto chi phuong u(1,2;-2) . Viét phuong trinh duong thang duong
phan giac ciia goc nhon tao bdi d vy A
0 i A[E:E.‘!}.Bf—g i§} ) )

Trong khong gian ~ cho hai diém 3 3 3 | Viét phuong trinh dudng thang

dudng phan giac trong cua tam giac OAB

(THPT Gang Thép Thai Nguyén -2019) Trong khong gian vdi hé truc toa do Oxyz ,cho 2 diém

] -} IV LY ) R SR TR = ‘x=2y-z+4 = ,
M(1:2:3), A(2:4:4) va hai mit phing (P)ix+y-2z+1 m’(g).; 2y- z+4=0. x

B,C

phuong trinh duong thang A di qua M | cat (P),(Q) 1an luot tai sao cho tam gidc 4BC can

tai 4 vanhan AM 1am dudng trung tuyén.

[.‘i’ =1+3t
d:{y=-3
A . Oxyz . 2 L =5+4t A
Trong khong gian , cho duong thang - . Goi A 1a duong thang di qua diém
A(-35) : u(:2:-2) (.4 ‘ s : N
va c0 vecto chi phuong . Viét phuong trinh duong thdng duong phan giac

cua goc nhon tao bdi d va A
(THPT Ninh Binh-Bac Liéu-2019) Trong khoéng gian Oxyz , cho mit phang
(x =-2+2¢
diiy=l+t
2x- y+z-10= . A 3;52 . z=I-

(P):2x- y+z-10 D, diém 1(1;3:2) va duong thang (z=1-1 . Tim phuong trinh
duong thang A cét (P) va @ 1an luot tai hai diém M va N saocho 4 1a trung diém cta doan
MN

(Chuyén Nguyén Trai Hai Dwong 2019) Viét phuong trinh duong thang A 1a giao ctia hai mat

ohing ¥+2- 5 =0 4 ¥+ 2v- 2+3 =0



Cau 36.

Cau 37.

Cau 38.

Cau 39.

Cau 40.

Cau 41.

(THPT Nghen - Ha Tinh - 2018) Trong khong gian véi hé toa 46 ZY7 cho hai dudng thing
[1‘ =2-t
¥ =]+ 2t Cox-d

- —Ad_ 9 d =- =
z=4-2t _, 1 -2

d va d’ ddng thoi cach déu hai duong thing do.

d:

[ N

. Viét phuong trinh dudng thing thudc mit phang chira

Dang 3. Xac dinh phwong trinh mit phing c6é yéu t6 dwong thing
Dang 1. Viét phwong trinh mdt phing (P) qua M va vuéng géc véi dwong thing d =4B.

) Mg =l; =48 A
0 Qua M(x:y:z) _ o d
(P): - 00
0 ¥TPT :n,, =u, =AB

Dang 2. Viét phwong trinh mdt phdang qua M va chiva dwong thing d véi Med,

Phwong phap.

uuug ud
uu

. aed - | AM u, |
= Bwéce 1: Chon diem va mot VTCP Tinh
[qua M
mp(P) ! T 000 o
VIPT n =| AM,u,|
Buwée 2: Phuong trinh

(Dé Minh Hoa 2020 Lin 1) Trong khong gian Oxyz , viét phuong trinh mat phéng di qua diém
q ﬂl.:.1'+1:_1'—E::—1
va vudng goc v4i dudng thang 2 2 I

(Pé Tham Khao 2020 Lan 2) Trong khong gian Oxyz, cho diém

A-F 3 _y- 1 ::+1

Mm(11-1)
M(2;1;0)

va duong thang

I 4 -2 vidt phuong trinh mit phang di qua M va vudng goc voi A

. M(3-11 .
M3 123 2017) Trong khong gian vGi hé toa do Oxyz cho diém (3-1 ) Viét phuong trinh
g g8 p g

ﬂ:x—l_y+2:z—3?

mit phang di qua diém M 3 vudng goc voi duong thang 3 -2 1
(Bic Giang - 2018) Trong khong gian v&i hé toa do Oxyz , cho duong thing
x-1 y+2 =
d:—=——=— ) , . AM(-0--
] -1 2 . Viét phuong trinh mit phang (P) di qua diém M (2:0:-1) va vudng goc
o) d
voi

(Chuyén Vinh Phic - 2018) Trong khong gian Oxyz , cho duong thing
x+3 y-2 =z-1

d: = =
] -1 2 . Viét phuong trinh mit phang (P)

M(2:0:-1)

di qua diém va vudng

gdc voi d.



Cau 42.

Cau 43.

Cau 44.

Cau 45.

Céiu 46.
Cau 47.

Cau 48.

Cau 49.

Cau 50.

Cau 51.

Cau 52.

(SGD&PT Ddng Thip - 2018) Trong khong gian véi hé toa do P, cho duong thing
() x+2 y-2 =z+3
e T T A(1:-2:3)

2 vadiém
v6i duong thang (@) ) ) ) )
Dang 4. Bai toan lién quan diém (hinh chiéu) thugc dwong, giao diém dwong véi mat phang

. Viét phuong trinh mit phing qua 4 va vudng goc

".1.' =1+ 2¢

d:r-:?;—.r .

(Thpt Vinh Ljc - Thanh Héa 2019) Trong khong gian O%7Z, ¢ho duong thing

tl . x+2y-3z+2 = 2 . 2
' va mat phang (P):x+2y- 3242 =0. Tim toa do cua diém Ay giao diém cua duong
thang d gy mit phing (7).
1,..-""“3 v+l =z-3
! = =
(Bén Tre 2019) Trong khong gian Oxyz , cho duong thang 2 1 I va mat phang

e kT 4§ — . » ) .
(P)ix+2y- 245 D. Tim toa d6 giao diém M cua dudng thing ¢ va mit phing (P)

(SGD Thi Binh - Iin 1 - 2022 - 2023) Trong khong gian ®Y? | cho dudong thing () di qua
9 . . (P):X+3y+z-17=0

diém A235) va vudng goc voi mat phang (P) ¥

M cua (d) va truc Oz

. Tim toa d¢ giao diém

, oA (o0 ) kv —
(SGD Hung Yén 22-23) Tim hinh chiéu cia diém 7 F % tran mat phing (@) +¥+7 =0,

(SGD Hai Duong - 2022 — 2023) Cho (217 1) (Phix+2y- 224320 0 a3 quone

thang di qua 4 va vudng goc véi (P) Tim toa d6 M thuoc 9 sao cho OM = '\ﬁ

(SGD Bic Giang - Lan 2 - 2022 - 2023) Trong khong gian @77 | cho diém 4(3;5,0)
x-3 y-1 =z-7

d: =: =

thang 2 ]

(SGD Binh Thuén - Lan 01 - 2022 — 2023) Trong khong gian PV | cho duong thing

=12 y-9 z-1
a:f':1 =, =

4 3 I va mat phing
thang (@) va mit phang (P)

(Chuyén Lam Son - Thanh Héa - Lan 2 - 2022 - 2023) Trong khong gian Oxyz , cho duong
x-1_ y+l z-3

ting T 2 2 Goi Ml giao diém cia @ i mat pha
g = < . Goi a giao diém cua voi mat phang

(P):x+y-z-1=

va duong

2 | Tim diém d6i xtng ctia diém 4 qua duong thang d

(P):3x+35y-z-2=0 1, toa do giao diém cua dudng

0 . Xac dinh téng hoanh d9, tung d6 cua diém M
(Chuyén KHTN - Ha Ngi - Lan 1B - 2022 - 2023) Trong khong gian v6i hé toa do Oz oho

-1 y-2 =z
d — =

duong thang 2 -1 3 vamitphang

dva (P).

(SO GIAO DUC HA TINH-2022-2023) Trong khong gian @7 cho hai duong thing
§.T =

x- v+2z-8= . .2 ,
(P)ix-y+2z S_D.Timt()ad(}glaodlemcua

d iy =1+2t

N = z=- : . . M(3;2; .
3 1 l; (z==141 Goi A la duong thing di qua M G '1), vudng goc voi

d vacht d . Timtoa d¢ giao diém ciia A va mat phing &7



Cau 53.

Cau 54.

Cau 55.

Cau 56.

Cau 57.

Dang 5. Vi tri twong ddi clia hai dwong thing
Ta c¢6 dinh i sau:

Oxyz

Trong khong gian véi hé toa do , cho hai dudng thang phan biét AnA, lan luot di qua céac

ug,

diém M,, M, va tuong ung co "> 1a hai vecto chi phuong. Khi do, ta co:

P

- .. [ _P_:U :Q
A, /A, o |tz AOPN TG o [l Jﬁl]]]] -
u,M .M, khengd ngph —ng [UI,MJMEI =0.

?%,‘u kh«ng d J Tu =0

A, GBA, = .U, Khedd nath ng [UL ) moond
Uy Uy, M M , @ing phifag [U:truz] MM, =0.

(SN N|N]NIN)

A, va A, chéo nhau = [u,._u:] MM, #0.

(SGD Cin Tho - Lin 01 - 2022 - 2023) Trong khong gian @77 cho duong thing

ﬂ,lx+l _y _=z=12
Ty T T . x+y-2z+5 = 2 =12 . 2 .
| 2 I, mat phing (P)ix+y- 2245 =0 va diém A1 ). Puong thang A di
qua diém 4, cit d va (P) 1an luot tai M, N a0 cho 4 1a trung diém ctia doan thang MN  Biét

u =(a; b;4)’ tinh gia tri cua ¢ +b

A ¢6 mot vecto chi phuong
(THPT Kién Thuy — Hai Phong — 2022 - 2023) Trong khong gian véi hé toa do Oxyz , cho mat
x=-2+2
d:iy =1+t

z=l-t

(P):2x- y+z-10 :D,diém 1(1:3:2) 3 duong thing | . Tim phuong trinh

phang
duong thang A cit (P) va d 1an luot tai hai diém M va N saocho ! 1a trung diém cta doan
thang MN .

(x =142 (x =1- 25
d:{y=-2+tvad :{y=2-=s
, z =4- 3t z=5+3
Trong khong gian @7 | cho hai duong thing; ' '
a) Ching minh rang dlld
b) Viét phuong trinh mit phang (P) chira 4 va d '.
Cox=l-t ) |
d:{ y=2+t vad Ire Ytz
R 32 -
Trong khong gian @7 | cho hai duong thing: =~ -

Xét vi tri twong ddi giira hai duong thang dvyyd,

Xéc dinh vi tri twong ddi ctia hai dudng thang Ay trong mdi trudng hop sau:

x =-2+3 (x=5-1t,
Acly=d+or, A y=-1-20(.1,
z=-1-12 z=3+4t, .
a) - : : : [a tham s
A x+3 _y- I ::+4.filh X- 0 :_1-+5 _z +5
b) 2 -1 3 s T a7,

10



x =-11+5¢
A, 1y =-24+3t

=3-2¢

(? 1a tham sd).

Céu 58. Xac dinh vi tri twong ddi cta hai dudng thang A, trong mdi trudng hop sau:
x=-5- 3

A,1qy =-10- 4¢

Loox+T p-1 z+2
A, PR T \ z=3+Tt \ £
a) 2 -7 -2 va - (? 1a tham s0);
x =-2+5t
Aiy=l-t x+2 y-1_=z-1
z =3 \ 2 ) s A,: 4 T -6
b) la tham s6 7 va 2
&,:l:1+5::_| fil.:.'r—lzl—?'a::—l
19) 3 2 -3 va -0 -4 o

Cau 59. Xét vi tri trong ddi giira hai duong thang dyayd ' trong mdi trudng hop sau:

[.1‘ =2+3t X =849
d:{yv=3+2t d:{y=T+0t
13:4+2r . z =8+0¢
a) - va -
- z- -5 -5 -
ﬂ’:l:l 3:! ﬂ’:‘ H:.l - == 3
x =35
I".'E v=3 z-=2 d iy =T+2
d: - - z =5-1

d) 3 4 3ova 0

Cau 60. Xét vi tri twrong ddi gitra hai dudng thang dyad trong mdi trudng hop sau:

[.\' =t x=2+2t
:f:r =143t d:iy=T+0t
r=]- z=-1-2¢
g 20|
P ] - » -
da: - :1— == d :l:i =_
b) 2 3 1y 4 6 2,
x =1+t
diy=l+t x-2 y-2 z-1
— d 5 = =
C) va & 3 1
x =2
x-1 y-1 =z-2 d iy =l+t
da: =- = - =7
d) 2 l I va -

Dang 6. Bai toan lién quan khoang cach, géc

1. Khodng cdch tiv mét diém dén dwong thing — Khodng cdch giita hai dwong thing



Cau 61.

Cau 62.

Cau 63.

Cau 64.

U Khodng cdch tiv diém M dén mét dwong thing ¢ qua diém M, co vécto chi phuong Yo duge

N[N N N[N]

[w M, H
|u_|.|

Khodng cdch giita hai dwong thing song song la khodng cdch tir mot diém thuéc dwong thang
nay déen dwong thang kia.

dm,d) ==

xac dinh boi cong thurc

U Khodng cdch giita hai dwong thing chéo nhau: 4 di qua diém M va co vécto chi phuong

LICTLILIT
) | U, u_] M M
did.,d) __|ﬁ|_ -
, , : , Y
uygd g qua diem M va cé vécto chi phwong U la
2. Géc giita hai dwong thing
. 4 4, w =(azbic)  w, =(a,ib;ic,).
Goc giita hai duwong thang ~ va  co6 vécto chi phuong va

cos(d,:d,) =cosa = Ll* | _ |a,a, +b,b, +cc,|

|” | |” | \’ﬂl- +'ﬁ|- +o 'Jﬂ'_: ¥ 'FJ'_: *+io; 0" < <90°

V0T
3. Géc giiva dwong thing va mit phing
. d u, =(a:bic) . (P
Goc giita dwong thang  co vécto chi phuwong va mdt phang co vécto phap
e =(A4:B.C)
tuyén dwoc xac dinh boi cong thure:
: - l_j-” | |ﬂA+.ﬁB+cC|
51N f :||:05f_ iy }| = J \!‘
u,|.|n,
| || | a+b +NA+ B +C 0 <a <90,

Vo'l

(Pé Tham Khio 2017) Trong khong gian véi hé toa do 0Nz - cho mit phang

x-1 y+2 =z-1
A U, T _ ) A =- =

(P):2x-2y-z+1=0 va duong thang 2 1 2 Tinh khoang cach @ giita A va
(P)
Trong khong gian Oxyz , cho mit phang (P): ~ R+ y+l :U. Tinh goc tao boi (P) vOi tryc
Ox 9
(Chuyén Ha Long - Lin 2 - 2022-2023) Trong khong gian ¢6 hé truc P | dudng thing (d)

x‘ _& r

y =3+t

z= , A x+2y-22+43= .
c6 phuong trinh: *~ L+ va mat phang (8):x+2y- 2243 =0 . Goc gitra () va @) bang

a Tinh SIn&

(Chuyén Bién Hoa - Ha Nam - Lén 2 - 2022 - 2023) Trong h¢ toa do Oxyz, cho hai mat phéng
e ¥ _— .

(P):j‘ “+'1 !+_ 421 ( ]._ 2v+3z+7 =0
3 2 -6 va Qlx+2y+3z+7 =

. Tinh tang goc tao boi hai mat phang da
cho.
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Cau 65.

Cau 66.

Cau 67.

Cau 68.

Cau 69.

Cau 70.

Cau 71.

(SGD Vinh Phiic - Lin 02 - Nim 2022 - 2023) Trong khong gian @7 | tinh khoang cach giita

x-1 _y+2 =z-
=: = . R T —

2 vamit phing (P): 2x-2y-z+1=0

A
duong thang 2 |
(THPT-Thi Xa Quang Tri-Lan 1-2022 2023) Trong khong gian Oxyz , cho miat phang
(cr):x+y-22+42=0 A(2:0:1) B(L:1:2) g,

va hai diém id1a duong thang nam trong (@) 3
cét dudng thing 4B , thoa man goc giita hai dudng thing 4B va 4 bing goc gitra duong thing
AB va mit phing (%) . Tinh khoang cach tir diém 4 dén dudng thing 9
Tinh goc gitra hai duong thang And, trong mdi trudng hop sau (1am tron két qua dén hang don vi
cua do néu can):

(x =342t [x =7 +t,

Ay =-2+4t Ay =-3-10.1

(=]
Il
=

2t

a) - va (7= 1a tham sd);
¥ =3+t
Ay =5-2 A v+4  y+0 z-10
by T (¢ lathemsdva 2 2 -1
ﬁl:1+I:1'+4::-5 ﬁzll:1-3::+2
¢) - ] 2 -3 va 2 -1 -1

Tinh goc giita dudng thang A va mit phang (P) trong mdi truong hop sau (lam tron két qua dén
hang don vi ctuia d0):

x =18- 3

A:ly=Il (t
=5 , — R
a) . ! 3 tham s6 ) va (F)i3 Vay-z-3=0,

3

[§S)

b) T3 3y (P)i3x-4y+52-6=0

Tinh goc gitta hai mit phang (1am tron két qua dén hang don vi cua do):

(P):5x+12y-13z+14 =0 va (P,):3x+4y +5z- 6 =0.

Tinh goc # trong mdi trudng hop sau:
a) @ la goc gilra hai vecto a=(L2:-1) va b :(2:‘1;9);
b) @ 1a goc giita hai duong thing

d: = = vad =: =
2 4 1 3 1 2

x-1_y-4 _=z-5 . x+7 _y-9 =z-1

¢) @ 1a gbc giira hai mit phang (P):\f3x+249 =0 va (Q):4/3x- :+4:D;

x+4  y-T z-5

d:
d) @ 1a goc giira duong thing | 2 2

, R TU, Brpe -
va mat phang (P):2x+2y-z+1l _0.

Trong khong gian Oxyz , cho hinh lang try dling OBCOBC voi
O(0:0:0),B(3:0:0),C(0:2:0),0 (0:0:4)
a) Tinh goc @ giita hai duong thang BO va B 'C.

13



Cau 72.

Cau 73.

Cau 74.

: : . (0BC
b) Tinh goc B gitra duong thang BC va mat phang ( )
Tinh goc ¢ trong mdi trudng hop sau:

a) @ 14 goc gita hai vecto ¢ = (L1 ¢ b =(5:2:7)

x =l +i x=l- ﬁlr
d: _r:E—ﬁ.r d i {y =T+t
, z=5 1::9
b) * la goc gitta hai duong thang ' va
¢) @ 1a goc gitra hai mit phang (P):4x+2y-z+9=0 ., (Q)ix+y+0z-1l :D;
g XYy 2
¢ EESEE (P):x+y-2z+99=0

d) @ 1a goc giita dudng thang va mit phing

Cho hinh chop S.ABCD ¢4 day ABCD 13 hinh vudng canh bang 4. Mit bén S4B 13 tam giac can
tai S ¢6 chidu cao bang 6 va nam trong mat phang vudng goc voi day.
a) Tinh goc @ giita hai dudng thing SD vy BC,;

b) Tinh goc B giita hai mit phang (S4D) va (SCD).

Dang 7. Mt s6 img dung ciia phwong trinh dwong thing trong thue tién

Twong ty nhu phuong trinh mat phang, phuong trinh dudng thang c6 nhidu tmg dung trong thuc
tién.

Trong khong gian véi hé toa do Oxyz (don vi trén mdi truc toa do 1a kilomét), mot may bay dang
o 5:22:004) 8 oav e B3SSS0) ca 4 1s
O i tri A(3,5;-2:0.4) va s€ ha canh & vi tri B(3,5:5,5:0) trén duong bang EG
Elos

a) Lap phuong trinh duong thing 4B .
b) Hiy cho biét goc trugt (goc gitra duong bay 4B va mit phang nam ngang (O“W)) c6 nam
trong pham vi cho phép tur 2.5 dén 3,5 hay khong.

¢) Co mot 16p miy duoc md phong béi mot mit phang (@) di qua ba diém
M(5:0:0), ¥(0:- 5:0), P(0:0:0,

may dé ha canh.

5 -2 N n .
°) Tim toa d6 cua diém C 1a vi tri ma may bay xuyén qua dam

d) Tim toa d6 cta diém D trén doan thang 4B 14 vi tri ma may bay ¢ do cao 120 m.

e) Theo quy dinh an toan bay, ngudi phi cong phai nhin thdy diém dau E(3.5:4.5:0) 4y duong
bing & do cao t6i thiéu 13 120 m. Hoi sau khi ra khoi ddm may, ngudi phi cong cé dat duoc quy
dinh an toan d6 hay khong? Biét rang tim nhin ctia nguoi phi cong sau khi ra khoi dam may 1a 900
m

14



Cau 75. Trong tinh hudng mé dau hay thuc hién cac bude sau va tra 101 cau hdi da dugc néu ra.

a) Viét phuong trinh tham s ciia dudng thang MN .

b) Tinh toa d6 giao diém D ciia duong thing MN véi mit phing O |

¢) Hoi diém D c¢6 nam giira hai diém M va N hay khong?

Oxyz , hai con duong do

Cau 76. Tai mot nut giao thong c6 hai con dudng. Trén thiét ké, trong khong gian
twong ng thudc hai duong thang:
x =2+t (x=I- 25

Ay =1+t A iy =25

Hoi hai con duong trén c6 vudng goc véi nhau hay khong?

Oxyz A(L2;0) 5 B(3:5:0)

, ¢0 hai vat thé 1an luot XuAt phat tir voi van tbc
2 ;=1 -
khong doi twong ting 1a v =(2:13), v, =(

c6 va cham vao nhau hay khong?

7N

Céu 78. Tai mot nat giao théng c6 hai con dudng. Trén thiét ké, trong khong gian
thudc hai duong thang lan lugt c6 phuong trinh:

x-= 1 ozl x=-3 |
fil.,:T—:i:—'mﬂt.ﬂ:‘r :jL
2 - 3 - 1

Cau 77. Trong khong gian

Y 2 A
L2 e trong qua trinh chuyén dong, hai vat thé trén

Oxyz , hai con duong dé

a) Hai con duong trén c6 vuong goc vai nhau hay khong?

b) Nut giao thong trén c6 phai 1a nat giao thong khac murc hay khong?

A [ ey +>
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Oxyz 16t vien dan duoc bén ra tir diém AL34) oy trong 3 gidy, dau dan di

=(2:1;6)

Cau 79. Trong khong gian

v6i van téc khong ddi; vecto van tde (trén gidy) 1a ¥ . Hoi vién dan trén c6 ban trang muc
tiéu trong moi tinh huodng sau hay khong?
7
M|7,—:21
2

a) Muc tiéu dat tai diém

b) Muc tidu dit tai diém V0 3L-8)

Cau 80. Trén mat dat phfmg, nguoi ta dung mot cdy cot théng cao Om vuong goc voi mat dét, co chan cot
dat tai vi tri O trén mat dat. Tai mot thoi diém, dudi anh ndng mit troi, bong ctia dinh cot dudi mit
dat cach chan cot 37 vé huéng S 60 E (huéng tao v6i hudéng nam goc 60 va tao v6i hudng

dong goc 30 ). Chon hé truc Oxyz 4 gbc toa do 1a O, tia OX chi hudng nam, tia Oy chi huéng
dong, tia O7 chira cdy cot, don vi do 1a mét. Hay viét phuong trinh duong thing chira tia ning mit

troi di qua dinh cot tai thoi diém dang xét.

Céu 81. MOt mé hinh cau treo dugc thiét ké trong khong gian OXVZ hhy Hinh, Viét phuong trinh tham s

cta lan duong @ di qua hai diém M (4:3;20) 5 N(41000;20)

Cau 82. Trén mot may khoan ban da thiét lap san mot hé toa d6. Néu nhan xét veé vi tri gitra truc d cha miii

khoan va truc ¢ cua gi4 d& co phuong trinh 1an lugt la:

x =l (x =10
diiy=l vad:{y=20
o =l+t .::5+5£'.
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Céu 83. Trén phan mém thiét ké chiéc cau treo, cho duong thing @ trén tru ciu va duong thing d trén
san cau co phuong trinh lan luot 1a:

=0 x =20
d:iiy =0 vad :{y=t
=50+t z =50

Xét vi tri twong ddi gitta 4 va d

:EEN

(A

X

khong gian Oxyz

17



Cau 85.

Cau 86.

Cho biét truc ¢ ciia nong sung va coc d bia d ¢ phuong trinh 1an luot la:

x =t ' x =10

d:{y =20 d iy =20
z=9 . z=l+3
. Va 1

Xét vi tri twong ddi giira dvad , chiing c6 vuéng goc véi nhau khong?

Trong khong gian @Y7 | mot xe tai c6 chidu cao bing 1, di chuyén trén mat phing (O%) ya cin
(x =1+t
Ar{yp==-1+2t
=2

chui qua gam ctia mdt cay cau. Cay cau do thudc duong thang B Hoi chi€u cao cua
gam cau c6 du dé xe tai chui qua hay khong?

Trong khong gian Oxyz , mot nguoi O trong mot can phong, méit nguoi dit tai vi tri A1:2;3) , nhin
ra ngoai khu vuon qua mot khung cira s6 ¢6 dang hinh tron tim 0(0;0;0) , ban kinh 2 va thudc

mit phang (Oy2) . Hoi qua khung cira s6, ngudi 6 ¢6 nhin thiy bong hoa & vi tri M(-ZL1) hay
khong?
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