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Go6c dinh hudéng
va ap dung

1. G6c dinh huéng
1.1 Goéc gitra hai tia
— —
Cho hai véc-tc OA va OB, dat a = ZAOB. Khi B

— —

d6 goc (dinh hudng) gitta véc-to O A va vée-to OB,
— — —_—

ky hieu Z(OA; OB) hay (OA;0B), la goc a + k -

2m, k € %
Cho hai véc-to @ va b . Khi d6, goc (dinh huong) o+ k2n
. p — R IR —
gitta véc-to @ va véc-to b, ky hieu Z('a’; b)) hay o A

(7;?), la goc (@1, O—B>), trong do

— =

OA=a,0B=1b

Cho géc ZzOy = «. Khi d6 goc (dinh hudng) gita tia Ox va tia Oy, ky hiéu
Z(Oz; Oy) hay (Oz,Oy), la goc o + k- 27,k € Z

Dinh ly 1 (Chales). (Ox;Oy)+ (Oy; Oz) = (Oz;Oz) (mod 27)
1.2 Géc gita hai dudng thing

Cho hai duong thing 2'Ox,y'Oy cit nhau

tai O. Dat ZzOy = Z2'Oy = «, khi z
d6 £2'Oy = ZxOy' = 7w — «. Vay, gbc

(dinh huéng) giita duong thang 2'Ox va b
duong thang y'Oy, ky hieu Z(2'Ox;y'Oy)
hay (2'Ox;y'Oy), la goc a + kr, k € Z
Nhan xét. Néu a = § (mod 27) thi @ = 3 (mod 7). Diéu nguge lai noi chuilg

khong ding.

Dinh ly 2 (Chales). (a;b) + (b;¢) = (a;¢) (mod )

Tt d6, ta c6 dude cac két qua sau



Dinh ly 3. Bon diém A, B,C, D cung nam trén mot duong thang hay duong tron
iff (AB; AC) = (DB; DC) (mod 7) iff (AB; AD) = (CB;CD) (mod )
Dinh 1y 4. Cho A, B,C € (0). Khi dé

1 —

2(OB;O ) (mod 7)

Dinh ly 5. T giac ABC'D noi tiép duong tron (O), ABNCD = P, ACNBD = Q.
Khi do

(AB; AC) =

1 > >
Sd(PA; PD) = Sd(PB; PC) = 5 - (Sd BC +5d AD) (mod )

V0,

Sd(QA; QD) = 5d(QC; QB) =

1 N N
3" (SdCB —I—SdAD) (mod 7)

Dinh Iy 6. Cho duong thang (d) tiép xic vdi duong tron (O) tai M va N,P €
(0),# M. Khi do

Sd(d; MN) = Sd(PM; PN) (mod )

Dinh ly 7 (Miquel). Cdc diém M, N, P theo thit tu ndm trén cic duong thang chia
cic canh BC,CA, AB cta tam gidc ABC. Khi dé cdc duong tron (ANP),(BPM),(CMN)

cung di qua mot diém.

Hé qua 1. Mot duong thang cit cic duong thang chia cic canh BC,CA, AB
cia tam giac ABC' theo thi tu tai M, N, P. Khi dé cic duong tron (ABC), (ANP),
(BPM), va (CMN) cing di qua mot diém.




Dinhly 8. 1 (a;b)=m+(
2. Néu Oz 17 O'z'; Oy 11 O'y' thi (Ox; Oy) = (O'2'; O'y') (mod 27)
3. NéuOx 1L O'a': Oy 11 Oy thi (Ox: Oy) = (O'a'; O'y') (mod 2r)
. Néwa | bl th (a:b) = (' ¥) (mod )

5. Néuwa La' b LV th (a;b) = (a;V) (mod )
2. Mot sé ap dung

1. Cho tam gidc ABC véi tryc tam H noi tiép trong duong tron tam (O). Goi
Ay, Ay theo thit tuy 1a diém déi xing véi H qua BC va trung diém BC. Céac diém
By, By, Oy, Cy dugce xac dinh mot cach tuong tu. Ching minh réang A;, B;, C; €
(0)

2. Cho hai duong tron (O;),(03) cét nhau tai A, B. Xét M; € (0;) sao cho
(O14;0,M;) = (O3A; O3M,) (mod 27). Chiing minh ring M;, B, M, thang
hang

3. Cho tam giac A; Ay Az véi truc tam H, noi tiép dudng tron (O). V6i mdi diém
M € (0), goi A%, A” 1a hinh chiéu, diém d6i xing ctia M qua duong thing
Aip1Aiga.

(a) Chitng minh ring cic diém A” cliing nim trén mot dudng thang di qua
H (Dudng théng Steiner)
(b) Chitng minh ring cic diém A} cting nim trén mot duong thang di qua

trung diém H M (Dudng thing Simson)

Lai giai.



Dé y ring, cac diém doi xing véi H qua cac dudng thang BC,CA, AB naim
trén duong tron (O). Do d6

(HAg; HA2) = (03142? CJM) = (A1A2; AIM) (mod 7T)

(HAs; HAY) = (CyM; CyA3) = (A1 M; Ay Az)  (mod )
(HAs; HA3) = (HBg; HB3) = (A1 By; A1 Bs) = (A1 As; AjAs)  (mod )

Suy ra (HAY; HAY) =0 (mod )
Tuong tu, cing c6 (HAY; HAY) (mod 7)
Tt d6, suy ra dieu phai ching minh.
. Xét diém D tren duong tron ngoai tiép ciia tam gidc ABC, khong tring véi
cac dinh. Goi s, 85, e Va sq theo thit tu la dudng thang Simpson ctia A, B, C
va D dd6i véi tam giac BCA,CDA, DAB va ABC.

(a) Chitng minh rang s, sy, S¢, 8¢ dong quy tai mot diém P

(b) Tim quy tich ctia P khi D thay ddi trén dudng tron, nhung khong tring

voi A, B,C

. Cho tam giac ABC noi tiép trong duong tron (O). Xét mot duong kinh PQ
ctia (0). Ky hieu s(P; ABC), s(Q; ABC) theo thtt tu I dudng thing Simson
ciia P, () dbi v6i tam giac ABC.

(a) Chiing minh réng s(P; ABC) L s(Q; ABC)



(b) Tim quy tich giao diém cta s(P; ABC), s(Q; ABC) khi P, Q thay doi.

6. Cho luc giac 16i ABCDEF noi tiép trong duong tron (O). Ching minh
rang s(A; BDF),s(B; ACE),s(D; ABF) va s(E; ABC') dong quy khi va chi
khi CDFEF 1a mot hinh chit nhat.

7. Cho tam gidc ABC nhon, truc tam H va ¢ 13 mot duong thang tiy § qua H.
Goi £, by, . 1an lugt 1a cac duong théng déi xing véi £ qua cac dudng thing
BC,CA, AB. Ching minh ring ¢, {y, (. dong quy tai mot diém trén duong
tron ngoai tiép ctia tam giac ABC.

(Bulgarian 1999)

Lai giai.

Goi Ay, By, C; theo thit tu 1a cac diém doi xing véi H qua cac dudng thang
BC,CA, AB. Khi d6, dé dang chiing minh duge A, By, C; € (ABC), ngoai ra
(Ly; €y) = (Ly; BC) + (BC;CA) + (CA; 4,) (mod )

= (BC;{)+ (BC;CA) + (¢;CA) (mod )
=2(CB;CA)=(CA;;CB;) (mod )

Suy ra {, N4, € (ABC)

Tuong tu, cang ¢6 £, N Lo, L. N L, € (ABC)

Tit d6, do mot dudng thing va mot dudng tron cit nhau tai nhiéu nhat hai

diém, suy ra diéu phai ching minh.

8. Cho tit gide ABCD noi tiép trong duong tron (O). Goi E = ADN BC,F =
ABNCD,G = ACNBD. Duodng tron (ADG) va duong tron (CDG) cat nhau
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tai diem tht hai I, duong tron (ABG) va duodng tron (C'DG) cat nhau tai
diém thit hai H.
(a) Chitng minh ring E, H, O thang hang va F, I, O thang hang.

(b) Chting minh rang OI L EG va OH L FG. Tu d6 suy ra O la tryc tam
tam giac EFG

Lai gii.

1. Ta c6
(IA;IB) = (1A IG)+(IG;IB) = (DA; DG)+(CG;CB) = (OA;OB)  (mod )

Suy ra A, B, O, I dong vien.
Tuong t, ciing ¢c6 C, D, O, I dong vién.

Vay do FA-FB = FC - FD nén F nam trén truc dang phuong ctia hai dudng
tron (ABO), (CDO). Suy ra F,I,O théng hang.
Tuong tu, ciing c6 E, H, O thang hang.

2. (I0;IG) = (I0; IC) + (IC; IG) = (DO; DC) + (BC; BG) = 1(0D; OC) +
5+ %(O—d, 0—15) = 2 (mod 7). Suy ra OI L IG

Tuong tw, OH 1. HG. bPCM

. Trong mat phang cho trudc hai dusng tron (O,), (O3) va mot duong thing A
cat duong tron (O;) tai A;, B;,i = 1,2. Chitng minh ring giao diém cac tiép
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10.

11.

tuyén cua (Oq) tai Ay, By va cac tiép tuyén cua (Os) tai Ay, By 1a bon diem

cling nam trén mot dudng tron.

Cho tam giac ABC can tai A. Xét mot dudng thang A quay quanh A, goi D
la diém déi xiing véi C qua A, cac duong thing BD.A cit nhau tai M. Tim

{M}

Cho tit gidc ABCD noi tiép duong tron (O), c6 hai dudng chéo cit nhau
tai £. Phan gidc cta cac goc ZDAB, ZABC ciat nhau tai P, clia cac goc
ZABC, ZBCD cat nhau tai @, ctia cic goc LBCD,/ZCDA cat nhau tai R,
clia cac goc ZCDA, ZDAB cat nhau tai S.

(a) Chitng minh rang ti gidc PQRS noi tiép.

(b) Chitng minh rang O, E, I thang hang (I 14 tam dudng tron ngoai tiép tit
giac PQRS)

(¢) Chiing minh rang PR L QS

Lai giai.



a. Ky hieu £, 0y, £ va {4 theo thit tu la duong phan giac cia cac goc ZDAB, ZABC,
ZBCD va ZCDA. Khi do

L(PS; PQ) = Z(Ly;6y)  (mod )
(ly; AB) + Z(AB; )  (mod 7)

—

—_— — 1 —
- L(AD; AB) + 3" Z(BA; BC) (mod 7)

: (71' + Z(C—lﬁ; C'—B>)) + T+ 4(174; D—d)) (mod )

1

5
(CD;l.)+ £(Ly; CD)  (mod )
=/(lg; ) = Z(RS; RQ) (mod 7)

Do dé6 bén diém P, Q, R, S cting ndm trén mot dudng tron.

b. Khi ti giac ABC'D ¢6 mot cap canh (d6i dién) song song, thi két luan ctia
bai toan la hién nhién. Vay, ta chi can xét truong hop tit gisac ABCD khong
c6 hai canh nao song song. Goi K = (AB)N(CD),L = (AD)nN (BC).
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Bo6 dé. Tt gidc ABCD noi tiép duong tron (O) va c6 ACNBD = E,(AB)N
(CD) =F,(DA)N(BC) =G. Khi d6 O la tryc tam tam giac PQR

(Day 1a mot két qué co ban, cac em hoc sinh hay tu chiing minh (bang it nhat
ba cach khéc nhau))

Ap dung bé d8, ta dusc OF L KL (1)
Tu gid thiét suy ra @ 1 tam duong tron bang tiép trong goc LBKC cla
ABKC va S 1a tam duong tron noi tiép ctia tam giac ADK. Do d6 @, S niam
tren phan giac ctia goc ZBKC hay Q, S, K thang hang. Tuong tu, ciing dudc
P, R, L thang hang.

Ta co

Z(CR;CB) = Z(CR;CL) = - - Z(CD; CTL)) (mod )

r i — —
N7+ 2(BC; BA) + 7 + (LD LC)] (mod )
(BL: BP) + Z(LP; LC) = Z/(PR; PB) (mod 7)
Suy ra B, C, P, R cing nam trén mot dudng tron, do d6 LB-LC = LP-LR = L
nim trén truc dang phuong ctia (O) va (PQRS). Tuong tu ciing ¢6 K nim

trén truc dang phuong clia hai duong tron nay. Vay (K L) la truc dang phuong
cia (O) va dudng tron (PQRS) suy ra KL 1 OI (2)

Ti (1), (2) suy ra O, I, E thang hang.

c. Theo chitng minh & phan 2 thi

/(RP:RC) = /(BP: BQ) % /(BA: BC)  (mod ) (3)
Tuong tu, ciing duge

/(PR; PA) = Z(DR; DA) = % . Z(DC; DA)  (mod ) (4)
Dé v ring Z(RP;RC) = Z(SP;SQ) (mod 7), Z(PR; PA) = Z(PR;PS)
(mod ) (5)
va Z(BA; BC) + £(DC; DA) =« (mod 2r) (6)

T
T (3),(4),(5),(6) suy ra Z(PR; PS) + Z(SP;SQ) = B (mod 7) suy ra dieu
phai ching minh.



Nhan xét. Vé cd ban, day chi 14 mot bai toan hinh hoc 16p 9, duge ghép tit hai
bai toan: bai thi nhat duge phéat biéu trong 10i gidi trén dudi dang bd dé, bai
toan thit hai 1a "Cho ti giGe ABCD ngi tiép duong tron (O) ¢6 (AB) N (CD) =
M, (AD) N (BC) = N. Chitng minh ring phan gidc cia cic géc /ZBMC va Z/DNC
vuong goc". Tuy nhién, néu khong dung géc dinh huéng thi 1i gidi sé phu thuoc
vao hinh vé. Mot s6 hoc sinh 16p 11 con ling ting trong viéc sit dung khéi niem goc
dinh huéng, v hau hét cac bai tham gia dy thi déu khong dé ¥ gi dén trudng hop
ti giac ABCD c¢6 mot cdp canh song song.

. Cho tit giac ABCD nai tiép trong duong tron (O). Goi E, F, G theo tht tuy 1
gido diém clia céc cap duong thing AB va CD, BC va DA, AC va BD. Céc
duong tron (DAE), (DCF) cat nhau tai diém thi hai H. Phan gidc ctia géc
ZAHB cat AB tai I, phan giadc cia goc ZDHC cat CD tai J. Ching minh
rang I, G, J thang hang.

Loi giai 1. Tu gia thiét suy ra (HD; HE) = (AD; AE) = (AD; AB) =
(CD;CB) = (CD;CF) = (HD; HF) (mod ) do d6 H, D, F thang hang.

Ap dung b6 dé Mi-ken cho tam gidc BEC, ta dugc cac dudng tron (BAF), (CFD)
va (DEA) cting di qua mot diém (khac D). Do d6 bon duong tron (BAF), (CFD),
(DEA),(EAB) cung di qua H.

Vay
(HA; HD) = (EA;ED) = (EB; EC) = (HB; HC) (mod 7)

va

(CB;CH) = (CB;CD)+ (CD;CH) (mod )
= (AB;AD)+ (FD;FH) (mod 7)
= (FA;EH) (mod w)=(DA;DH) (mod )

Suy ra AHCB «~ AHDA. Vi vay Z—g — #B _ BC

HA — DA
1c_ 6o
<~ 1 IB _ JC _ HC _ BC _ GC _ GB ID GD
Tedd =95 =up=Di=cp=cA—\IB (OB
1A GA

Suy ra GI,GJ la phan giac cta goc ZAGB, ZCGD theo thi ty dé va vi vay,
I,G,J théng hang.
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13.

14.

15.

Cho (01) N (0y) = {P;Q}. Xét Ay, B; € (0;) sao cho Ay, P, A, thing hang va
Bl, P, BQ théng hE\lIlg GOI C = AlBl N A2B2

(a) Chiing minh rang A;, As, C, Q dong vien.
(b) Goi O la tam cta dudng tron (A;A»C). Chiing minh réang O luon chay

tréen mot dudng tron c6 dinh.

Goi M, N theo thit tu la trung diém cac canh AB, AC ctia tam giac ABC.
Mot dudng thang A quay quanh A, goi P, Q la hinh chiéu ctia B, C trén A va
PMN=QN = R. Tim {R}

Cho trudc duong tron (O) va hai diém A, B sao cho AB tiép xic v6i dudng
tron (O) tai B. Lay diém C khong nam trén (O) sao cho AC cat (O) tai hai
diém phan biét, dyng dudng tron (w) tiép xic véi AC tai C, tiép xtic véi (O)
tai D sao cho B, D ndm vé hai phia ctia dudng thang AC. Ching minh ring
tam duong tron ngoai tiép tam giac BC'D nam trén dudng tron ngoai tiép tam
gidac ABC.

Lai gii.
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Goi I va J theo thit ty 1a tam cac duong tron (w) va (BCD), t 1a tiép tuyén
chung tai D cta (O) va(w).

Tu gid thiét suy ra O, J nam trén trung tryc BD va I,.J ndm trén trung tryc
CD.SuyraDpy : (BA)— (t)vaDy; : (DJ) — (CJ) va (Dt) — (CA). Khi
do

(BA;BJ) = (DJ,t) (mod )= (CA;CJ) (mod 7)
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