BAT PANG THUC
. Céc kién thire co ban
1. Pinh nghia: Ta goi hé thiic dang a>b (a<b;a>b;a<b) la mot bat dang thuc

. |[A2B< A-B>0
Taco
A<B< A-B<0

2. C4c tinh chat

a. Tinh chat bac cau: {a e
b>c
b. Cong hai vé cuia bat dang thirc véi cling mot s6: a>b=a+c>b+c
Héqual: a>b=a-c>b-c
c. Cong, trir ting vé cua bat dang thic cling chiéu dugc bat dang thic ciing chiéu vai bat
dang thic da cho

a>b

) d}:>a+c>b+d (luu y: khong co tinh chat trir vé vai vé )
>

d. Nhan ca hai vé ciia bat dang thirc véi cling mot so

a>b=-a<-b
, |a>bjc>0=ac>hc E>9(C>0)
Ta co: Hé qua:
{a>b;c<0:>a.c<b.c:> - a>bh=|C
a b
—<—(c<0)
C C

. o > a>b
e. Trur ting veé cua bat dang thic ngugc chicu: {C >d —a-c>b-d
<

f. Nhan tung vé hai bat dang thirc cling chiéu ma hai vé khéng am: a>b>0;c>d >= ac>hd
g. Nang lén lity thira bac nguyén duong hai vé cua bat dang thic:

-a>b>0=a">b"

-a>b=a">b" (n: 1¢)

- [a]> |b| & a" >b" (n: chén)

h. Lay cin

a>b>0neN =¥a>b

Hé qua: a,b>0,cé: a>b<a*>b*ab>0=a>b<a’>b’
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i. Lay nghich dao hai vé va doi chiéu bat dang thirc néu hai vé cling dau

- a>b>0:>0<1<%

a

- a>b,ab>0<::>1<1
a b

I1. Cac hang dang thirc
1. a°>0;-a <0 2. |a|20<a=0
3. laj>a=a=0 4. la+b|<|a|+|b|«>ab>0

ab>0

5. |la-b|>|al-|b| =
etz

I11. Céc bd d@é hay sir dung

2
1. a®+b*>2ab 2. (a—;bj > ab < (a+b)? > 4ab(cosi)
31,1 % abso) 4. 2:25 0@ b>0)
a b a+b b a

5. (a®+b*)(x* +y*) 2 (ax+by)’ (bunhiacopski)

IV. Cac dang toan

Dang 1: Dung dinh nghia va cac phép bién doi twong dwong

Céach giai: Pé chang minh: A>B ta xét hiéu A-B va chang minh A—B>0

Bai 1:

Cho ba sé a, b, ¢ bat ky, chitng minh bat dang thirc sau: a?+b? +c? > ab+bc +ca(l)

Loi giai
Ta co: (1) < 2a*+2b° +2¢* > 2ab+2bc + 2ca < (a—b)* +(b—c)* +(c—a)* > 0 (ludén dung)

Diu “=" xay ra <>a=b=c

Bai 2:
Cho ba sé a, b, ¢ bat ky, chitng minh rang: (ab+bc+ca)? > 3abc(a+b+c)(1)

Loi gidi

Ta cO:
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(1) < a’v® +b’c?+c’a® —a’bc—ab’c —abc® >0 < 2(...) >0 < (ab—bc)? + (bc —ca)® + (ca—ba)* > 0
(ludén diang)

Diu “=" xay ra < ab=bc;bc=ca;ca=ab<>a=b=c

Bai 3:
Chting minh rang: a?+b?+¢? +d? +¢? >a(b+c+d+e),vab,c,deeR

Loi giai
2y 22 M2 A2 L H2 . a2 a’ ,, & , a , a 2
Taco: a’+b*+c*+d*+e*>a(b+c+d+e) <> ——-ab+b’+——-ac+c’+—-ad+d*+——-ae+e’ >0

2 2
@(%—bj +...+(%—e) >0 (ludn dang)

Bai 4:
Cho ba sé a, b, ¢ théa man: 0<a<b<c. Chang minh ring: 24+24¢52,3,¢
c a ac b
Loi gial
Xét hiéu:
a E+E—E—E—E:i(azc+ab2+bc2—bzc—ba2—a(:2)— 1
b ¢c a a c b abc

= ol (o0 (b'a-ab*)+ (¢ —ac’)

:i[c(a—b)(a+b)+ab(a—b)—cz(a—b)]—

i(a—b)(b—c)(c—a)20(do:0<asb3c) (dpem)

Bai 5:
Chting minh rang: b%+ b ol

_+_22(—+—+£) véi a,b,c>0
ac ab a b ¢

Lo giai

Lo i A a b ¢ bc ac ab s L2 2

Xéthiéu & —+—+—-2 +—+ >0< a’+b*+c®—2bc—2ca-2ab>0
bc ac ab abc abc abc

< (a+b-c) >0 (dpcm)

Bai 6:
Chung minh rang néu a+b>2 thi a®+b®<a‘+b*

Lai gidi

Xét hiéu: a*+b*-a’-b*=a’(a-1)+b*(b-1)=a’(a-1)-(a-D+@-D+b’*(b-1)—(b-1)+(b-1)
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=(a-D@ -1)+(b-1)bO* -)+a+b-2=(a-D*@+a+D)+(b-D*{O*+b+1)+a+b-2>0+0+0=0

(dpcm)

Bai 7:

Chtrng minh rang va,b,c, ta ludn c6 a“+b*+c* > abc(a+b+c)

Loi giai
Ta co:

a’+b*+c*—abc(a+b+c)=a*+b*+c* —a’bc—b*ac—c’ab = % (2a* + 2b* + 2¢* — 2a’bc — 2b*ac — 2cab)

= %[(a“ —2a’h’ +b*) +2a’h’ +(a' - 2a°c” +¢*) + 2a%c” + (b* — 2b%c” +¢*) + 2b°c” —a’bc —b’ac —c*ab |

= %[(a2 —b?)* +(a° —¢*)* +(b” —c*)° +(a’® +b’c” — 2ab’c) + (b°c’ + ¢’a’ — 2abc?) + (a’h® +c*a’ — 2a’he) |

- %[(az —b%)? + (b —¢*)? +(c” —a%)’ +(ab—hc)’ + (bc —ca)® + (ab—ac)® | > Ova,b,c (dpem)




Dang 2: Dung cac phép bién doi twong dwong

Céach giai: Ta bién doi céac bat dang thuc can ching minh twong dudng véi BDT ding hoic
BDT da dugc ching minh la ding

-Néu A<B<C<D, Véi C<D ludn dung

- Str dung dang tong binh phuong: A>B < mX?+nY2+kz? >0, véi cac s6 m,n,k khong am

- Dang tich hai thira s6 cing ddu: A>B < XY >0 hoic A>B < X?'Y >0

Bai 1: Cho a, b, ¢, d, e la cac s6 thuc. Chang minh rang:

2
a) a%%zab b) a®+b*+1>ab+a+b

C) a®+4b® +4c* > 4ab—4ac+8obc

2 2 2 2
d) a’+b*+c 2(a+b+cj
3 3

Loi giai
2 2
a) Ta co: a2+bZ >ab < a2+%—ab >0 4a’ +b? > 4ab < (2a—b)’ >0 (dpem)

b) Ta co:
a2+b2+12ab+a+b<:>2(a2+b2+1)22(ab+a+b)<:>(a—b)2+(a—1)2+(b—1)220 (dpcm)
c) Tacd: (a® —4ab+4b®)+4c® + (4ac—hc) > 0 < (a—2b)* +2(a—2b).2c +(2¢)* >0 < (a—2b+2c)* >0

(dpcm)

2 2 2
d) Ta c6: a +b3 +c 2(a+b+c

2
3 J < 3(@%+b®+c®) > (a+b+c)* =a’ +b*+c? + 2ab + 2bc + 2ca

< (a-b)*+(b—-c)*+(c—a)*>0 (dpcm)

Bai 2: Cho basd ab,ceR théa min abc=1 va a+b+c>1+%+1
a C

a) Chtrng minh rang: (a—1)(b-1)(c-1)>0

b) Chirg minh ring ludn ton tai 1 trong ba s6 a, b, ¢ nhé hon 1

Loi giai
a. Taco (a-1)(b-1(c-1) >0« abc—ab—bc—ca+a+b+c>0

< abc+(a+b+c)—(ab+bc+ca)>0<1+(a+b+c)—(ab+bc+ca)>0(1)
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va a+b+c>§+%+%©a+b+c>$<:>a+b+c>ab+bc+ca(2)

Tir (1)(2) ta c6 diéu phai ching minh
b) Gia sir tdn tai ca ba s6 a,b,c 16n hon 1= abc>1 (MAu thudn vai gia thiét)

Vay ludn ton tai 1 s6 nho hon 1.

Bai 3:
Chting minh rang: (a®° +b)(a? +b?) > (a® +b%)(a* +b*)(1)

Loi giai
Taco: (1) o (a° +b™°)(@% +b?) —(a +b%)(a* +b*) > 0 = a? +a%? + a%h™® + b2 —a2 —a®h—a'b® —b? >0
< (a%% —a’h*) + (a’h”° —a'h’) >0 < a’b?(a® —b?)-a’h’(a® —b?) > 0 < (a® —b*)’a’h*(a* +a’h*+b*) >0

(dpcm)

Bai 4:
b c

Chuang minh ring: 1<—2+ >+ <2(a,b,c>0)
a+b b+c c+a

Loi giai

, 1 1 a a
Taco: a+b<a+b+c=> > = >
a+b a+b+c a+b a+b+c

b b c c
Tuong ty: > X > .
b+c a+b+c a+c a+b+c

a b C
Va + + >1(*
1y a+b b+c c+a ®)

. a+c b a+b c c+b
Lal cO: a<a+b= < : < : <
a+b a+b+c b+c a+b+c c+a a+b+c
b C

Cong vé véi vé ba bat dang thire ta duoc: a_, + <2(**)= dpcm
a+b b+c c+a

Bai 5: Tuyén sinh vao 10 PHSP TPHCM, niam hoc 2007 - 2008

Cho a,b,c>0. Chitng minh rang: a’b? +b%? +c%a? > a’h® +b’c® +ca’

Loi gidi
Ta co: a’b? +b’c® +c®a? > a’h® +b?c® +c?a® < a’h? —a%h® +b°c? —c?a®* +c*a’ —b*c* >0

& a’h’(a-b)+c’(b*-a’)+c*(a’ —b’) >0« (a—b)| a®® —c’(b* +ab+a’) +c*(a+b) | >0
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< (a—b)(b—c)(c—a)(ab+bc+ca)>0 (dpcm)

Bai 6: Tuyén sinh vao 10 Thanh Hoa, ndm hoc 2007 - 2008

2
a +5(a +1) 21_1
+1 2a 2

Chtng minh rang: =

Loi giai
Ta co:

2 2 2 2
2a +5(a +1)21_1® a _1+5(a +1)_520<:>—(a—1) 5a —a+5>

a’+1 2a 2 “a’+l 2 2a 2(a*+1) a(@®+1)

- (a-1? (a-1)>+9(a’+1)

. . (nhan véi 2), dau “="xara < a=1
2 2a(a” +1)

Bai 7: Tuyén sinh vao 10 Thanh Hoa, ndm hoc 2007 - 2008

2 2
Chtring minh rang voéi moi so thuc x,y =0 ta co: %+ J +4z3[5+lj(1)

X2 y X

Loi giai

Ta co:

2 2 2

ot Lorag 2et]poo 2 2] g 2 L) (XL z0e [ X Loz Xi Lo
y X y X y X y X y X y X y X
C\N\2(y2 2 Y 2 )2 2 2

) ()>(<2y2xy+y)20®2(x y) )((>2<y2 XY+Y) S g KY) (2>)<(2y22><y+2y)20

o DY HY +(x=Y)%)

— >0 (luon dang)
X7y

Diu “="xay ra < x=y 0.

Bai 8: Chuyén An Giang, nam hoc 2010 - 2011
Cho a>4,b>4. Chiing minh rang: a’+b?+ab>6(a+b)

Loi giai
Do a>4b>4=a-4>0b-4>0
bat x=a-4(x>0);y=b-4(y=20)= 1) 2= (x+4)* +(y+4)* + (x+4)(y +4) > 6(x + y +8)
< X2+y? +xy +6(x+Yy) > 0(x,y > 0)

Diu “="xayra < x=y=0<a=h=4.
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Bai 9: Tuyén sinh vao 10 chuyén KHTN BPHQGHN, nam hoc 2000 - 2001

2 2
4x2y? LA

Cho hai s6 thuc x,y=0. Chang minh rang: —— >
(x*+y%)? y* X
Loi giai

Ta co:

2.,2 2.,2 2 2\2 4 4 2.,2 2 2\2 2 2\2
(:I-)C:’%_l"F 2+y 220@4)( y z_(xz+2y) +X +y2_22X J ZOQ_()Z _{)2 +(X ;yz) >0
(X +y%) A'S (X“+y%) X7y (X*+Yy°) X7y

1 1 (x +y?)?—x’y? 2 o Xyt xPy?
Xz— 22. 0 X 2 >0 X" — —_—_— >
S0y {xzy (C+y )} = Y Sam ey 20 Y ey

Diu “=" xay ra < x=+y

Bai 10: Danh cho I6p 9

Cho hai s6 thuc a,b. Chitng minh rang: asz Ja b Jab + a_+b(1)

Loi giai
a?+b? b
Ta c6: a+b 2a _(a-h)*. a2+b2_\/a—_ 2 B (a—b)?
"2 a+b 2@+b)’V 2 a2 +b? a2 + b2
5 +\/£ 2 5 +\/%
IRRY:
NG 2b) : 12 _ 1b 2Oc>(a—b)2[2a+2b— 2(a2+b2)—2\/£}zo
a+
\/a +b +\/%
2
& 2a+2b—+/2(a% +b?) —24/ab > 0(*)
—(a—h)*

.. ,__(a=b)®
- Tacé: a+b-2vab =(Va-+b)* = b—/2(a" +b%) =
a+ ab=(Va-+b)' = Waidoy & (@09 = J2(@% +b?) +(a+h)
1 }ZOQ(ab)z[\/Z(a2+b2)+a+b(\/a+\/b)2J2

1
* —b)? -
(*) < (a-b) [( [a+b)? 2(a’+b?) +(a+b)
2(a* +b*) —4ab >0 2a_b)"

< (a—b)Z[VZ(aZ +b%) _Z@JZOQ (a_b)Z'\/Z(a2 +b?) +24/ab J2(a? +b?) +2\/_

Diu “=" xay ra < a=>b
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BAI TAP TUONG TU

Bai 1: Chirng minh céc bat dang thirc sau véi a,b 1a sé thuc bat ky

a) a?+b*>2ab b) 2(a*+b*)>(a+b)’
c) (a+b)’ >4ab d) a®+b?+c?>ab+bc+ca
e) 3(a’+b*+c*)=(a+b+c)’ f) (a+b+c) >3(ab+bc+ca)
a> b® ¢ :
g) a®+b*+c*+3=2(a+b+c) h) F+—+—2a+b+c Véi a,b,c>0
c a
Lo giai

a) Bat dang thirc can chimg minh tuong dwong véi

a’ +b? > 2ab(*) < a?—2ab+b?>0 < (a—b)’ >0 (ludn dung)

DAu dang thirc xay ra khi va chi khi a=b

b) Cong hai vé cuia (*) voi a* +b ta thu dugc 2(a”+b?)>(a+b)’

c) Cong hai vé ctia (*) v6i 2ab ta thu dugc (a+b)* > 4ab

d) T a® +b* > 2ab, twong tu ta cling co: b® +c* > 2bc;c” +a* > 2ac

Cong ba vé cua bat dang thirc cling chiéu ta co:

2(a®+b*+c*) > 2(ab+bc+ca) <> a’ +b* +c* 2 (ab+bc+ca)(**)

Céach khéc:

a”+b?+¢” > (ab+bc+ca) < 2(a’ +b* +¢*) > 2(ab+bc+ca) < (a—b)” +(b—c) +(c—a) =0
Bat dang thuc ludn dung. Dau dang thuc xay ra khi va chi khi a=b=c

e) Nhan ca hai vé caa (**) vai 2 rdi cong 2 vé véi a? +b?+¢? ta thu dugc bat dang thuc can
ching minh

f) Cong 2 vé (**) véi 2(ab+bc+ca) ta thu duge diéu phai chang minh

g) Viét lai bat dang thic can chiing minh thanh:

a’—2a+1+b?-2b+1+c?-2c+1>0e (a-1)" +(b-1)"+(c—~1)° >0 (ludn dung)

Ding thuc xay ra khi va chi khi a=b=c=1

h) Véi moi s6 thuc duong a,b,c va sb thuc k théa mén 0<k <1, ta co:

——
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(a-b)’>20=(1-k)(a-b)’ >0« (a-b)’ >k(a-b)’ <= a®+b*>2ab+k(a-b)’

2

i .7 a-b)’
Chia ca hai vé cho b>0 ta thu duoc: %+b22a+k%

Tuong tu ta cd thém 2 bat dang thuc nira

Cong cac bat ding thie ciing chiéu ta thu dugc:

2 2 2 . 2 _ 2 . 2
a—+b—+c—+a+b+c22a+2b+20+k{(a b) +(b °) +(C a)}
b ¢ a b C a

2 2 2 _ 2 _ 2 _ 2
Hay a—+b—+c—2a+b+c+k (2-b) +(b °) +(C 3) >a+b+c
b ¢ a b C a

DA4u dang thic xay ra khi va chi khi a=b=c.

Bai 2: Cho cac sb thuc khéng &m a,b. Chitng minh cac bat dang thuc sau:

a) a’+b’*>ab(a+b) b) 4(a°+b*)>(a+b)’

1 1 .
C by )’ <(a%+b?)(x? +y? d : > Véi ab>1
) (ax+by) (a i )(X +y) ) a’+1 b*+1 1+ab o8

(x+ y)2

1 1 1
X >
a+b

2 7 2 Véi a,b,,x,y>0
(a+1)" (b+1)" ab+1

f)

X2 y2
— = >
h) (ax+by +cz)’ <(a’+b*+c?)(x*+y* +2%)

(x+y+z)2

VGl a,b,c,x,y,2>0
a+b+c

2 2 2
X z
1) Xz,
a b ¢

1 1 1 3
3 : 3 + 3 2
a+1 b’+1 c°+1 1l+abc

V4l a,b,c>1

J-

k. a’+b*+c*>abc(a+b+c)

Loi gidi
a) Bat dang thirc can chimg minh tuong dwong véi:
a’+b’-ab(a+b)>0< (a+h)[a’—ab+b’-ab]>0< (a—b) (a+b)>0 (ludn dung)
Dau dang thuc xay ra khi va chi khi a=b

b) Bat dang thirc can ching minh twong dwong véi 4(a’ +b°)—(a+b)’ >0

——
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=N (a+b)[4(a2 —ab+b2)—(a+b)2] >0 (<’;\+b)[3(a+b)]2 >0 (ludén dung)
Dau dang thuc xay ra khi va chi khi a=b

c) Bat dang thiic can chimg minh tuong dwong véi:

(a2 +b2)(x2 + yz)—(ax+by)2 < a’x? +a’y’ +b’x? +b’y* —a’x® — 2abxy —b’y* >0
Hay a?y? —2abxy +b?x* >0 < (ax+by)’ >0 (ludn dung)

DA4u dang thirc xay ra khi va chi khi ay =bx

d) Bat dang thirc can chirng minh twong duong voi:

a?+b?+2 2
(a2 +1)(b2 +1) “1+ab

<:>(a2 +b? +2)(1+ab)2 Z(a2 +1)(b2 +1)c> a’+b’+ah+ab®+2ab+2>

2a?h? +2a% +20% + 2 <> a’b—2a’h’ +ab3—(a2 —2ab+b2)20<:>a3b—2a2b2 +ab*~(a-b)* >0

< ab(a-b)’ —(a-b)’ >0« (ab-1)(a—b)" >0 (ludn dung véi moi ab>1)

f) Ap dung bét dang thuc o cau ata co: (a+1)’ (\/_ %ﬂ 1} (ab+1)£b +1j w

1 . b
(a+1)" (a+b)(ab+1)

=

(b +1) (a+b)(ab +1)

Tuong ty ta ciing co: . Cong hai vé bat dang thirc ciing chiéu ta co:

1 N 1 S b N a _ 1
(a+1)" (b+1)" (a+b)(ab+l) (a+b)(ab+l) ab+l

DAau dang thirc xay ra khi va chi khi a=b=1
g) Bat dang thirc can chirng minh twong duong véi:

bx? +ay?® _ (X+ y)’

> & (a+b)(bx* +ay®) = ab(x+ y)’ < abx? +aby? +b?x? + a’y? > abx® + aby? + 2abxy
ab a+b

< b?x* —2abxy +a’y* >0 < (bx - ay)2 (ludn ding)
D4u dang thirc xay ra khi va chi khi ay =bx
h) Bat dang thirc can chirng minh twong duong véi:

(a2+b2+c2)(x2+y2+22)—(ax+by+cz)2 20<:>az(x2+y2+22)+b2(x2+y2+22)+c2(x2+y2+22)

——
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—(a*x® +b?y? +¢*2* + 2abxy + 2bcyz + 2acxz ) 2 0 < (ay—bx)’ +(bz—cy)’ +(cx—az)” >0 (ludn ding)

ay =bx
Déu ding thirc xay ra khi va chi khi {bz=cy < 2=2_¢
CX=az Y
< 1 0 n . 3 2 2 2 2 2 2
i) Ap dung bat dang thuc co céu g) lién tuc 2 lan ta co: x_+y_+z_2(X+y) +Z—ZM
a b ¢ a+b C a+b+c
a_bp
L . . [ay =hx B
Dau dang thac xay ra khi va chi khi Y UL @E=9=E
c(x+y)=z(a+b) ath _c¢ x y z
X+ z

Cach khac: Ap dung bat dang thic ¢ cau h) ta co:

(%.\/5+%.x/5+%.«/6j2£(§+y§+§j(a+b+c)
X y* 7t (x+y+z)2

Hay —+Z-+—>
a b ¢ a+b+x

(x+ y+z)2 =

(dpcm)

*) Chu y: Céc bat ding thiic ¢ cau g, h, 1 con c6 tén goi 1a bat dang thiac Cauchy — Schwarz
j) Ap dung bat dang thtic ¢ cau d) lién tyc 2 lan ta co:

1 1 1 1 S 2 4 4

2
+ + + > + > =
1+a® 1+b® 1+c® 1+abc 144a%° 1++abc’ 14.Ja?p*Japct  1+abc

Hay

1 1 1 3
3+ 3+ 32
1+a> 1+b° 1+c 1+abc

DAu cua dang thic xay ra khi va chi khi a=b=c.

k) Bat dang thirc can ching minh tuong duong véi:

a’ +b* +c* —a’hc—b*ac—c’ab >0 < 2a’ + 2b* + 2¢* — 2a’hc — 2b’ac — 2c’ab > 0

< (a”-b? )2 +2a’h*+(b” —¢? )2 +2b°¢* +(c* —a’ )2 +2a%c? —2a’bc — 2b%ac — 2c%ab >0

o (a? —b2)2 +(b? —02)2 +(c? —a2)2 +(ab—bc)’ +(bc—ac)’ +(ab—ac)’ >0=a* +b* +¢c* > abc(a+b+c)
DAu caa dang thirc xay ra khi va chi khi a=b=c.

Cach khac: Ap dung bat dang thic x? +y® + 22 > xy+yz+2x VGi x=a’;y=b?*c =7’

Ta thu duoc: a*+b*+c* >a’h? +b’c? +c’a® > abbc+bc.ca+caab=abc(a+b+c)

——
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Bai 3: Chtrng minh rang:

a+b® b*+c® c*+a’
a) + +

>2(a+b+c) véi cac s6 thuc duong a,b,c
ab bc ac

b) avb-1+bya-1<ab véi a,b>1
2182 2 2

C) 4a—b?_+a—2+b—223 VGi a,b=0

(a®+b%)” D" a

2 2
ah 2>a +2ab

— 4 S>= " Vv6iab>0
2a®+b® 3 2a’+b?

d)

k 1 1 _16+4k
Z4b @ b (atb)
(a+b)

2 2
f) 2ab +1/a +h leab+a—er Véi a,b>0
a+b 2 2

Vol a,b>0

e) Tim hang s6 k 16n nhat sao cho

Loi giai
a) Trudc hét ta can ching minh bat dang thirc: x° +y® > xy(x+y) V6i x,y la cac s6 duong
That vay x*+y° > xy(x+y) < (x+ y)(x2+y2—xy)2xy(x+ y)<:>(x—y)2 >0

Ap dung bat dang thire trén ta duoc:

a’+b’ b+’ i+’ ab(a+b)+bc(b+c)+ca(c+a)
ab bc ca ab bc ca

=2(a+b+c)

b) Bat x=+a-1;y=+b-1, khi d6 x>0;y>0
bat dang thirc can ching minh duoc viét lai thanh (x*+1)y+(y* +1)x < (x* +1)(y* +1)

2

(x2+1)(y2+1)—2(x2+1)y+(x2+1)(y2+1)—2(y2+1)x20<:>(x2+l)(y—1)2+(y2+1)(x—1) >0
DAu cua dang thic xay ra khi va chi khi x=y=1<a=b=2
¢) Cach 1: Bat dang thtc da cho twong duong voi

4a*h? a’> b? 4a’h’ —(a’ +b2)2 a'—2a%’ +b*

T A S PO S PO

_ 2 2 2_p? 2[ 2, p2 2 zbz}
(7+0") +(az ) 20c>(a2—b2)2 t 1 20c>(a1 J|{07) - >0
(a®+ bz)2 a’b” a’b? (a®+ bz)2 a’h’(a’ +b? )2

——
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- (a2 —bz)2 (a“ +b* +a2b2) -0
azbz(a2 +b2)2

DAu caa dang thic xay ra khi va chi khi a=+b

437> +(a2+b2)2 s

Céch 2: Bat dang thie dugc viét lai thanh ~ L >
(a2 + b2) a’b

2 a2b2

2
2ab a®+b’)  (arip2) 4
a +

2
Pat t=(—2j khi d6 ta dugc 0 <t <1 | _4
b 2ab

Bt dang thuc can chiing minh tré thanh t+%25<:>t2 ~5t+4>0= (t-1)(t-4)>0 (ding)

DAu cua dang thic xay ra khi va chi khi a==b

d) Bat dang thic can ching minh twong duong véi

ah 2 a'+2b &b 1 a’+2ab <:>—(a—b)2(2a+b)>—(a—b)2
2a%+b® 3 2a%+b? " 2a%+b® 3 2a’+b? 3(2a3+b3) ~ 2a%+Db?

<:>(a—b)2 1 3 2a+b
2a®+b? 3(2a3 +b3)

]>O<:>(a—b)2 [3(22° +b°)—(2a° +b*)(2a-+b) | =0

< (a-b)’(2a°+2b*—2a’h—2ab’) >0 < (a+b)(a—b)’ >0 (dling)

DAu cua dang thic xay ra khi va chi khi a==b

e) Bat dang thtc can ching minh twong duong véi 3k—b+—3+§ >
a +

k 4k +i_L+i_L320

a-b (sz +4ab+a? _7a2 +4ab+b2j_3k(a—b)2(a+b) g
(a+b)’ b a’ (a3+b3)(a+b)3 -

(a-b)’ (a*+5a’h +12a%’ +5ab° +b*) 3k (a—b)’

=N >
a’b® a’—ab+b?

< (a-b)’[(a* +5a’b+12a%’ +5ab° +b* )(a” ~ab +b*) ~3ka’b® | > 0((a~b)* 2 0)
Nén bét dang thire ding khi va chi khi (a* +5a® +12a%? +5ab® +b*)(a? —ab+b?) - 3ka’b® > 0

Cho a=b thi bat dang thtc trén tré thanh 24a° —3ka® >0=k <8

( ]
{1 ¥ )



Ta ching minh k =8 1a hang sé I6n nhat thoa méan bat dang thire di cho. That vay, ta xét cac
truong hop sau:

+ Vi k<8 thi (a‘+5a’h +12a°b? +5ab° +b*)(a® —ab+b* ) —3ka’h® > 0

+ Vi k =8 thi bat dang thic trén viét lai thanh:

(a* +5a®h+12a%’ +5ab® +b*)(a” —ab +b*) - 24a®h® 2 0. Ta cO: a*+b* > 2a%’;a’ +b* > 2ab

Nén a'+5a’h+12a%’ +5ab’ +b* =a* +b* +5ab(a’ +b?) +12a’h* > 24a’h’

Va a’—ab+b?>ab. Do d6 ta c: (a* +5a%h+12a’h’ +5ab® +b*)(a”* —ab+b*) = 24a°h°®

Vay bt dang thirc dugc chang minh. Vay hiang sé k 16n nhat 13 8

f) bat dang thirc can chirg minh duoc bién d6i nhu sau

a’ +b? \/—>a+b 2ab<:>(a—b)2 1 1

2 a+b 2 2 1 p2 Ca+h

+ \/a 42-b +\/% +
@(a_b){zam_,/z(az+b2)_z@‘zo
That vay ta co: a+b—,/2 a +b2

Do vay bat dang thire trén twong duong voi:

a—b)’ L - — L >0« (a-b)’|,[2(a?+b?*)+a+b— Ja+b) |20
(a-") (\/5+\/5> \/2(a2+b2)+(a+b) (2-0) [ ( ) ( )}

ra+b—2+/ab = (\/_ J_) _(a-b) b)2

a +b2 (a+b)

2(a? +b?)-4ab 2(a-b)’
>0 >
\/2(a2+b2)+2\/£ \/2(a2+b2)+2\/£

DAu cta dang thic xay ra khi va chi khi a=b.

@(a_b)z[ z(a2+b2)_2@}zo@(a_b)2

Bai 4: Chiing minh céc bat dang thirc
a) Ja+hc ++/b+ca++/c+ab >1++ab++bc++ca Vi ab,c>0;a+b+c=1

3.3 3 _h3 3_ A3 a
b) 5b a2+5c b2+5a C2 <a+b+c Vol a,b,c>0
ab+3b* bc+3c® ca+3a

——

15

'




1 1 1
3 3 + 3 3 + 3 3 S
a+b°+abc b’+c’+abc c’+a’+abc abc

d) 3(1+1+1j+22i
a b c ab+bc+ca

véil a,b,c>0

Vol a,b,c>0 va a+b+c=3

Loi giai
a) Quan sat bt dang thuc ta ¢ cac nhan xét sau:

- Du doén ding thuc xay ra khi va chi khi a:b:c=%

- Khi thay 1 bang a+b+c vao bat dang thirc va chuyén vé thi dugc cac nhom

Ja+bc —a—+/be;vb+ca-b—+/ca;y/c+ab—c—+/ab

Do vai trd a,b,c nhu nhau nén ta du doan mdi nhém trén khong am. Bé chitng minh dy doan
trén ta c6 thé binh phuong 1am mat can bac hai roi dén bién doi twong duong thanh tong céc

binh phuong

- Pé y gia thiét a+b+c=1, khi d6 ta c6 Ja+bc =\/(a+b)(a+c) >a-++/bc

Nhu vay chi can 4p dung tuong tu cho hai truong hop con lai thi bat dang thire dugc ching
minh

Céach 1: Bat dang thuc can ching minh tong duong voi:
Ja+bc+vb+ac++c+ab>a+b+c+ab++/bc+ caa(@—a—ﬁ%(ﬁ—b—ﬁ)
+(M—C—@)ZO

Ta can chiing minh: va+bc —c—+/bc >0;/b+ca—b—+/ca >0;+/c+ab—c—+ab >0

That vay ta co: Va+bc —a—+/bc >0« +/a+bc >a++bc < a+bc>a’+2avbe +be

o1zar2dbe sarbrezar2dbe o (Vb -ve) 20
Chung minh twong tu ta duoc: vb+ac—b—+/ca>0;4c+ab—c—+/ab>0
Pén day bit ding thirc duoc chimg minh. Ding thirc xay ra khi va chi khi a=b=c =§

Céch 2: Két hop véi gia thiét a+b+c=1 ta co

Ja+be =,J(a+b)(a+c);vb+ca =,/(a+b)(b+c);c+ab =/(c+a)(b+c)

Khi d6 bat dang thize duoc viét lai thanh:

——
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J(a+b)(a+c)+,/(a+b)(b+c)+,/(c+a)(c+b) 21++/ab+bc+ca

Mat khéac ta co:
Wza+\/E<:>a2+ab+bc+ca2a2+2a\/R+bc<:>b+cz2&@(«/5—\/5)2 >0
Chimg minh tuong tw: \/(b+c)(a+b) >b+ea;[(c+a)(b+c)>c++/ab

Cong theo vé céc bat dang thirc trén ta dugc:

J(a+b)(a+c)+,/(a+b)(b+c)+,/(c+a)(c+b) = a+b+c++/ab++hbc ++/ca

Hay \/(a+b)(a+c)+,/(a+b)(b+c)+/(c+a)(c+b)=1+ab ++/bc ++/ca

Vay bét ding thire dugc chimg minh. Bing thic xay ra khi va chi khi a=b=c= %

5b° —a’ . . oz
<2b-a V&i a,b la cac so thuc duong

b) Ta sé chirng minh <
) © chung mi ab + 3b?

That vay, bién doi twong duong bat dang thic trén ta duoc:
5b°—a’ <(2b—a)(ab+3b”) < 5b° —a’ < 2ab’ +6b* —a’b—3ab” < a’+b’ > a’b+ab” < (a+b)(a—b)’ >0
Bat dang thirc cudi cung ludn dang, do d6 bat dang thirc trén dugc chang minh. Chiing minh

3 3 3_ A3
S bZSZC—b; 5 C2£2a—c
c+3c ca—3a

tuong ty ta dugc:

;o , , 3 K3 3 3 3 .3
Cong theo ve cac bat dang thuc trén ta duoc: > b2 + X b3 $ 2 C2 <a+b+c
bc+3c® bc+3c® ca-3a

Vay bai toan dugc chimg minh. Pang thic xay ra < a=b=c

Cach 3: Ta co:

a’-5p° +2b(ab+3b2) =a®+b%+2ab® = (a3 +ab2)+(b3 +a2b)+2a2b—(a2b+ab2)
> 2a%b + 2ab? + 2ab? —(a2b+ abz) - a(ab+3b2)

3 _£p3 3.3
a 5b2 +2b>a hay ta dugc: Sb a2 <2b-a
ab+3b ab+3b

Do d6 ta co:

, ) 3 B3 3.3
Ap dung tuong tu ta co: >C b2 sZC—b;Sa—Czs2a—c
bc+3c ca—3a

5h®—-a® 5¢®-b® 5al-cd

Cong theo vé cac bat dang thirc trén ta duoc: —+ + _<a+b+c
ab+3pb° bc+3c® ca-3a

Viy bai toan dugc chirng minh. Bang thic xay ra < a=b=c

( ]
(L 7 )



c) Taco: a*+b*=(a+b)(a’—ab+b*)=a’+b*—ab(a+b)=(a+b)(a’ —2ab+b*)=(a+b)(a-b)’

Ap dung bat dang thic trén ta co: a®+b?+abc > ab(a+b)+abc=ab(a+b+c)

1

< . Tuong tu ta co:
a’+b’+abc ab(a+b+c) gt

Suy ra:

1 1 1 1
< : <
b’+c’+abc  bc(a+b+c) c®+a’+abc ca(a+b+c)

Cong ba bat dang thtic cung chiéu ta duoc:

1 1 1 1
3 3 + 3 3 + 3 3 g
a+b°+abc b’+c’+abc c’+a’+abc abc

Dau dang thirc xay ra khi va chi khi a=b=c,
d) Ta viét lai bat dang thic can chang minh thanh:

3(1+%+lj(ab+bc+ca)+2(ab+bc+ca)>33<:>S(a—b E-F%j 2(ab+bc+ca)>15
a c c a

Str dung bat dang thac quen thudc (x+y+2)* >3(xy + yz+2x) ta co:

(a—b+E+EJ ZB(a—b E+E a2 a_bj 3(a2+b2+cz)
c a b c a ab b ec

Ta ching minh bat dang thirc manh hon 1a: 3\/3(a2 +b? +c2) +2(ab+bc+ca)=15 (*)

bit t=,3(a’ +b*+c*) =’ :3(a2+b2+c2):3(a+b+c)2—6(ab+bc+ca)=27—6(ab+bc+ca)

Taco: abc>0=t2<27=t<3J3,

Lai cO 3(ab+bc+ca)<(a+b+c)’ =0=b+bctca<3=t*>9=1t>3=3<t<33

2

>0

Co tiép (*)<:>3t+9—%215<:>(t—3)(t—6)£0, bt dang thic nay luon dang véi moi 3<t <3¢3

Dau dang thuc xay ra khi va chi khi t=3<a=b=c=1

——

18

'



Dang 3: Bat dang thirc dang nghich dao (C6 si cong mau)

Ghi nhé céc cbng thuc sau:

1 1 4
_+_ —_—
a b a+b
I S
a b c a+b+c
2
-£+i+. +i2 n a=a,=..=4a,va,a;,...,a,>0
a a, a, a+a,+..+ta,
Bai 1
Cho ab,c>0. Chang minh ring: 141413 3 . 3
a b c a+2b b+2c c+2a
Loi giai
: L, 42 , 111 9 , . N
Ap dung bat dang thac dang: =+=+=> (tu chirng minh bdt) ta co:
a b c a+b+c
1 11 9 1 11 9 1 1 1 9
=42 e =
a b b a+2bb C ¢C b+2c’c a a c+2a

Cong vé cac bat dang thic trén ta dugc: VT >VP (dpem)

Dau =" xayra <a=b=c

Bai 2:
2 3 4 j 5
+ +

a b

Cho a,b,c>0. Chirng minh réng: 4( <> +6+Z
at+b c+a b+c c

Loi giai

Ap dung bat dang thirc dang:

X+y Xy a+b a+b a b b ¢

Cong vé ba bat dang thire trén ta duoc:

4( 2,3 .4 js§ E+Z (dpcm)
a+b c+a b+c) a b

4 Lt 4 11,4 2(1 lji Ll 4 33[1&]% <Ll
C

4t <4
b+c

Bai 3:
a b C _()
a+4b+4c b+4c+4a c+4a+4b 3

Cho a,b,c>0. Chitng minh rang:

Lai gidi

( )
L ° )



Taco: (1) = 3a [ & | X sl 2 )4 _® +(.)24
a+4b+4c b+4c+4a c+4a+4b a+4b+4c b+4c+4a

(2)

<:>4(a+b+c)( ! ! ! J24 1 1 1 >_ 1

+ + = + + >
a+4b+4c b+4c+4a c+4a+4b a+4b+4c b+4c+4a c+4a+4b a+b+c
Ap dung bét ding thic: 2+14+15 9
X Y Z X+y+z

Ta duogcC: VT (2) > J __ 1 = dpcm.
9(a+b+c) a+b+c
Bai 4:
Cho a,b,c>0 thoaman a+b+c=3. Tim GTLN cua A= a_ . s 4+ C
1+2a 1+2b 1+2c
Loi giai
Cach 1: Taco
P S TS R STS RSN SPS R S B~
1+2a 1+2b 1+2c 1+2a 1+2b 1+2c
1 1 1 S 9

= + + > =1
1+2a 1+2b 1+2c 3+2(a+b+c)

2A=3-B<2=A<lsa=b=c

Céach 2: Ap dung bat dang thuc:

J £1+£+1:> J £}+1+£:> 1 <1(1+gj:> 2 £E+g
1 a a 9 9

X+y+z X y z 1l+a+a 1+2a 9 a 1+2a
Tu’O’ngtl,IZLSE+Z; ¢ SEJFZ
1+2b 9 91+2c 9 9
Cong ba vé cua bét ding thire ta duoc: A<32*¢, 6 4
Diu ‘=" xay ra <a=b=c
Bai 5:
Cho a,b,c>0. Chiing minh ring: — 22 ¢ @ _a+bte
a+b+2c b+c+2a c+a+2b 4
Loi giai
7 L, a2 . 1 1
Ap dung bat dang thuec: <Z4+=
X+y X Yy
( ]
{ 2 )



1 1 1 1 1 1 1 1 1
VT =ab. +bc. +ca. S—ab(—+—j+—bc(—+—
(a+c)+(b+c) (b+a)+(c+a) (b+c)+(b+a) 4 \a+c b+c) 4 \a+b a+c

)

1 ( 1 1) 1(bc+ca ab+bc ab+bcj a+b+c
+-ca| —+——|== + + =
4 b+a b+c/ 4\ a+b b+c a+c 4

Bai 6:
Cho a,b,c>0 thoa man: a+b+c=1. Tim GTNN cta: A=+ - 12 -

abc a“+b+c

Loi giai
Ta co0:
1 a+b+c 1 1 1 9 ) 1 1 1 9
—= =—+4+—+—X< =+ + > > =
abc abc ab bc ca ab+bc+ca a°+b°+c° ab+bc+ca ab+bc+ca (a+b+c)
Lai co: 3(ab+bc+ca)s(a+b+c)2=1:>;23:>;221

ab+bc+ca ab+bc+ca

Cong theo vé ba bt ding thic: A+— > > 9 30— A>30

ab+cb+ca ab+bc+ca

A e 2 1
Dau “=" xay ra <:>a=b:c:§.

Bai 7:
Cho ab,c>0.Chiang minhring: T+14ts 4 4 4
a b ¢ a+b+2c b+c+2a c+a+2b
Lo giai
Ta co: 4 < 1 + ! ; 4 +£+££ 2 + 2 + 2 @
(a+c)(b+c) a+c b+c a+b+2c .. .. a+c b+c a+b
Lai co
4 1 1 4 1 1 4 1 1 4 4 4 2 2 2
— <4 — <t — <t + + <—+—+—
a+c a cb+c b ca+bh a b a+c b+c a+b a b ¢

a+c b+c a+b

<:>2( 2 + 2 + 2 sz l+1+£j (2)

T (1)(2) ta c6 diéu phai chitng minh.

Bai 8:
7 1 2 3

Cho a,b,c>0. Ching minh ring: £+2+7 59 + +
a b c a+2b b+2c c+2a

Loi giai

( )
1 2 )




9

Ta co: £1+1l 9 <1+1+l 2. 9 SngE+g

a+b+b a b c'b+c+c b ¢ ¢ b+c+c b ¢ ¢
9 1 1 1 9 3 3 3
—+—+—>3. <—+—+4-—
a+c+c c a a c+a+a Cc a a

Cong vé voi vé cac bat dang thie ta dugce dpem
Bai 8:
a b C

Cho a,b,c>0. Chitng minh rang: >1
2a+5b+50 2b+50+5a 2c+5a+5b 4

Loi giai
Ta co:
(1)<:>3VT2§<:>3VT+32E:>3VT+3:(5a+5b+50)( t .+ 2 )
4 4 2a+5b+5c 2b+5c+5a 2c+5a+5b
25(a+b+c).$ 4 E
12(a+b+c) 12 4
. 1
Vay VT > " (dpcm),
( )|
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Dang 4: Dung cac bat dang thic phu

Céach giai: Ghi nhé mét s6 cong thic sau:
- X2 +y?>2xy

€69

- X2+ y? =|xy, dau “="xay ra < x=y=0

- (x+ y)2 24xy;(x+y)2 £2(x2+y2)(d0:(x—y)2 20)

- E+922
b a

- Xy 2 xy(x+y)

- (x+y)(y+z)(z+x)=>8xyz

Bai 1:

Cho hai s6 a,b théa mdn: a+b=1. Chang minh rang: a3+b3z%

Loi giai
Taco: a®+b®=(a+b)(a®*—ab+b*)=a*—ab+b?

TU: a+b=1=a*+2ab+b*=1(a-b)*>0<=a*-2ab+b*>0

=2a°+2b* >1<a’ +b? 2%(1)

Lai coO: a?—2ab+b?>0=a’th?>2ab=ab< 3+
: 1 1, ., 1
T (1)(2) :>asz:>—ab27:>a +b —abzz—

A [ 2 1
Dau “=" xay ra <:>a:b=5.

Bai 2:

Cho a+b>1. Chitng minh rang: a*+b* >%

Loi giai
Tu a+b >1:>(a+b)2 >1<> a’+2ab+b? >1;(a—b)2 >0« a*+b*-2ab>0

b Lo (@2 1b?)? > L e at +bt +2a%2 > 1 (1)
2 2 2

( )
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CO tiép: (a2—b%)*=0=a"+b*—2a’h’ >0(2) = 2a‘ +2b 42%@ a‘+b’ 2% (dpcm)

Bai 3:
. 2 B2 a2
Chtrng minh rang: a—z+b—2+c—23+9+E
b ¢ a~ b a c
Loi giai
Taco: (x—y)Y’=20=x>+y 2 2xy(<> x=Y)
2 p b ,ab*> ¢__,ba* c*__b
Apdung: 2 2 >0238_,80 € ,5,0.2 /€ .50
p'92sz cc® a® ab® a c
a b c
< VT 22(E+a+5j:>VT >VP (dpcm)
Bai 4:

Cho a,b,c,d >0 va abcd =1. Chttng minh rang: a?+b?+c?+d?+a(b+c)+b(c+d)+d(c+a) =10

Lot giai
Ta cO: a® +b* > 2ab;c*+d* >2cd = a® +b*+c* +d* > 2(ab+cd)
Tt abcd :1:>ab:i;ac=i;ad:i;bc:i;bd=i;cd=i;ad=i
cd bd bc ad ac ab bc
2
Co: 2(ad +bc):2(ab+ij22.2.:4 do:(a—b+i) >0 ab+—2>2
1 ab ab

Vay a’+b*+c*+d *>4

Lai co:

ab+ac+bc+bd+cd+ad =(ad +bc)+(ac+bd)+(bc+ad):(ab+%j+(ac+ij+(bc+iJ:6

>2 >2 >2

=VT >10

Bai 5:
Cho x,y,z>0. Chang minh rang: (x+ y)(y+z)(z +x) = 8xyz(1)

Loi giai
Taco: (1) < (x+Y)*(y+12)*(z+X)* > 64x°y*z?

Lai co:

——
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(X+Y)? > 4xy;(y+2)° > 4yz;(2+X)* > 4xz = (X+y)*(y +2)* (2 +X)* > 64x*y*z* (dpcm)

Diu “="xay ra < x=y=z

Bai 6:
Cho a,b,c>0;abc =1. Ching minh riang: (a+1)(b+1)(c+1)>8

Loi gia
Ta co:
(a+1)° > 4a;(b+1)° > 4b;(c+1) > 4c=[(a+1)(b+1)(c Jrl)]2 > (8abc)” = (a+1)(b+1)(c+1)>8abc

(dpcm)

Bai 7:

Cho a,b,c,d >0;abcd =1. Chitng minh rang: a®+b?+c?+d?+ab+cd > 6

Loi giai

Cé: a®+b*+c*+d*+ab+cd >2ab+2cd +ab+cd =3(ab +cd)

Lai co: 3(ab+cd):3(ab+%)3.2:6 (dpcm)

Bai 8: Cho x+y+z=1. Chang minh rang

a) x2+y2+222% b) xy+yz+zxs%

Loi giai
a) Taco: (x—y)> >0VX,y= x> +y *>2xy; y> +2° > 2yz;X* +2° > 2X2 = 2X* +2y* +22° > 2(Xy + yZ + 2X)

2
:>3x2+3y2+3222xz+y2+zz+2(xy+yz+xz):(x+y+z)2:>x2+y2+22zwzécx:y:z:%

b) Theo chirng minh trén:
2X2 +2y° 4222 2 2(Xy + YZ+ 2X) = X+ YP + 22 2 XY + Y2+ 2X = (X + Y+)7 > 3(Xy + YZ + 2X) <> 1> 3(Xy + Yz + 2X)

:>xy+yz+zxs%<:>x=y=z=%.

Bai 9:
Cho a,b,c>0 théa min: a+b+c=1. Ching minh rang: a+b+2c>4(1-a)(l-b)(1—c)

Lai gidi

Ta co: (x+Yy) > 4xy < 4xy < (x+Y)*

——
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Ap dung ta dugc:
0<a,b,c<l=1-c>0=4@1-a)l-b)<(l-a+1-b)’=(1+c)>*=VP<(1+c)*1-c)=(1-c*)A+c)<1+cC

N |-

Ma: 1=a+b+c=VP<a+b+2c =

o
I
o

Bai 10:
1 1 1 i

Cho a,b,c>0 théa man: abc=1. Ching minh rang: ————+—-——+—-—-—<
a’+b*+1 b*+c’+1 c’+a’+1

Loi giai
Tacoh: X +y’>xy(x+y) < (X+y)(x-y)*>0vx,y>0

Ap dung ta co:

a®+b* +1>ab(a+b)+abc—ab(@+b+c) = —<— - ¢
a’+b°+1 ab(a+b+c) ab(a+b+c) a+b+c

Tuong tu: .

Cong vé céc bat dang thirc trén ta dugc diéu phai chiing minh.

Bai 11:
Cho a,b,c >1. Chting minh rang: 1+1a2 ’1+1bz +1+102 21+::1bc
Loi giai
Chuang minh:
1 1

o T 2212 VX, Y >0 xy =1 (24 X2 + y2) L+ xy) > 2(1+ x*)(1+ y?)
+x2 1+y?  1+xy

S 22Xy + XY (X +Y?) = X2+ Y +2X°y° < (x—Y)*(xy —1) > 0(do: xy >1)

1 1 2 2 1 1 2 1 1 2
> > > >

Ap dung: : > > ; + > , + >
P dung 1+a® 1+b*> 1+ab 1+abc '1+b® 1+c®> 1+abc'1+c® 1+a®> 1+abc

Cong Vé céc bat dang thirc thire ta dugc diéu phai chiig minh.

Bai 12:
2 2 2
Cho x,y,z>0;x+y+z=1. Tim GTNN cia; A=X0*+2) ¥y (@+X) 2(X+y)
yz ZX Xy
( )|
L % )




Loi giai
Ta co: A:X—2+y_2+_2+2_2+3’_2+z_2
y X z X z Yy
Lai cO: a®+b®>(a+b)abva,b>0
That vay < (a+b)(a’~ab+b’)—(a+b)ab>0< (a+b)(a—b)*>0va,b>0
Hoic: a® +b*—ab>abva,b < (a+b)(a’ —ab+b?) > ab(a+b) < a’®+b* > ab(a+b)

L 2 2 3 3 2 2 2 2
Ap dung: XX XHY oy ny,y>0;y—+Z—2 Y+ z;Z—+X—2x+z
y X Xy zy X z

Cong vé ba bat dang thirc ta dugc: A>2(x+y+20=2= A _ =2 X= y:z:%

Bai 13:
Cho x,y,z>0;x*+y*+z°=1. Tim GTNN cua: A=Y Y X
Z X Yy
Loi giai
2.,2 2,2 2,2
Ta co: AZ:Xz/ +y§ +X§ +2.
z X y

Ma: a’+b?>2ab
2.,2 2,2

Ap dung: ng +sz > 2y?

3

Tuong tu ta co: A223<:>x:y:z:?:>minA:\/§

——
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Dang 5: Dung phwong phap phan chirng

Cach giai:
- Muén chang minh bat ding thuc A>B dung, ta gia st A>B 1 sai, tac 12 A<B 1a dung

- Chttng minh A<B la sai = A>B la ding

Bai 1:

Cho a?+b?<2. Chtng minh rang: a+b<2

Loi giai
Gia str a+b>2, binh phuong hai vé ta dugc: (a+b)? >4 < a?+2ab+b? > 4(l)
Mait khac ta lai c6: a®+b* > 2ab = 2(a® +b*) > (a+b)?
Ma 2(a%+b?) <4 (gia thiét) = (a+b) 2<4

Diéu nay mau thuan véi (1) nén = a+b<2

Bai 2:

. 2
V&i moi so thuc a,b,c, ching to rang: %+b2+c ’>p(a—c)+c(a—b)

Loi giai
. a’ a’
Gia su: Z+b2+c ’<b(a—c)+c(a—h) <:>Z+b2+c2 —ab+bc—ac+bc<0

2

2
@%+b2+cz—ab—ac+2bc<0 @(%—b—cj <0 (vo ly)

2
Vay didu gia si 12 sai :%+b2+c 2> b(a—c)+c(a—b)

Bai 3:

Véi moi s6 thuc a’+b® =2. Chiang minh rang: a+b<2

Loi giai
Giai sir a+b>2< (a+b)’>8<a’+b’+3ab(a+b) >8 < 3ab(a+b)>6 < ab(a+b)>2

< ab(a+b)>a’+b® < 0> (a+b)(@*—ab+b*)—ab(a+b) < 0> (a+b)(a-b)*> (VO ly)

——
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Bai 4:
Cho céc s6 thuc a,b,c (0;2). Ching minh rang c6 it nhat 1 trong ba bat dang thtc sau la sai

a(2-b)>1Lb(2-c)>Lc(2-a)>1

Loi giai
Gia st ca ba bat dang thire trén déu dung, nhan chung véi nhau theo vé, ta duoc:
a(2—-b).b(2-c).c(2—a)>1<a(2—-a).b(2-b).c(2—-c)>1
Mat khéc, do ae(0;2) nénava 2-a>0=0<a.(2-a)=1-(a-1)*<1
Tuong tu: 0<b.(2-b)<L0<c(2-c)<1

Do d6: a(2—a)b(2—b).c(2—c) <1 (mau thuan). Vay ta c6 dpcm

Bai 5: Chuyén Thai Binh, nam hoc 2007 - 2008
Cho céc s6 thuc a,b,c théa man: a?+b?+ab+bc+ca<0. Chang minh rang:

a’+b%+ab+bc+ca<0

Loi giai
Gia st a®+b* >c?, khi do:
a’+b*+2(ab+bc+ca)+a’+b*>>a’*+b* +c® +2(ab+bc+ca) < 2(a® +b* +ab+bc+ca) > (a+b+c)?

Két hop véi gia thiét: 0> 2(a’ +b? +ab+bc+ca) = (a+b+c)® = (a+b+c)? <0 (MAu thuin)

Bai 6: Chuyén Lam Son Thanh Héa, nam hoc 2007 - 2008

Cho céc s6 thuc a,b,c thoa man: a+b-+c>0;ab+bc+ca>0;abc>0. Ching minh rang ca ba sé

a,b,c déu duong

Loi giai
Gia strbasé a, b, ¢ c6 1 s6 khong duong. Khong mat tinh tong quét, ta gia st a<0
Ma lai cO: abc>0=a=0=a<0
Lai cé: a+b+c>0=b+c>0=a(b+c)<0
Tt gia thiét thir hai: ab+bc+ca>0, ta cd: a(b+c)+bc>0->bc>0

Vi thé abc <0 (mAu thuan voéi gia thiét) (dpcm)

——
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Bai 7: Chuyén Lam Son Thanh Hoéa, nam hoc 2007 - 2008
Cho ba sé a,b,c d6i mot khac nhau. Chang minh rang ton tai mot trong cac s6 9ab, 9bc,9ca .

Nho hon (a+b+c)?

Loi giai
Gia su: 9ab > (a+b+c)*;9bc > (a+b+c)*;9ca>(a+b+c)*>=3(@+b+c)* <9(ab+bc+ca)
< (a+b+c)* <3(ab+bc+ca)
a’+b*+c® <ab+bc+ca< (a—b)*+(b—c)’ +(c—a) °<0(1)
Theo dau bai: a,b,c d6i mot khac nhau nén: (a—b)® +(b-c)? +(c—a) 2> 0(2)

Tur (1)(2) ta thdy mau thuin nén dpem.

Bai 8: Chuyén HCM, nam hoc 2006 - 2007

Cho hai s6 duong x,y théa man: x*+y® =x—y. Chang minh rang: x*+y® <1

Loi giai
Do x,y déu duong =X,y >0;x>y
Giasu: x*+y*>1=x’+y’=x-y
S XY (XY -Y) S X+ Y <+ Xy -y -y o xy? —yxP -2y > 0 < y(xy — x* - 2y?) > 0(%)

& y{x(y—x)—Zyz}zo (voly),do x>y=y-x<0

<0

Do d6 (*) khong thé xay ra = x? +y? <1 (dpcm)

Bai 9: Chuyén HCM, nam hoc 2006 - 2007

-1<x+y<1(2)

. Chirng minh rang: |x|<2;|y|<2
ey <102) Chung minh rang: |x|<2;|y|

Cho cip s6 (x;y) théa man: {

Loi giai
Ta di chirng minh: |x| <2
Gid sur |x|>2,khi d6 = -2<x<2
+) [x[>2,(1) = y<l-x<-1=xy<-2

+) [x|[<-2,0)=>y=2-1-x>1=xy<-2

——
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Do d6 néu X|>2=xy<-2.Ma x+y<1=x+y+xy<-1 (Mau thuan véi 2) = |x/ <2

Ta di ching minh |y| <2 (twong tu ching minh |x|<2)

Bai 10: Olympic Toan Ireland nam 1997

Cho cap s6 a,b,c>0;a+b+c>abc. Chirng minh rang a?-+b?+c? > abc

Loi giai
+) Néu 1 trong ba s6 bang 0 thi bat dang thic dugc ching minh
Ta xét: a,b,c>0
Gia sur nguoc lai: a®+b” +c® <abc =>abc >a’*+b’+c”*>a* = a<hc
Tuong tu ta c0: b<ac;c<ab=a+b+c<ab+bc+ca(l)
Lai cO: a>+b” +¢® >ab+bc+ca= abc>a’+b’+c®>ab+bc+ca= abc > ab+bc+ca(2)

T (1)(2) = abc>a+b+c (Mau thuan véi gia thiét) nén diéu gia su 12 sai.

Bai 11:
Cho a, b, ¢ 1a cac s6 thuc duong thoa mdn a+b+c>abc. Chitng minh rang c6 it nhat hai trong

s cac bétdéng thirc sau dung: g+§+§26;2+§+§26;3+§+§26
a b c b ¢ a c a b

Lo giai
.. 1 1 1
Taco: a+b+c>abc < —+-—+-—>1(do:abc > 0)
bc ca ab

bat l:x;%:y;lzz:>x,y,z>O;xy+yz+xzzl
a C

Ta phai ching minh ¢4 it nhat hai trong ba bat ding thic sau dang:
2X+3y+62>6;2y+32+6X>6;2X+32+6y>6

Gia st ¢6 it nhat 2 trong 3 bat dang thirc sau 12 sai, chang han: 2x+3y+6z <6;2y+3z+6x <6
Cong vé hai bat dang thic: 8x+5y+9z <12

T gia thiét:

Xy+yz+x>1= x(y+z)21—yz:>le_ yz :>12>8.1_—yz+5y+9z =12(y+2)
y+2 y+2

>8(1-yz)+(By+9z)(y+12)

& 5y° +6yz+97° 12y -127+8<0 < Yy +2y(32-2)+92° -122 + 4+ 4y* -8y +4 <0

——
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< (y+32-2)° +4(y-1)%<0 (VO ly).

Bai 11:
Cho bén sb a, b, ¢, d thoa man ac > 2(b+d). Ching minh riang c6 it nhat mot trong céc bat

dang thire sau sai: a2 < 4b;c? < 4d

Loi giai
Gia str hai bat dang thic trén déu diing = a® +c? < 4(b+d)(1)
Theo gia thiét: ac>2(b+d) < 2ac>4(b+d)(2) = a’+c® <2ac < (a—c)’ <0 (vO Iy)

Nén diéu gia sir 1a sai, vay ta co diéu phai chang minh.

32
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Dang 6: Dung bat dang thirc trong tam giac

Cach giai:
- Néu a,b,c 14 s6 do ba canh cia mot tam giac thi: a,b,c>0 va |b—c|<a<b+c|;la—c|<b<a+c|

la—b|<c<|a+b|

p—a>0
- Goi p la nira chu vi cua tam giac :>p:a+2+cz> p—b>0
p-c>0

- Goi Sladién tich cia tam gidc = S <ab;S <ac;S <hc
- Néu AABC vubng tai A= a®=b?+c?

- Tam gidc AABC €O A<90° = a*<b*+c’

Bai 1:
Cho a, b, ¢ 1a 6 do ba canh cua tam giac. Chtztng minh rang
a) a*+b*+c? <2(ab+bc+ca)
b) abc>(a+b-c)(b+c—a)(c+a-h)

c) a®+b’+c’+2abc<a’(b+c)+b*(a+c)+c’(a+b)

Loi giai
a) Taco: a,b,c 12 s6 do ba canh cua tam gi4c nén:

O<a<b+c=a’<a(b+c)
O<b<a+c=b’<b(a+c);=a’+b*+c’<2(ab+bc+ca)

O<c<a+b=c?’<c(a+b)

Nhan ting vé ba bat dang thuc cing chiéu ta dugc: a’b?c? >[(a+b—c)(b+c—a)(c+a—b)|
—abc>(a+b—c)(b+c—a)(c+a-b)

c) Tacd: a®+b’*+c®+2abc<a’(b+c)+b*(a+c)+c’(a+b)

——
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< a®+b®+c®+2abc—a’h-a’c—b%a-b’c—c’a-ch <0< a’(a-b)+b?(b—a)-c(a-b)’ —c(a+b-c)<0
< (a-b)’ (a+b)-c(a-b)’~c*(a+b-c)<0«= (a-b)’(a+b-c)-c?*(a+b-c)<0

< (a+b-c)(a-b-c)(a—b+c)<0 (ludon dung).

>0 <0 >0

Bai 2:
Cho a, b, ¢ 1a d6 dai ba canh ciia mot tam giac c6 chu vi bang 2
a) Chung minh rang: (1-a)(1-b)(1-c)>0

b) Chitng minh rang: a? +b? +¢? + 2abc < 2

Loi giai
a) Chu vi tam giac bang 2 = a+b+c=2
Giast a>b>c, taco: a<b+c=2a<a+b+c=2=a<l=1-a>0
Ching minh tuong tu ta c0: 1-b>0;1-¢>0=(1-a)(1-b)(1-c)>0
b) Theo cau a, ta co: (1-a)(1-b)(1-c)>0
<1-c—-b—-a+bc+ba—abc>0« ab+bc+ca>abc+a+b+c—-1=abc+1< ab+bc+ca>abc+1(1)
Lai cO: (a+b+c) =a?+b?+c?+2(ab+bc+ca) < 4=a2+b’+c?+2(ab+bc+ca) (2)

Tu (1)(2)=4>a’ +b*+c* +2(abc+1) < 4 >a’ +b’ +¢* +2abc+ 2 < 2> a” +b’ + ¢ + 2abc (dpcm)

Bai 3:
Cho a, b, ¢ 1a d dai ba canh ciia mot tam giac. Ching minh rang: (a+b+c)” <9abc, biét

as<b<c

Loi giai
Taco: a+b+c<2b+c (do a<bh)
Ta ching minh:

(2b+c)’ < 9abc < 4b? +4bc +¢? < 9bc (1) < 4b? —5be +¢? < 0 < 4b? —4bc —bc+c2 <0

< 4b(b—c)-c(b—c)<0<(b-c)(4b-c)<0 (2)

CO: b<c=b-c>0vadb-c=b+b+b+b-c>2b+a+b-c
-

>0

Viy (2) dung ta c6 diéu phai chirng minh.

——
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Bai 4:
Cho a, b, ¢ 12 do dai ba canh caa mot tam giac (a<b<c). Chang minh rang:

a3(b2—c2)+b3(c2—a2)+c3(a2—b2)£0

Loi giai

bat A=a’(b*-c*)+b°(c*—a”)+c*(a’ —b*)=(b* —c*)(a’ -b*)+(a’ —b*)(c* ~b°)
=(b—c)(b+c)(a—b)(a’ +ab+b*)+(a—b)(a+b)(c—b)(c*+bc+b*)

=(b—c)(a-b)| (b+c)ca’ +ab+b*—(a+b)(c* +bc+b*) | = (b—c)(a-b)(a’b+a’c—ac’ ~bc?)

=(b-c)(a-b)(a—c)(ab+bc+ca)<0 (dpcm)

<0 <0 <0 >0

DAu “=" xay ra < a,b,c ¢0 it nhat hai sé bang nhau.

35
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Dang 7: Phwong phap lam tréi, dung tong sai phan

Co s¢ cua phwong phap:

Gia st muén chang minh bat dang thic A<B ta di ching minh A<cC rdi ching minh C <B
%) Cha y:

- Vi ba sb duong a,b,c (tinh chat ddy ti s6 bing nhau)

;i a a a+c
+Néu = <1l=>=-<—=
b+c

;i a a a+c
+Néu =>1=—>——
b b b+c

c_.a ﬂgﬁ(b,d >0), dau “=" x4y ra <ad =hc
d b b+d d

Bai 1:
Cho céc s6 duong a,b,c,d,e. Chitng minh rang:

a)1<a+b+c<2

a+b b+c c+a

a b c d

b) 1< + + + <2 (chuyén Ha Tay, nam 2005 — 2006)
a+b+c b+c+d c+d+a a+b+d
1( a b a+b a b
c) = + < < 4
2la+1 b+1) a+b+1 a+1 b+1
Lot giai
a) Ta co: abc>0=—2 <12 &  arc
a+b a+b+c a+b a+b+c
Tuong tu ta co: b < b < b+a : c . ° . c+b
a+b+c b+c a+b+c a+b+c c+a a+b+c
=1< a + b + ¢ <2

a+b b+c a+c

——
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a a a+d

b) Tacé: a,b,c>0= <l= < <
a+b+c a+b+c+d a+b+c a+b+c+d
) b b b+a c c b+c
Tuong ty: < < ; < <
a+b+c+d b+c+d a+b+c+d a+b+c+d c+d+a a+b+c+d
d d d+c

< <
a+b+c+d d+a+b a+b+c+d

Cong cé4c vé cuing chiéu ta dugc: 1<M <2 =M khdng la sb tu nhién.

¢) Ta di chiing minh: l( a ., b j< a+b

2la+1 b+1) a+b+1
, 2 b
Do a,b>o,taco:i<1:> a a+bh : b < a+b —_a b < (a+b)
a+l a+l a+b+1 b+1 a+b+1 a+l1l b+l a+b+1
1( a b a+b
= — + <
2la+1 b+1l) a+b+1
bi chirng minh: a+b <2 b
a+b+1 a+l1 b+l
a b b

Do a,b<0=

> : >
a+l a+b+1 b+1 a+b+1

a b a+b
+ >
a+l b+l a+b+1

= bai toan dugc ching minh.

——
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