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A–1 Let
�

be a setof real numberswhich is closedunder
multiplication(thatis, if � and � arein

�
, thensois ��� ).

Let � and � be disjoint subsetsof
�

whoseunion is�
. Giventhat theproductof any three (not necessarily

distinct)elementsof � is in � andthat the productof
any threeelementsof � is in � , show thatat leastone
of thetwo subsets����� is closedundermultiplication.

A–2 For whatpairs 	
������ of positive realnumbersdoesthe
improperintegral���� ��� � ��� ��� � � � � � � � � � ����� � �
converge?

A–3 The number �"!#�%$'&�&(&)�%* hasnine (not necessarilydis-
tinct) decimaldigits. The number + ! + $ &�&(&)+ * is such
thateachof thenine9-digit numbersformedby replac-
ing just oneof thedigits �-, is � ! � $ &�&�&�� * by thecorre-
spondingdigit +., ( /10324065 ) is divisible by 7. The
number7 ! 7 $ &�&(&�7 * is relatedto + ! + $ &�&(&8+ * is thesame
way: thatis,eachof theninenumbersformedby replac-
ing oneof the + , by thecorresponding7 , is divisibleby
7. Show that,for each2 , � , �97 , is divisible by 7. [For
example,if ��!��-$:&(&�&8�-*<; /(5=5->@?A/(5=5%B , then +DC maybe2
or 9, since /(5%5%>=?%E@5%5=B and /(5%5%>=?=5=5%5=B aremultiplesof
7.]

A–4 Supposewe have a necklaceof F beads.Eachbeadis
labeledwith an integerandthe sumof all theselabels
is FG�H/ . Prove thatwe cancut thenecklaceto form a
stringwhoseconsecutive labels� !@� � $@��&(&�&(� �JI satisfyKL ,NM ! � , 0POQ�P/ for OR; /%��ES��&�&(&��)F:&

A–5 Let � ! � � $ ��&�&(&#� � I bedifferentiable(real-valued)func-
tionsof asinglevariable7 whichsatisfy� � !�%T ;U� !�! � ! � � !)$ � $ �HV(V�VD� � ! I � I� � $�%T ;U� $�! � ! � � $�$ � $ �HV(V�VD� � $ I � I

...
...� � I�%T ;U� I ! � ! � � I $ � $ �WV�V�V.� � I@I"��I

for someconstants�",YX[Z\? . Supposethat for all 2 ,� ,�	]T)_^`? as T_^\a . Are thefunctions� ! � � $ ��&(&�&(� � I
necessarilylinearlydependent?

A–6 Supposethateachof F peoplewritesdown thenumbers
1,2,3in randomorderin onecolumnof a b�c4F matrix,
with all ordersequally likely and with the ordersfor

differentcolumnsindependentof eachother. Let the
row sums �����d�8e of the resultingmatrix be rearranged
(if necessary)so that �90f�40fe . Show that for someFfgh/D5=5%> , it is at leastfour timesas likely that both�i;W� � / and e�;W� � E asthat �Q;[�j;We .

B–1 For a partition k of l-/=��E��8bA�)mJ��>���BS��n"�8oA�85Sp , let kq	 �  be
thenumberof elementsin thepartcontaining� . Prove
that for any two partitions k and k�r , therearetwo dis-
tinct numbers� and s in l%/=��E���bS�)mJ��>S�8BS��n"��oS�85Sp such
that kq	 � �;tkq	]sS and k�ru	 � �;tk�rv	]sS . [A partition of
a set

�
is a collectionof disjoint subsets(parts)whose

unionis
�

.]

B–2 An ellipse,whosesemi-axeshave lengths� and � , rolls
without slippingon thecurve sw;teyx)zN{R|(}~J� . How are�����.��e related,giventhat theellipsecompletesonerev-
olutionwhenit traversesoneperiodof thecurve?

B–3 To eachpositive integerwith F $ decimaldigits,we as-
sociatethedeterminantof thematrix obtainedby writ-
ing thedigits in orderacrosstherows. For example,forF�;[E , to theinteger8617weassociate�S�#� � o�B/�n �[;>@? . Find,asa functionof F , thesumof all thedetermi-
nantsassociatedwith F $ -digit integers.(Leadingdigits
are assumedto be nonzero;for example,for Ft;�E ,
thereare9000determinants.)

B–4 Evaluate �� E=E=?-n�� /E=E@?"ni� !$�$)���#���Y�Y� &
Expressyouranswerin theform

~�� ��� �� , where�����.��ed�8�
areintegers.

B–5 A gamestartswith fourheapsof beans,containing3,4,5
and6 beans.Thetwo playersmovealternately. A move
consistsof takingeither

a) onebeanfrom aheap,providedat leasttwo beans
areleft behindin thatheap,or

b) a completeheapof two or threebeans.

The playerwho takes the last heapwins. To win the
game,do you want to move first or second? Give a
winningstrategy.

B–6 For a positiverealnumber� , define� 	u��'; l��]F������@F�;�/=��ES�8bA��&�&(&�p%&
Prove that l-/=��E��8bA��&(&�&�p cannotbeexpressedasthedis-
joint union of three sets

� 	u��#� � 	
�� and
� 	��� . [As

usual, � � � is thegreatestinteger 0 � .]


