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Biiitip sd phite

LO1GIOI THIEU

Nhw tén sach, “Complex Numbers from A to Z”, ngi dung nguyén ban pha hau khap cac
van dé lién quan sb phtrc: tir xay dwng tredng so phire, s6 phirc dang lwgng giac, dén
hinh hoc phtrc...

Nguoi dich chi chon loc mét s6 van dé ly thuyét, bai tap co ban, nang cao clia s6 phirc
de ,gié’i thiéu bang tiéng Viét, ngd hau phuc vu doéi twong pan doc la hoc sinh trung hoc
pho théng, sinh vién, ngwdi khéng chuyén lam toan véi s6 phirc.

Trong kha nang c6 thé, nguai dich c6 géng ding nhirng thuat ngl phd bién nhat hién
nay. Tuy nhién khong thé khong dung nhirng thuat ngtr néu thiéu no thi kho long dien
dat cac van de vé sé phurc.

Moi viéc du mudn hay khéng, ciing cé thé gay ra thiéu, sét (han ché sai, I4m). Mong cac
em hoc sinh, sinh vién va quy vi théng cam.
Nguoi dich.
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1. Dang dai so ctia so phirc

1.1 Dinh nghia s phirc
Xét R*=RxR={(x,y)|x yeR}.
Hai phan ti ‘ ; {"1 =%
phan tir (X, Y,)va (X,,Yy,) bang nhau & :
Yi=Y;
V (%, Y1), (%, ;) ER®
Téng 2,+2,= (X, Y;) + (%, ¥2) = (X + %, ¥, + Y,) € R,
Tich 2,2, = (%, Y)-(%;1 ¥2) = (4%, =YYz, XY, + %Y,) ER”
Phep toan tim tong hai s0 phitc goi 1 phép cong.
Phép todn tim tich hai s phirc goi la phép nhén.
Vidu 1.
a) z,=(-5,6),z,=(1,-2)
z,+2,=(-56)+1,-2)=(-4,4).
2,2, =(-5,6)(1,-2) = (-5+12,10+ 6) = (7,16).

) 2=(2.0.7 :(—gé)

11 1 5 3

2 +2,=(-=-=1+3)=(-=,=
L= (53 )=(2 )
1 1 11 1 7

22, =G5~ ) =%

Dinh nghia. Tap R?, ciing véi phép cong va nhan & trén goi 13 tap s6 phic C . Phan tir (x,y)EC
goi 1a mot so phtre.
1.2 Tinh chit phép cong
(1) Giaohoén: z, +z,=2,+2,Vz,,z,€C.
(2) Kéthop: (z, +2,) + 2, =2, + (2, + 2,),V2,,2,,2, €C.
(3) Ton tai phan tir khong: 30 =(0,0)eC,z+0=0+2z=2,VzeC,
(4) Moisd cosdddi: VzeC,3-zeC:z+(-2)=(-2)+2=0.
S0 2, — 2, = 2, + (~2,) : hidu clia hai s0 Z;, Z,,. Phép toan tim higu hai s6 goi 1 phép trt,
2 =2, = (X, Y1) = (%, ¥.) = (% — %, ¥ — ¥,) €C.

1.3 Tinh chit phép nhin
(1) Giaohoén: z,.z, =2,.2,,Vz,,2, €C.

L¢L¢-suphamle2341@gmail.com Page 5



Biiitip sd phite

(2) Kéthop: (2,.2,).2, = 2,.(2,-2,),V2,,2,,2, €C.

(3) Ton tai phan tir donvi: 31=(0,1) € C,z.1=1.z=2,vzeC.

(4) Moi s6 khac 0 ¢6 s6 nghich ddo: VzeC", 3z eC:zz =2 z=1.
Giastr z=(x,y)eC",détim z ' =(xy"),

' r_

(X )., y) = (1,0) = {XX W= Giding, chota

yx'+xy' =0
X
X'=———=,y =~ Vi
X2+y2 y X2+y2 y
a1 X
21:_:( _ 2y -

z X2+ yt X4y
Thuong hai so z, = (X, ¥,),Z =(x,y )€C*la

—X. Y+ Y,X
Sea = () = iy ) <G
Phép toan tim thwong hai s phitc goi la phép chia.
Vidu 2.
a) Néu z=(1,2) th
a 1 —2 1 -2
, i ovEor2 il el
b) Neu z, =(1,2),z, =(3,4) thi
zl_(3+8 —4+6)_(1l 2
z, 9+16'9+16° 25'25"

Lily thira s6 mil nguyén ctia s6 phic: z€ €,
2°=1 7'=z; z°=1z1, 1"=1z.12....7,nnguyén duong.
H_J
n

2" =(z")™", nnguyén am.

’ 0" =0, moi n nguyén duong.
(5) Tinh phan phoi ctia phép nhéan vdi phép cong:
2,.(2,+2,)=12.2,+12.2,,V2,2,,2,€C

Nhirng tinh chét trén cia phép nhan va cong, chimg to C cing hai phép toan cong va nhan la

mot truong.

1.4 Dgng dgi so ciia so phirc
Dang dai s6 ctia s6 phitc dugc nghién ctru sau day:
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Xét song &nh?
f :R—> Rx{0}, f (x)=(x,0).
Hon ntra
(%,0) + (v,0) = (x+y,0); (x,0).(y,0) = (xy,0).
Ta dong nhit
(x,0)=x.
bat i=(0,1)

z=(x,y)=(x,0)+(0,y) = (x,0) +(y,0).(0,1)
=X+ Yyi=(X,0)+(0,1)(y,0) = x+1iy.
DPinh Iy . S phitc bat ky z=(x,y) duoc biéu dién duy nhat dang z=x+yi, x,y€ R ,
trong d6 i*=-1.

Hé thirc i%=-1, dugc suy tir dinh nghia phép nhén :

i>=ii=(0,2).(0,2) = (-1,0) =—1.
Biéu thire x+yi goi 12 dang dai s6 cta s6 phire z=(x,y). Do do:

C={x+vi|xeR,yeR,i*=-1}.
x=Re(z): phan thuc ctia z. y=Im(z): phan a0 ctia z. Don vi a0 13 1.
(1) Tong hai sb phirc
2,+2, = (% + Vi) + (X, + Vo) = (% + %) + (Y, + Y,)i €C.
Tong hai sb phire 1a mot s6 phitc , ma phan thyc ( phan 40) ctia nd bing tong hai phan thuc
(phan a0) ctia hai s0 da cho.
(2) Tich hai sé phirc
2,2, = (X + Yi).(X, + Y1) = (XX, — Y, Y,) + (XY, + X, ¥,)i€C.
(3) Hiéu hai s6 phirc
2, =2, = (X + Yii) = (X, + Y1) = (X = %) + (Y, — ¥,)i € C.
Hiéu hai s6 phirc [a mot s6 phirc , ma phan thuc ( phan a0) cta n6 bang hiéu hai phn
thuc(phan 40) cua hai s6 phirc d cho.
Khi thye hanh cong, trir, nhan s6 phirc thyc hién twong tw quy tic tinh da thire chi can luu y
i =—11adu.
Vidu 3.
a) z,=-5+6i,z,=1-2i

2,+2,=(-5+61)+(1-21)=—4+4i.

2,2,=(-5+61)(1-2i)=-5+12+(10+6)i =7 +16i .

b) z ——E+i z ——1+li
1 2 "7 32

2 f 1a mot déng céu
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1 . 1 1. 1 1 1.. 5 3.
Zl+22:(_E—'—I)+(_§+§I):_§_§+(l+§)l:_E+§I

1.5 Liy thira ciia don vi do i
i°=1 it=i; i*=-1 i’=i%i=4,

Bang quy nap duoc :
j4n —1: janil _ i jan+2 —_1: j4n+3 —_j.vne N
Do do
i"e{-11,-i,i},VneEN,
Néu n nguyén am , c6

=" =) =)

Vidu4.

a) i105+i23+i20_i34:i4.26+1+i4.5+3+i4.5_i4.8+2 :i—i+1+1:2.
b) Giai phuong trinh: z° =18+ 26i, z=X+Vi, X,yeZ.

Taco

(X+Yi)* = (X+yi)* (X + yi) = (X" = y* +2xyi)(x + yi)
= (x* =3xy*) + (3x*y — y*)i =18 + 26i.
Su dung dinh nghia hai s6 phtrc bang nhau, duoc:
x® —3xy* =18
{3x2y —y*=26
Dit y=tx, 18(3x°y — y°) = 26(x° —3xy?) (cho ta x# 0 va y# 0)
= 18(3t —t*) = 26(1—3t*)=> (3t —1)(3t* —12t —13) =0.
Nghiém hiru ty ctia phuong trinh 1a t=1/3. Do d6
x=3, y=1= z=3+i.

1.6 86 phikc lién hop ,
Cho z=x+yi. S0 phirc Z = X — Yi goi la s0 phirc lién hop clia z.

Dinh ly.
(1) z=Z<=z€eR,
2 z2=7,

(3) z.Z 150 thyc khong am,
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Z2 2
) Re(z)=""%,Im(z)="_~
Chirng minh.

(1) z=Z < x+yi=x-VYi.
Do d6 2yi=0= y=0= z=xe R.

(2) Z=x—-yI,Z=X+Yyi=L1

3) zZ=(x+Vyi)(x=Vyi)=x>+y*>0

(4) L +17,= (Xl + Xz) + (y1 + yz)i = (Xl + Xz) - (y1 + yz)i
= (% = Vi) + (% - Y,i) =2 +12,.

(5) 2.2, = (X1X2 - ylyz) + i(X1y2 + X2y1) = (X1X2 - y1y2) _i(X1Y2 + X2y1)
= (4~ iy,)(%, ~1y,) =27, .

6) 2i=1= ) =Tz =1,
Z Z z

ticla (z1) = (2) ™

z 1, —, 1, —1 z
(7) (_1J =z )=z(H)=7===.
Z2 ZZ Z2 ZZ ZZ
(8) z+Z =(x+yi)+(x—yi)=2x
Z—Z=(X+yi)—(x—yi)=2yi.
Dodt: Re(z) = 222, Im(z)="—~
2 21
Luu y. ’ , ,
a) Viéc tinh so nghich dao cua so phtc khac 0, dwoc tién hanh:
1 7 x=yi _ x Yy

z 27 X2+y? XP+y: xXP+y?
b) Tinh thwong hai 50 phirc:
Z _ Z,.Z, _ (Xl + yli)(xz — yzl) _ (X1X2 + ylyz) + XY, + XY, i

4
2 2 2 2 2 2
Z, 1,7, X, Y, X, Y, X, Y,
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Khi thye hanh tim s6 nghich dao, tim thuong thuc hién twong ty quy tac tinh da thic chi cn lwu

yi2=-11ladi
Vidy5.
a) Tim so nghich dao cia z=10+8i.
2t (104 8i) " = 1 - 1(1(_)—8|) _ 1(2—8|2
10+8i (10+8i)(10-8i) 10*+8
_10-8i _i_ii
164 82 41
b) Tinh z= 220, 20
3—-41 4+3i
L (5+5i)(3+4i) .\ 20(4-3i) -5+35i .\ 80 — 60i
9-16i? 16— 9i° 25 25
75— 25i .
= =3—1.
25

¢) Cho z,z,eC.Chingto E=z.z, +2,.2,1a mdt s6 thc
E=22,+27,=27,+2.2,=E =>EcR.

1.7 Médun ciia sé phirc

S0 | Z|= A/ X* + y? goi la Modun ctia s6 phite z=x+yi.
Vi du 6. Cho
2,=4+31,2,=-31,2, =2,

|2, = N4 +3 =5,|2, |=J0? +(<3)7 =3, | 7, |= /22 = 2.

Dinh Iy

(1) —|z|<Re(z) g z|,—|z[£ Im(2) § z|.
@ |2[20,/z=0<2=0,

@) lzH-zHzZ|.

4) z7=2".

(5) |2122 |:| lelzzl-

©6) 1z, 1=z, [z, + 7, |<[ 2, | +] 2, |

N |1z ' Hz[* zeC

O LARPICS

z, |z,|
(9) |21|_|Zz |S|21_22 |S|21|+|22|-
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Chirng minh
D¢ kiém tra (1)-(4) dung
(5) | 2,.Z, |2: (21'22)(2122) = (21'21)(22 22) :| Z |2| Z, |2
=22, 1H 7]z
(6) | Z,+1, |2: (21 + 22)(21 + Zz) = (21 + 22)(21 + Zz) :l Z, |2 +2,7, + Z122_"| Z, |2
Boivi 2,2, = 2,7, = 7,2,, kéo theo
2,2, +2,2,=2Re(2,2,) <2[2,2,|=2| 7 || 2,|=2]| 7, || 2, |.

Do do

12,+2,P<(z|+|Z,|)° Nén |z, + 2, 1< 2, | +] 2, |.
Bat ddng thire bén trai co dugc do:

|21|:| L, +1,-1, |S| Z1""22|'|'|_22 |:| 21+22|+|22|

:>| le_lzz |S| Z1"’_22|

1 1 1| 1
(1) z==1=z|.| | =1=|=|=—.

4 4 z| |z|
Nén

|z Hz[* zeC .

z 1 ] : a_ |z
) == 2~ H 21221|:| z | 221|:| 7,1z, | =

9 Z2 |22|
(9)|21|:|21_22+22|S|21_22|+|22|Nén|21_22|2|21|_|22|-
Mat khac

|z -2, Hz +(-2) I z|+[-z, H 7 [+]|z,].
Bat dang thuc | z, + 7, |<| z, | +] z, |1a dang thic < Re(z,z,)dz || z, |,
tic [a z, =1tz,, t1a so0 thyc khong am.
Bai tap 1. Ching minh
|’21+Zz |2 +|z,-z, |2:2(| Z |2 +|z, |2)
Loi giai. St dung tinh chat (4),
| 4+ |2 +] 4, —17 |2: (21 + ZZ)(Zl + Zz) + (21 - ZZ)(Zl - Zz)
=z |2 +2,2, +2,2,+| 2, |2 +|z, |2 ~2,2,-2,2,+|z, |2
=2(z, |2 +|z, |2)
Z +17,

4 6 thye.
1+ 22,

Bai tap 2. Chimg minh néu | z, |=] z, |=1,z,z, #1 thi

Loi gidi. St dung tinh chit (4),
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— -1
2,2, 9z, =12, =~
Zl
— 1 . .
Tuong ty, z, = —,dtso trén la A,
ZZ
1 1
- — —+—
A_ath _ 4 L, _4+L
l+zz, 1,11 1+zz
Zl Z2
Viy A la s thue.
Bai tap 3. Cho a la so thyc dwong va dat
. 1
MO={ZEC ,|z+—|=a}.
z
Tim gi tri nho nhat va gia trj 1on nhat ca |z| khi z€ M.
Loi gidi.
1 1 1 2° +7° 1
a’=z+==+)T+2)=z[ + —
4 z Z |z | | z|
Nzt +(z+7)?-2|zf +1
|z '
Do d6

|z|'—|zf (@*+2)+1=—(z+7Z)* <0.

a’+2-+a*+4a® a’+2-+a'+4a’

=]z e ;
|z[°el 5 5 ]
—a+va*+4 a+a’+4
=z| e[ BT,
’ 2 , 2
maxhl:wminul:W'

<zeM,z=-7.
Bai tap 4. Chimg minh moi 0 phirc z,

1
Z+1]>—, hoic |z +1[>1.
| |J§ | |

Loi gidi. Phan ching

1 .
|z+1|< —=va|z® +1]<1.
J2

Pit z=a+bi= z? = a® — b’ + 2abi.
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(L+a*-b?*)*+4a’h® <1, (1+a)*+b’ <%,

= (a° +b*)* +2(a® —b*) <0,2(a* +b*) +4a+1<0.
Cong céc bat ding thirc dugc
(@ +b%)? +(2a +1)* <0.Mau thudn
Bai tap 5. Chimg minh

\/Zs|l+z|+|l—z+zz |33\/Z, vV z,|z]=1.

t=[1+z|€[0;2].

Lo gidi. Dit

t? -2

t? = (1+ 2)(1+Z) = 2+ 2Re(z) = Re(z) =

Khido |1z + 2% |= /| 7 — 2t | Xét ham s5
f:[0;2] >R, f(t)=t++]7-2t].

f(@):@sth/w—mﬂs f(\g)=3\g.

Puoc

0 7 7 t
Ve V2l
Figure 1.1.

Bai tap 6. Xét
H={zeC,z=x-1+xi,xe R}
Chimg minh ring ton tai duy nhat s6 phic z € H,| z | w|, Yw e H.
Loi gidi. Dat
o=y-1+yi,yeR.
La du néu chimg minh dugc t0n tai sd thye duy nhat x sao cho
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(Xx=1?+x*<(y-1)°*+Vy* VyER.
N6i cach khac , x 1a diém cyc tiéu ham s6
f:R>R, f(y)=(y-1)*+y* =2y’ —2y+1=2(y—%)2 +1

2

Do do diem cu tiéu la

1 1 1.
X===>7Z=—-=+=1.
, 2 2 2
Bai tap 7. Cho x,y,z 1 cac s0 phirc phan biét sao cho
y=tx+(1-t)z,t €(0;1).

Chimng minh rang
21-1yl, 1z1=Ix] yl=1X]
lz-yl [z=x] [y—=x]
Loi gidi. Tu hé thue y =tx+ (1-t)z,
z—y=t(z-Xx).
Bat dang thirc
2I-1yl, 2l-Ix]
lz-yl  |z-x]
trg thanh
|z|-Ty Rt z|-[x]),
hay

. lyI<@-lz]+t|x].
Van dung bat dang thic tam gidc cho ’
y=(1-1t)z +1tx, tacoket qua.
Bat dang thirc thir hai , dugc chimg minh trong tu, boi
y=tx+(1-1)z
tuong duong voi
y—x=(@1-t)(z-Xx).

1.8  Gidi phwong trinh bic hai
Phuong trinh bac hai véi hé s6 thyuc
ax’ +bx+c=0,a#0
van c6 nghiém phic trong ca trrong hop biét thite A =b? —4ac am.
Phan tich vé trai

b, -A
aJ(Xx+— —1=0
I +2a) +4a2]
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nay (x+ 27 —i2(=2y2 2 0.
2a 2a
 b+iNCA | —b-iVA
Do do X, = 23 VX, = 2

R rang hai nghiém 1a hai s6 phirc lién hop va phan tich nhan tir dugc
ax’ +bx+c=a(x—x)(X—X,)
trong cd truong hop A<0. ,
Bay gio xét phuong trinh bac hai véi hé so phirc
az’+bz+c=0,a=0
St dung phan tich nhu trén , dugce

b.,, A
al(z+—)--21=0
[(Z+2a) 4a2]

b, A
2 (z+—)" =— ha
( Za) 43° d
(2az +b)* = A,

bat y=2az+b, phuong trinh tr¢ thanh
y?> =A=U+Vi, UVeR
Phuong trinh c6 nghi¢m

r+u r+u .
Y1, =%( S +(sgnv) - ).

& ddy r=|A| va sgnv 1a dau ctia v.VAy nghiém phuong trinh ban dau la

1
Z,,= E (-b+ ylyz) .

Quan h¢ nghiém va h¢ $H

Z,+12 __b 22, =2

1 2 2a’ 172 a’
Va ludn ¢d phan tich nhan tu

az’+bz+c=a(z-z)(z-2,).
Bai tap 8. Giai phuong trinh hé s phirc
z*—8(1—i)z +63-16i =0.
Lo gisi.
A' = (4—4i)? — (63—16i) = —63—16i
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r=|A'|=/63% +16° =65.

y* = —63—16i

Phuong trinh

65—-63
+
2

i\/65263) =+(1-8i). Kéo theo
2, =4-4i+(1-8i).
Dodo z,=5-12i,z,=3+4i
Ta c6 thé dung cach khac dé giai phuong trinh bac hai trén.
A = (4—4i)* —(63—16i) =—63—16i

Tim hai cén bac hai cia —63 —16i, tirc I tim z = X + Vi, 7> =—63—16i
x> —y? =-63 {x=i1

= .
Xy = -8 y=%8

Co nghiém y, , = i(\/

= X* — y* + 2xyi = —63 - 16i :{

A’ ¢6 hai can bac hai la 1-8i, -1+8i.
Phuong trinh c6 hai nghi¢m
2z, =4(1-1)+(@1-8i)=5-12i,
z,=41-1)—(1-8i)=3+4i
Bai tap 9. Cho p, q la hai s6 phc , g# 0. Ching minh ring néu cc nghiém phuong trinh bac
hai x* + px +0 =0 c6 Modun bang nhau, thi Py mt so thue
Loi giai. goi x;, X, 1a cac nghi¢m phuong trinh va r =| x, |=| X, | . Khi d6
2 2 v v o
p_zz—(X1+X2) =ﬁ+ﬁ+2=xi—)2(2+%+2:2+%Re(xlx2)
q XX, X X r r r
La s0 thuc. Hon nita

. . 2
Re(x X,) >—| X X, [=—r?, do dé % >0.

Vay P 14 mot s6 thuc.
Bai tap 10. Cho a,b,c 13 ba sd phirc khac 0 phan biét voi [al=[o|=[c].
a) Chimg minh rang néu mot nghiém phuong trinh az* + bz + ¢ = 0c6 Modun bang 1 thi
b*=ac.
b) Néumdi phuong trinh
az? +bz +c¢ =0, bz? +cz +a = 0c6 mot nghiém c6 Modun bang 1 thi
|a-b|=|b-c|=]|c-a].
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Loi gidi.
: \ 14 *A \ 7. \ C 1 7
a) goi Z,,Z,1a cic nghiém phuong trinh véi |zg)=1. To z,=—.— kéo theo
az
c, 1 v b . 2 A
|z, |H|—|.—=1.Bd¢ivi z +z,=——,|a|= b|,taco | z, + z, |"=1. H¢ thic tuvong
a | 1 a

dwong voi

(z,+2,)(z,+2,) =1, ticla (z, + zz)(i+i) =1.
1 ZZ

(z,+2,)° =72, hay (—9)2 %5 p2-ac
a’ a

b) Theociua) b?=ac,c? =ab.Nhin cic h¢ thic dugc b°c® = a’bc = a® =bc. Do do
a’+b’ +c®=ab+bc +ca.
H¢ thue twong duong voi
(a—b)*+(b—-c)*+(c—a)* =0,
Tac la
(a—b)*+(b—-c)’* +2(a—b)(b—c)+(c—a)*=2(a—b)(b—c).
Kéo theo (a—c)? = (a—b)(b—c). Ly gia trj tuyét doi, duge 2 = yex,
ddiy a=|b—c|,p=|c—al,y=|a—b|. Tuongty dugc &® = By,y* = 3. Cong
cac hé thirc, duoc
o+ By =af+ Br+
Tacla (o — B)* +(B—y)" + (¥ —a)* =0.Do d6 a=p=y.
1.9 Bai tip ’
1. Cho cac so phiuc z, =1+ 2i,z, =—-2+3i,z; =1—1. Tinh
) Z,+12,+12,,
b) 7,2, +2,2,+ 2,2,

C) 212223’

d z'+27 +z2,
z, 1, 1

e) _1+_2+_3,
Z2 23 Zl

f 2’ + 72
22+ 22

2. (Gidi phuong trinh
Q) z-5+71=2-1,
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) 2+3i+z=-5-1;
¢) z(2+3i)=4+5i;
A

d) -=3+2i.
-1+3i

3. Trong C, giai phuong trinh sau
a) z°+z+1=0;
bh) z°+1=0.

4. Cho z=i. Tinh Zn: z*, tly theo s nguyén dwong n .
ke

5. Gidi phuong trinh 0

a) z(1+2i)=-1+3i;

b) (L+i)z*=—1+7i.

Cho z=a+bi. Tinh 2%, 2°,z*.

Cho z, = a +bi. Tim z€ C sao cho z° =z,

Cho z=1-i. Tinh z", n nguyén dwong.

Tim cdc so thuc x, y sao xho

Q) (1-2i)x+@Q+2y)i=1+i;

py X=3,¥=3

3+1 3-i
) (4-3i)x*+(3+2i)xy=4y? —%xz +(3xy — 2y)i.

10. Tinh
a) (2—0)(=3+ 2i)(5—4i):
b) (2—4i)(5+2i)+ (3+4i)(-6-1);
1+iy A-1lg.
0 (Y
0 (‘“Z'ﬁ)%(l"zﬁ
3+71 5-8i

-+ -,
2+31 2-3i
11. Tinh

a) i2000+i1999+i201+i82+i47;

b)) E, =1+i+i®+i®+...+i"n>1;

1:2:3 =2000.
) T Tt N

)%
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d) i+ )T+ )R+ ()Y
12. Gidi phuong trinh

Q) z°=i;
b) z°=-i;
2 2
13. Tim cac s phirc z# 0 sao cho z +le R

z
14. Chiing minh rang

a) E,=(2+iv5)" +(2-iv5) eR;
. E2:(19+_7|j +(20+§|) ‘R
9-i 7+6I
15. Chirng minh

) |z,+2,+|z, +z, P +lzs+ 2, Pz P+ 2, P +] 2, +] 2+ 2, + 2, [
b) |1+2z2, [ +|z,— 2z, = +|z, )@+]| 2, [);

0) 11-27,1-12-2,F=0-12 )2z );

d) |z,+2,+2,+|-,+2,+2,+|z,— 2, + 2, P +|2,+ 2, - 2,
=Mz +|z, I +|z[)".

2

16. Cho z eC*,|z3+i3|S 2. Ching minh | Z+£|§ 2.
Z Z

17. Tim tat ca cac sO phirc z sao cho
|z|=1| 2> + 7% |=1.
18. Tim tit c4 cac s6 phirc z sao cho
47° +8|z|*=8.
19. Tim tit ca cac sO phirc z sao cho z° = 7.
20. Xét ze C, Re(z)>1. Chirng minh
11
z 2

3

21. Cho céc s6 thuc a,b va @ = —% +1 7.Tinh

1
|<=.
2

(a+bw+co’)(a+bo’ +co).
22. Giai phuong trinh
a) |z|-2z=3-4i,
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b) |z]|+z=3+4i,
) 22=2+1li,z=x+Vyi,x,yeZ
) iz +(1+2i)z+1=0;
) z*+6(l+i)z° +5+6i=0;
f) (@+i)z°+2+11i=0.
23. Tim tit ca céc s6 thuc m sao cho phuong trinh
2’ +(B3+1)z*-3z—(m+i)=0
Coit phét mot nghiém thyc.
24, Tim tat ca cac so phtrc z sao cho

o O

2'=(z-2)(7 +1)
[a 6 thue.

’ 14 1
25. Tim tat ca so phirc z sao cho | Z |=| —|.
z
26. Cho z,,z, € C,580¢ho | 2, + 2, |=/3,| 2, |9 2, |=1. Tinh | , - 7, |.

27. Tim tat ca céc s nguyén duong n sao cho

~1+ iJ§)n . (—1— i3

| ’( 5 5 ) =2.
28. Cho s0 nguyén n>2. Tim s6 nghi¢m phwong trinh
2"t =iz,
29. Cho z,,2,,z,1abasd phic | z, |=| z, |=| z, |= R > 0.
Chirng minh
|21_22 ”Zz_zsl"'l Z3_21”21_22|"‘|Zz_z?,llzs_zlngRZ-
v(u-—2)

30. Cho u,v,w la ba s phic [u|<1|V|=Lw=— .Chimg minh |w|<1 )| z[<1.

31. Cho z,,2,,z,1a ba s6 phirc sao cho
2,+2,+2,=0,z |5z, |H z,|=1.
Chirng minh
2 2 2
Z, +2,+2; =0.
32. Cho céc sb phitc Z,,Z,,..., 2,530 cho

|Zl|:| 22 |:_“:| Zn |: r>0
Ching to
E= (2,+72,)(2,+2)..(2,, +2,)(z, + ) 14 sb thuc.
2,2,...2, '

33. Cho céc s6 phirc phan biét z,,Z,, Z,530 cho
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| Z |:| Z, |:| Z3 |> 0
Neu z, + 2,2,,2, + 2,2,, 2, + Z,2, 14 céc s0 thyc, chung to 2,2,2, =1.

34. Cho X, X, 1a cac nghiém phuong trinh Xx* — X +1= 0. Tinh
a) )(12000 + X22000;
b) X;I-.999 + X$999;
C) X +X;neN.
35. Phén tich thanh tich céc da thirc bic nhét céc da thirc
a) Xx*+16;
bh) x*-27;
c) x*+8;
d) x*+x*+1. ’
36. Tim tat ca cac phuong trinh bac hai h¢ so thuc cd mdt trong cac nghiém sau
a) (2+1)@B-1);
p 2L
2—1
C) ’ i5f +2i%° +3i" + 4%,
37. (Bat dang thte Hlawka) chimg minh
|z, +2,|+| 2, + .|+, + )|z, |+ Z, |+ z, |+ 2, + 2, + 25,2, 2,,2, €C
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1.10  Dép sb va hwdng din
Lajzi+z2+23=1(0,4); bz + 22+ 2321 =(—4,5);
Qunn=(-97: d+5+ rz— [ 8, —10);

3 _(28) R -2
S\ ots3)t U242 2210 221

oLy 2
I2 I |
2a)z=(7,—8); blz=(-T7 —4)

cyz= (Hq -ﬁ); dyz=(=9,7).

Ja)n = (—% %ﬁ).zz = (—%,—?):
\.-'"-

bizi=(-1.0Lz2=

(1.0, for n=4k;
: -
4.2:*: (1), for n=4k+1;
k=0 (0, 1), for n=4dk+2;
0,0), for n=4k+3.
5.3}12“.1): b]21=(2,l} 12=(_2.—l],
= {az - bzlhb}: 2? = {ﬂ! - 3&!!"2, 3alb —bJ}i
M= {ﬂ"' — 6a%b* + b*, 4a’b — ‘1ﬂh3].

7.2y = (a+v’ +£1'2 -ﬂ+~.-fa5+

( {a+ u+b H-a+ a+ )
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8. Vi moi sb nguyén k khong am, ta ¢
W= (9, 0); 2% = (4, —(—)k);  2%F2 = (0, —2(—4)b);
3 = (—2(—4)t, —2(—4)*): fork = 0.
9.a)x = l,y = E: bjx==2,y=8, clx=0,y=0.

4 4
10.a) 8+ 51i; b)4—-43i; o2 dTE_Sf' ")%Jr%i'
1L.a)=i; b Eu=1Egi=14i,Eqp2=i,Eg3=0; ¢)l; d)-

Vi V2 V2. V2

12.a) 2 = — 5 l'z Zz-T_T
b}z—£~f£ ——£+ié-
I_ 2 stz'z— 2 21
1 3 -
E}Z|_z=i( +I—J\ﬁ Il).
2 2
B.zeRorz=x+iywithx? +y* = 1.
l4.a}f|=E1;
b) E2 = Es.
21.a* + b? + 2 — ab — be — ca.
-6+ /21 7
22.3}21.2=—3—+2|'; b}z=—€+4:". z=2+1;
-2+43 1 13 9
d = o~ = — = — = ——
Jz12 +2I e) z* 1, 72 S—6i: DOz > 2:.
2.m e (1,5).

24.z=-2y4+2+iy,yeR,
3.a)xt + 16 = x* 428 = (22 4+ 4i) (a2 — 4i)
= [x* + (V201 + ) |[x* ~ (V201 + )3
= (x + V2(=1 + D))(x + V201 — i))(x = V2(1 £ ))ix + V201 + i)).

b) x3 —27 =33 = 3% = (x — 3)(x - 3e)(x — 3¢?), where ¢ = —% + ‘;—Gr.
O +8=x342"= {x+2}{x+1+w"}x+1-w"}

D'+ +1=0— a2 =) = x? — s Y)(a2 —£?)
= (x —e)x 4+ e)(x —F)x +7), wheree = —% + ?r‘.
36.a) x* — 14x + 50 = 0; h}xz—gx-%-?:ﬂ; Oxl+4x+8=0
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37.
2|21+ZZ||ZZ+Z3|:2|ZZ(Zl+ZZ+Z3)+le3|S2|ZZ||Zl+22+23|+2|21”23|
2|12, +2,|.| 2, + 211 2] 7|. | 2, + 2, + 2, [ 42| 2, || 2, |
B L N e S AR A P- A TN
Cong cac bat dang thuc voi
|Zl+22|2+|22+23|2+|23+21|2=|21|2+|22|2+|23|2+|Zl+22+23 ?
c6 diéu phai ching minh.
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2. Biéu dién hinh hoc cilia so phirc

2.1 Biéu dién hinh hoc ciia s6 phirc
Pinh nghia. Diém M(x,y) trén mat phang Oxy goi 1a diém biéu dién hinh hoc ciia s0 phirc
z=x+yi. S0 phirc z=x+yi goi 1a toa d¢ phirc ciia diém M(x,y). ta ding ky hiéu M(z) dé chi toa do
phtc cua M 1a z.
Mit phang toa o v6i viée biéu dién s phirc nhw trén goi 1a mat phang phic.

i x M'(x, -

Mix, y)
L]

MY x,: ¥l
Figure 1.2,

Cac diém MM’ (tuong tmg véi z,7 ) dbi ximg nhau qua Ox.
Cac diém MM”* (twong g v6i z, — 2 ) dbi xtmg nhau qua gdc toa do O.

Mit khéc, ta c6 thé dong nhét s6 phic z=x+yi véi V.= OM , M(Xy).
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o+
I

x

Figure 1.3.

2.2 Biéu dién hinh hoc ciia Modun
Z=X+Yyi.OM =/x*+y?® =| z|. Khoang cich tir M(z) dén O la Modun ctia s6 phitc z.
Luuy. , o q
a) Vai so thuc duong r, tap cac so phirc voi Modun r bieu dien trén mat phang phuc la duong
tron € (O r.
b) Cac s0 phirc z, [z]<r la cac diém nam trong duong tron € (O;r). Cac s6 phirc z, [z]>r 13 cac
diém nam ngoai dudng tron € (O;r).

V3.

Vi du 7. Céc s6 phic Z, = i% + - i, k =1 2,3,4 dugc bicu dién trong mit phing phirc

boi bon diém trén duong tron don vi tam O. Béi vi
| Z |:| Z, |:| Zy |:| Z, |:1-

2.3 Biéu dién hinh hoc cic phép toin
(1) Phép toan cong va nhan. Xét so phic z, = X, + Y,i,Z, = X, + Y,I va cac vecto tuwong
{H}g Vi = X:Lr + le’VZ = er + yzi :
Tong hai s0 phtc
L, +17,= (X1 + yll) +(X2 + yz') = (X1 + X2)+ (yl + yz)' :
Tong hai vecto
V+V, = (X X+ (Y, +Y,) ]
Tong z, + Z, tuong tmg v6i vecto tong v, +V,.
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M(x) 4 x2, yi+ »)
Ma(xz, ¥2)
b
i My(xy, 1)
o
Figure 1.4,

Vidu8. 7 q
a) (3+5i) + (6+1i) =9+ 6i : bicu dién hinh hoc cta tong ¢ hinh 1.5.
b) (6 —2i) + (—2 +5i) = 4 + 3i : hiéu dién hinh hoc ¢ hinh 1.6.

& + M(9,6) Mi-1,5) 5]
5
M4, 3)
$ [ e
4 [
3 & g Ll
My (6, -2)
Figure 1.5. Figure 1.6.

Tuong tu, hi€u z, — z, tuong Ung véi vecto \71 —\Z
¢)Taco (-3+1)—(2+3i)=(-3+1i)+(-2-3i) =-5-2i, hinh L.7.

i i M2, 4)
M5(2, 3)
M(5, 2)
M(-3,1)
My(3,-2)
Mi(-5,-
M"(=2,-3) M2 "
Figure 1.7. Figure 1.8,

d) 3-2i)—(-2—-4i)=(3-2i)+ (2+4i)=5+ 2i, hinh 1L.8.

L¢L¢-suphamle2341@gmail.com Page 27



Biiitip sd phite

Khoang cach hai diém M, (X, ¥,), M, (X,, y,) bang Modun ciia s6 phirc z, — z, bang do dai

vecto vV, —V, .

Mle :l 2, -1, |:|\Z_\Z |: \/(Xz - X1)2 + (yz - Y1)2 -
(2) Tich ciia s0 phirc voi s6 thuc. Xét s6 phitc z=x+yi va vecto twong tmg V = Xi + yj . Néu A
14 56 thue thi tich L z=) x+yi tuong tmg véi vecto
AV =AXI +Ay] .
Néu % >0 thi AV, V cing huéng va

| AVI|=A|V].
Néu A<0 thi AV, V ngugc hudng va
| AV [=-1|V].
T4t nhién , & =0 thi AV =0.
4 A
¥ ¥
M'(hx, Ay)
A>0 L<0
Mix, y)
Mix, v) /‘
D X . X .
M'(Ax, Ay)
Figure 1.9,

Vidu9.
a) Taco 3(1+ 2i) =3+6i,hinh 1.10
b) —2(—3+2i)=6—4i
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1
M'(3, 6)
M(-3,2) |~
|
- 6
s _3 g
2F-- ML,
] 3 X i- - -
-4
|
Figure 1.10.

2.4 Baitip ’ q

1. Biéu dién hinh hoc céc s6 phtrc sau trén mat phang phirc
2, =3+1,2,=-4+2i,2,=-5-4i,2,=5-1,
z,=12,=-3i,z,=2i,2,=-4.

2. Biu dién hinh hoc céc h¢ thirc

a) (-5+4)+(2-3i)=-3+1;
by 4-1 + -6+4i =-2+3i;
¢) (-3-2i)—-(-5+1)=2-3i;
d @-i)—(5+3i)=3-4i;
e) 2(-4+2i)=-8+4i,
f) -3(-1+2i)=3-6i.
3. Biéu dién hinh hoc z

Q) |z—-2|=3;
b) |z+i|<1;
¢) |z—-1+2i]>3;
d |z-2|-|z+2<2;
e) 0<Re(z)<1;
f) -1<Im(z)<1;

z2-2
0) Re(z)—O,
) 1+zER

z

4. Tim tap céc diém M(x,y) trong mat phang phirc
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| I +4+ i\Jy—4]=+10.
5. Cho z, =1+i,z, =—1—1i.Timz€ C sao cho céc diém biéu dién cta z,, Z,, Z, tao
thanh tam giac déu.
Tim cac diém biéu dién z, 2%, z* sao cho ching tao thanh tam gidc vuong.
Tim cac diém biéu dién sb phirc z sao cho

|z+l|=2.
z

2.4 DPap 0 va huong din
3.
a) Buong tron tam (2,0) ban kinh 3.
b) Hinh tron tam (0,-1) ban kinh 1.
c) Phan ngoai duong tron tam (-1,-2) ban kinh 3.
, 1
d M= I{x.)‘! €R*x > -;Z}U [(Jr.y} e R¥x < —;.3;2—3'3 -3 «-:.{],.
)M ={(x,y)cR -1 =<y =0}
DM={x,yeR-1<y<l).
BM=((x,y) e R2x? 4 y? = 3x + 2 = 0}4.
4 M={x,y)eRy=10-x2, y =4},
5.23 = /3(1 - i) and 2 = +3(1 +i).
6.M={(x,eRx?+y2+x=0, x#0, x#-1)
U0, y) € R?|y # 0] U {(—1,y) e R2|y # 0).

7.Hop hai duong tron
X2 +y?-2y-1=0,x*+y*+2y-1=0.
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3 Dang lwgng gidc ciia so phire
3.1 Toa dj cyc ciia 50 phitc ,
Trong mdt phang Oxy, cho M(x,y) khéc goc tao do.
S thye r = JX° +y? goi la ban kinh cyc cua diém M. S do 0€ [0;2m) ciia goc luong giac
(&, (W) goi la argument ctia M. Cip c6 thtr tu (r,0) goi 13 toa dd cuc ctia M, viét M(x,9).
Song anh
h:RxR\_(0,0) — (0,00) x[0,27),h((x, y)) = (r,0)
Piém goc O 1a diém duy nhét c6 =0, 6 khong xéc dinh.
Moi diém M trong mét phang 6 P 1a giao diém duy nhat cua tia OM vdi duong tron don vi
tam O.
RG rang
X=rcoséd
y=rsing’
Xét argument cuc cua M vai cac truong hop sau:

Mix, v)

Figure 2.1.
a) Néux#0,tr tané = y , dugce
X
H:amMnX+km
X

o day
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0,x>0&y=>0
k=<1x<0,yeR
2,x>0,y<0
b) Néux=0,vay# 0 duoc

Vi du 10. Tim céc toa dg cyc clia
M, (2,—2), M, (~1,0), M, (=2+/3,-2), M, (+/3,1), M (3,0), M (=2, 2), M, (0,1), M, (0,—4)
Dé thay

=22+ (-2)> = 2/2;6, = arctan(-1) + 27 = —% +27 = 77”, M, (2+/2, 77”)

r,=16, =arctan0+ 7z = 7,M, (1, 7)

N

r,=2,6, —arctan?:6 M,(2, )
r5=3;6?2:arctanO+O_O,M5(3,0)
r6:2\/§;96:arctan(—1)+7r:%+7r_— M (2\/_

Vs T
r,=16, =E,M7(1,—)

r,=4,0,= 3: M, (L3 )

Vi du 11.Tim toa do vudng gOC ctia céc diém cho bi toa do cuc

M2, M35, M, 1),

X, = 2cos%”_2(——)— ~1y, = 2sm%”_2£ V3, M, (-1,43).
T 32 T 3J§M(J_ 3J_)

x_Scos—z— , =3SIN— =— M, =
4 2 4 2 2 2

Tuong ty X, = €0s1, y, =sinl, M,(cosl,sinl).
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3.2 Biéu dién lwong gidc clia sé phikc
Cho s6 phirc z=x+yi ta c6 thé viét z dang cuyc:
z=r(cos@d+ising),
r=|z|€ [0,:0), B 1a mot argument ctia z va @ € [0;27) .
V6iz#0,rva 0 xéc dinh duy nhat.
Xét z=r(cos@ +isind),dat o =60 + 2k, k € Z thi
z=r[cos(a — 2kx) +isin(a — 2kz)]=r(cosa +isin )
Tire 1a, voi sb phire bt ky z c6 thé viét z = r(cost +isint),r >0,t € R. Khi d6 ta néi z
duoc biéu dién dang luong giac.
Tap Argz ={t,t =60 + 2kx,k € Z}goi 1a argument mo rong cua z.
Do d6 hai s6 phitc z,,, # Obicu dién dang luong gidc

: L=r
z, = (cost, +isint,),z, =r,(cost, +isint,) bingnhau << * 2 ke Z
t —t,=2kr
Vi du 12. Viét cac s6 sau dudi dang cuc va xac dinh tip Argz
a) z,=-1-1,
b) z,=2+2i,
0) z,=—-1+iv3,
d z,=1 1-iy/3

a) P,(—1,—1)nim ¢ goc phan tu thi ba.

L =+(-1)? + (-1 =x/§,«9=arctanl+7z=arctan1+7z=%+7z=57”
X

Figure 2.2.

7, = J_(cos—+ |sm5—”)
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Argz, ={577T +2kr,keZ}.

b) P,(2,2)nim ¢ goc phan tu thir nhét
T

r2 =2\/§,92 ZZ

Z, =2\/§(cos£+isin£)

4 4

Argz, ={% + 2k, k e Z}

c) R(-1, \/§) thudc goc phan tu thir hai
27

rh=2,0,=—

3 3 3

2r . . 2w

Z, =2(coOS— +1SIn—

3= 2( 3 _3)

Py -1,+4/3)

Figure 2.3,
27
Argz, :{? +2kz,k e Z}.
d P@ —\/§) thudc goc phan tu thir tw

r,=2,06, :5?”
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.-"f.-# ‘\:4 ]

1

.

Fa

3 —
Pyll, =+'3)

Figure 2.4.
5 .. bx
Z, = 2(COS— +1SIN—
2 =2( 3 3)
Argz, :{5?” +2kz ke Z}

Vi du 13. Viét céc s0 phirc sau dudi dang cuc

a) z,=2I,
b) z,=-1,
C) z,=2,

d z,=-3i.

Va x4c dinh Arg cua chung.
a) Diém P (0, 2) thujc phan dwong truc tung, nén

rl:2,91:%,21:2(cos%+isin%)

Am4={%+2wnk62}
b) Piém P,(—1,0) thuc phan am truc hoanh, nén
r,=16,=7x,2,=cosx +isinxz
Argz, ={r + 2kr}
¢) biém P,(2,0) thudc phan duong truc hoanh, nén
r,=2,6,=0,z,=2(cos0+isin0)
Argz, ={2kz .k € Z}
d) Piém P,(0,—3)thudc phan 4m tryc tung, nén
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r,=3,0, :37”,24 :2(Cos37”+isin37”)

Argz, ={377[+ 2kr,keZ}
RO rang
1=cos0+isin0;i =cos%+ isin%;
—1l=cosz +isinz;—Ii =00337”+isin37”.

Bai tap 11. Viét s6 phirc sau dudi dang cuc
z=1+cosa+isina,ae(0,2x).
Lo gidi.

| z|= 4/(1+cosa)? +sina = [2(1+cosa) =, /40032% = 2|cos%|.

a) Néuae(0,7)= % e (0, %) , P nim goc phan tu thi nhat . Do do

@ = arctan

a, a
=arctan(tan—) = —,
1+cosa 2" 2

= 2cosﬂ(cosg+ising)
2 2 2
b) Néu ae(7[,27[):ge(%,ﬂ),Pnémgécphﬁntuth&tu .Do do
6?:arctan(tang)+27r=§—7r+27rzg+7z,
2 2 2

a a .. a
Zz=-2c0s—[cos(—+ ) +1sin(— +
J (2 ) % m)]

C) Néu a =, thi 2=0.
Bai tap 12. Tim cac s0 phirc z sao cho
zZ 7
|z|=1,|=—+—]=1.
Z 2
Loi giai. it z=cosx +isinx, x€[0,2x).
7|_|22+72|
z zf
= COS2X +1iSIN2X + COS2X —iSin 2X |
=2|cos2x|

YA
1=|:+
z
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Do do

C0S2X = 1 hodc cos2x = —1.
2 2

Néu cos2x = %th\l

Néu cos2x = —%thi

Do d6 c6 8 nghi¢m
z, =cosx, +isinx k=123,...,8.

3.2 Cic phép todn trén dang long gidc s6 phirc
(1) Phép nhan
Pinh ly. z, =r(cost, +isint,),z, =r,(cost, +isint,)

Khi do
2,.2, = r[cos(t, +t,) +isin(t, +t,)] .
Ching minh.

z,.2, = rr,(cost, +isint)(cost, +isint,)
=rr,[(cost, cost, —sint sint,) +i(sint cost, +sint, cost,)]
=rr,[cos(t, +t,) +isin(t +t,)]

Luuy

a) Motlanniratalai |2z, =z, ||z, |.
b) arg(zz,)=argz, +argz, — 2kr,
0,argz, +argz, <2r
- {1, argz, +argz, > 2z
0) Cothéviét Arg(z,z,) ={argz, + argz, + 2kz,k € Z}
d) Mo rong voin>2 sb phirc .Néu z, =r (cost, +isint, ), k=12,...,n
2,2,...2,=nr,...r[cos(t, +t, +...+t ) +isin(t, +t, +...+1 )]
Cong thirc trén co thé viét

ﬁzk = ﬁrk (cositk +isin itk).
k=1 k=1 k=1 k=1
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Vidy14.Cho z, =1—i,2, =</3 +i.

r .. I«x T .. T
Z, =V 2(cos— +1sin—), z, = 2(cos— +1SIn—
=2 4 4) 2 =2 6 6)

n o, .. Irx 1
2,2, = 2 2[cos(— + =) +isin(— + —
172 \/_[ (4 6) (4 6)]

23r . . 23«
=2+2(COS—— +1sin——
, V2 12 12 )
(2) Lily thira ctia mét s phirc
Pinh Iy. (De Moivre®) Cho z = r(cost +isint)vane N, tacé

z" =r"(cosnt +isinnt).

Chitng minh. Dung cong thirc nhdn véi z =2, =2, =... =z, dugc
z"=rr...rfcos(t+t+...+t)+isin(t+t+...+1)]
n n n

=r"(cosnt +isinnt)
Luu y.
a) Chung ta tim lai dugce | 2" |4 z|".
b) Néur=1, thi (cost+isint)" =cosnt+isinnt.
¢) Taco thé viét Argz" ={n.arg z+ 2k, k € Z}.
Vidu 15. Tinh (L+1)"*%.

. VA . . T
1+1=+2(cos—+1sin—).
J2( 7 7
L) =2 (coleOO% + isinlOOO%)

= 2°°(cos 2507 +isin 2507) = 2°®
Bai tap 13. Ching minh
sin5t =16sin°t — 20sin®t + 5sint;
cos5t =16¢0s°t — 20c0s°t +5cost
Loi giai. DUng cong thire Moivre VA khai trién nhi thitc (cost +isint)®,
cos5t +isin5t = cos’t + 5icos* tsint +10i% cos®tsin®t

+10i°cos?tsin®t +5i*costsin*t +i°sin°t
Do do

¥ Abraham de Moivre (1667-1754), nha toan hoc Phép.
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cos5t +isin5t = cos®t —10cos’t(1— cos’t) +5cost(l— cos?t)?

+[sint(L-sin’t)*sint —10(1—sin®t)sin®t +sin°t]
Pong nhat hai vé cho diéu phai ching minh,
(3) Phép chia.
Pinh ly. Gid st z, = r,(cost, +isint),z, =r,(cost, +isint,) =0
z, _ r(cost +isint)
7, r,(cost, +isint,)
_ r(cost, +isint)(cost, —isint,)
- r,(cos’t, +sin’t,)

= i[(costl cost, +sint; sint,) +i(sint, cost, —sint, cost,)]
2

= Blcos(t, ~t,) +isin(t, —t,)]
2
Luu y.
1z].

(1A . L
a)Ta c0 lai két qua | =+ |=
Y

b) Arg (i) ={argz, —argz, + 2kr,k e 2},
Z2

)Véi z,=1,2, = z, % =7'= %[cos(—t) +isin(-t)];
d)Cong thirc De Moivre con dlng cho liy thira nguyén am, tire la véi n nguyén am, ta co
z" =r"(cosnt +isinnt).
Bai tap 14. Tinh
L @-i°(3+iy
(-1- i\/§)10 '

Loi giai.
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2" (0037—7[ +isin 7—7[)10.25 (cos~ +isin7)?
L 4 4 6 6

2'° (003437[ +isin 4§z)10

210(0053527[ +isin %27[)(00552[ +isin Sér)

21°(cos40—7[+ isin 40—7[)
3 3

557 . . 557
COS——+1ISIn——
_ 3 3

40r . . 40«x
COS—— +1SIn——
3 3

=C0S5r +isinbr=-1

3.4 Biéu dién hinh hoc ciia tich hai s6 phirc 7
Xét s0 phue z, =r;(cosé, +isiné,),z, =r,(cosd, +isinéb,) . Goi P, P, la giao diem
cua duong tron € (0,1) voi tia OM,0OM,.
Dung P, thugc duong tron va c6 argument cuc &, + 6,, chon M, thugc tia
OP,,OM, = OM,.OM,.
Goi z3 14 toa do phitc ciia Mg, Diém M, (r,r,, 8, + 6,) bicu dién tich z,z, .
Goi A a diém biéu dién cita z=1.
OM, _ OM, = OM, _OM, va M,OM,, = AOM, . Suy ra hai tam gidc
oM, 1 ~OM, OA

OAM,,OM, M, dong dang.

M5

Figure 2.5,
XA U S , P , . La s
Dé x4y dung biéu dien hinh hoc ctia thwong, lwu ¥ diém twong img ciia —2 la M.
2
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3.5 Bai tap W
1. Dua vao toa do vuong goc ,tim toa do cuc ctia Cac diem
a) M,(-3,3)
) M,(—44/3,-4)
) M;(0,-5)
) M 4 (_2’ _1)
e) M(4,-2)
2. Dua vao toa d6 cuc ,tim toa d¢ vudng goc cac diém

V1
) R23)

o O O

b) P,(4,27 —arcsin g)

) R(2,7)
) PG -7)
)

o O

T
e) PR(A—
5(L=)

3z
) R (4,7)
3. Biéudién arg(Z) va arg(—z) quaarg(z).
4. Biéu dién hinh hoc céc s phic z:

a) |z]=2;
b) |z+i]>2;
¢) |z-1|<3;

)
d) 7r<argz<5—”;
4
3z
e) argz>—:
) arg 5
T
argz < —;
f) arg 5
T T
arg(—z) e(—,—
g) arg(-2z) (6 3)
|z+1+1i]<3
T
O<argz<—
14 14 g 6
5. Viét cac s6 sau dudi dang cuc
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a) 21:6+6i\/§;

2 2
d) z,=9-9i3;
e) z,=3-2i;
f) zy,=-4i
6. Viét cac sb sau dudi dang cuc
a) z,=cosa—isina,ae[0,2x),
b) z,=sina+i(l+cosa),aec[0,2r),
¢) z,=cosa+sina+i(sina—cosa), ae[0,2r),
d) z,=1-cosa+isina,ac[0,27).
7. Su dung dang cuc cla sb phirc dé tinh tich sau day

N

a)(%—hé%@%+30@¢§+mx
b) (L+i)(=2—2i)i:
¢) —2i(—4+43i)(3+3i);
d 3@1-i)(-5+5i)
M ta céc két qué dang dai 50
8. Tim|z|,argz, Argz,argz,arg(-z)
Q) z=(1-i)(6+6i);
b) z=(7-73)(=1-i).
9. Tim |z| va argument cyc clia z:
g 7o @Bra)  @r)
@-0°  (2y3-2i)
(-1+1)* 1
mZ_@E—WVWaE+mf’
0 z=1+iv3)"+@—iv3)".
10. Chimg t6 cong thirc Moivre ding voi s6 nguyén 4m
11. Tinh
a) (l—cosa+isina)",ac[0,27),neN,
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b) z”+in, nu 2+ 5= 1.
z z
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3.6 Dap s6 va hwdng din .
La)r=3y21"= Tﬂ: bir=8§1"= ?EE: chr=51t"=mn;

1
d) r=v"'§.1“‘=amtan5+:r; E}r:zﬁﬁf*zm“(-%)+hr

Za)x=1y=.3: h}x=—._‘r=—]?; lx==2,y=10;
drx=-3,y=0 ex=0y=1 Dx=0,y=-4.
2 — . if
3. ang(@) = wgz, i argz # 0,
0, if argz = (;
arg(—z) = m+argz, ffargze[{].:r).
—n +argz, ifargz e [m, 27).

T my 1 2w 2x
S.a]zl—li(cus§+ls1ni), b]z:-:—,(-::ns-g—+rum?),

4 dar Sm S5m
- —_— j 5in —: d _— —_— i sin — |-
c) 73 = C08 3 + i sin 3 ) zg = 18 | cos 3 + i sin 3 )
2
e]z_-;=¢13[ms(2rr—mtan§)+isin(in—nrm=n§)]:

im

= .
6.a) 7 = EDS{ZH a) +isin(2r —a), a € [0, 2m);
b]II—EIWS I [003(——-)+13m(5—2)]it’aE[ﬂ,n]:

z;-2|ms—| [m(?—§3+i5in(3;—g)]ifae(Jr,?.n]:

C}E]=ﬁ[ﬁﬂﬂ(ﬂ+¥)+fﬂn(ﬂ+7—;)}ifﬂE[l]' %].

zj_f[cuu( ——)+|H.m(a——)]lfaE(— 2.1!)

d}z.‘-_—?.mn—[ms(i—§)+lsm(i—§)]1fa'£[ﬂ,:r}:

Zq=23in% WS(?;—‘—;)+I'$in(5—n—E)]ide[JT,1:rr}.
2 2

7.3) 12«,-"_( T"I'l sin FT); b) 4{cos 0 4 i sin{);

12 2

B.a)|z| =12, argz =0, Argz—zkx m'gz—'ﬂ arg(—z) = m;
137

1lm
=14 =% =T 4ok _ .__,
b) |z V2, argz oAz = 2 w,argz = <5+ (-2 B

Sm Sm T .., 7
l:]-lﬂ\-'"'_(cusﬁ— +uun—) d}m(cm—+rsm —2—)

1 Sm 1
9.2) |zl =2 4 — amgz = — b]lzl=2—g1argz=:r:

213 6

¢ Izl = 2" (cos TJ, argz € {0, w).
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4 Cin bjc n ciia don vi

4.1 Dinh nghia can bic n ciia 50 phirc ,
Xét s0 nguyén n> 2 va so phirc W 0. Nhu trong truong s6 thuc R , phuong trinh
o 2"-w=0
dugc dung dinh nghia can bac n cua so w. Ta goi nghiém z clia phuong trinh 1a mot cén béc n
cua W.
Pinh ly. Cho w = r(cosé +isin @) la so phic voi r>0 va O€ [0,2n).
Can bac nciaw gém nsb phan biét, cho boi
2kzr . . 2k
2 = Ur(cos LT L jsin U247
n
Chirng minh. Biéu dién s phic z dang luong gidc, tic 1
z=p(cosep +ising).
Theo dinh nghia, ta cd z" = w, nén
" (cosng+isinng) =r(cosé +isinH)

),k=0,1,...,n-1.

Do do

P =rnp=0+2kr,kezZ= p=4r, @, :%+k2?7[.
Vay nghi¢ém phuong trinh c6 dang
z, =4r(cos ¢, +ising, ), keZ
Lnuyring 0< @, <, <...< @, , <27 .Dodd ¢,k €{0,1,...,n —1}1a argument cyc .
Boi tinh duy nhat ciia toa do cuc, Ta ¢o n nghiém phan biét ciia phuong trinh I3
20,2y 2, .
Pén day ta chimg minh phuong trinh ¢o ding n nghiém phan biét.
V61 s0 nguyén k bat ky, 1ay k chia cho n c6 thwong q va so du r, tic 12 k=ng+r, q€ Z,
re{0,1,2,...,n-1}

o 27 0 27
o, =—+MqQ+r)—=—+r—+2qr =9, +2qr.
n n n n

Rorang z, = z,. Do do
{z, . kezZ}={z,,2,,...,2, ,}.
Noi cach khac phuong trinh c6 ding n nghi€m phan bigt.
Biéu dién hinh hoc cdc can bac n ciia w# 0 (n> 3) [a dinh cua mdt n gidc déu noi tiep duong tron
tam O ban kinh r |, r=jw].
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Pé chimg minh diéu nay, ky hieu M,(z,),M,(2,),...,M (2, ,) .Bsivi
OM, 5z, |=4r ke{0,1,...n—1}=M, eC(0,¥/r) .Matkhic, s6 do cung
MM, s bang

argz, . —argz, - 0+ 2(k +1)7:1_(H+ 2k ) ZZTﬁ’k c{01...n-2}

= M, M, bang 27z—(n—1)2—”=2—”
n n
Bdi vi cac cung MM ,,M,M,,...,M M, bang nhau nén da gisc M M,...M__,déu.
Vi du 16. Tim c4c cin bic ba ciia z=1+i va biéu dién ching 1én mit phang phirc.
Dang lugng gidc cua z 1a

VA . . T
Z=+/2(COS—+1SIn—).
J2( . 7

Cac can bac ba cua z
T 2T, .. T 27
z, =2[cos(—= + k=) +isin(——+k=)],k=0,1,2
= 2leos( 5 +k ) +isin( + k)]
T .. . T
=z, =%/2(cos—+isin—),
o =3/2( T )
6 3z .. 3«
21=\/§(0037+|3|n7),

177 . . 17«
z, =32(cos—=+isin=—>),
7 N\/_( 12 12
Dung toa do cuc, cac diém bicu dién z,, z;, z, 1an lugt 12
3 1771
M, (82,2 M, (82,25 M, (82,~Z
S M2 M2 M2,
Tam gidc déu biéu dien két qué hinh 2.6
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4.2 Cin bdc n ciia don vi

Mot nghiém phuong trinh 2" —1 = 0 goi 1a mot can bac n cla don vi.

Biéu dién 1 dudi dang luong gide , 1=cos0+isin0, tir cong thirc tim cin bic n ctia s
phirc, ta c6 can bac n cua don vi la

2kz . . 2kx
o, =cos——+isin—, ke{0,1,...,n-1}.
n n
= @, =c0s0+isin0=1,
27 . . 2«7 5 2r .. 2«w
@, =C0S— +isin—=@. (dit ® =cos—+isin—)
n n n n
Ar . . A4r
®, =C0S— +iSin— =",
n n

_cos 20707 L in 20 =D7T _ o

@, _
n-1 n n

Ky hi¢u U, ={1, o, @,...,0" '} ciling can nhaclai @ = 003277Z + isinzTﬂ .
Nhu phén trudc dé‘dé cap, ’Biéu dién hinh hoc cac cin bac n cia don vi (n>3) 14 cac diém tao
thanh mot n gidc deu ndi tiep dwong tron tém O ban kinh 1.
Chang han
i) V6in=2, hai ciin bac hai clia 1(nghiém phuong trinh z° —1=0)1a-1,1.
ii) Vi n=3, cin bac ba ctia 1( nghiém phuong trinh z° —1= 0)cho boi

oy =c032k—7z+isin2k—7z, ke {0,1,2},
n n
> 0, =1,
a)1=cosz—7[+isin2—7[=—£+i£=a),
3 3 2 2
o, :COS4—”+isin4—”=—1—i£:a}2
3 3 2 2

Biéu dién 1én mit phing phirc duoe tam gidc déu ndi tiép duong tron € (0,1).
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S
p

Figure 2.7.

iti) Vi n=4, c4c cin bac bén cia 1 13
o, = cosZkT”+ isinZkTﬂ,k €{0,1,2,3}.

Taco
@, =C€0s0+1isin0=1,

T .. T
6()1=COSE+ISIHE=I,

®,=COoSx +ising =-1,
37z .. 3r .
@, =C0S— +isin—=—i,
2 2
Ticla U, ={Li,i?,i*}={Li,—1, —i}. Biéu dién hinh hoc ctia chiing Iz hinh vudng ndi tiép
duong tron € (0,1).

Y

—i

Figure 2.8.

S0 @, €U, goi la cdn nguyén thuy bac n clia don vi, néu moi s6 nguyén duong m<n ta co
o, #1.
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Dinh .
a) Néu n|q thi nghiém bat ky cia z" —1=0ciing la nghiém z% —1=0.
b)Cac nghiém chung ctia phuong trinh z™ —1=0va z" —1=01a cic nghiém ciia
2 ~1=0,d=UCLN(mn), ticlaU_NU_ =U,.
¢)Céc nghiém nguyén thuy cia z" —1=01a
—cos&+ |S|n2k—” 0<k<m,UCLN(k,m)=1.
m m

Chirng minh.
a)Néu q=pn thi 29 —1=(z")? —1=(2"-1)(z? +...+ 2" +1). Do d6 diéu phai chimg
minh 13 hé qua true tiép suy tir hé thirc trén.
2pz 2pz

+isin—— 1a mot nghiém cua z" —1=0va

m m
, 207 207
@, =C0S—— g +isin—— oz
m m

b)Xét @, = cos——

1a mot nghiém cua z" —1=0.Bdi vi

2 Pz _ 297
m n

o, Ho,'FLtac 0, =0, < — +2rx,rel.

Chota E—ﬂ:r:> pn—gm=rmn.
n

m
Mat khic, m=m'd,n=n'd,UCLN(m',n") =1.
pn—gm=rmn=n'p-m'qg=rm'n'd.
m'in‘p=m|p=p=pm,p'eZva
2pr _2p'm'zr 2p'm
m md
Nguoc lai, d|m,d|n,batky nghiém cia z* —1=01a nghiém ctia z™ —1=0 va
z" —1=0(tinh chit a).
¢)Trude hét ta tim s nguyén duong nho nhat p sao cho @, =1.Tuhé thuc @, =1.Suy ra

_ Y od _
argo, = va oy =1.

2kpz =2K'7z, K€ L. Ticla kp =k'e Z . Xét &=UCLN(k,m) va k=k’d, m=m’d, ¢ day
m m

UCLN(k’,m’)= ; K F?g = K F? vam’ nguyén to clng nhau , ta c6 m’[p.
m m

Do d6 s6 nguyén duong nhé nhét p thoa min o =1lap=m’. Két hop v6i hé thire m=m’d suy

ra p:%,d:UCLN(k,m).
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Néu o, 1a can nguyén thily bac m ctia don vi, thi tir hé thic @ =1, p = UC+(I<,m) suy
ra p=m, tic 1a UCLN(k,m)=1.
Luuy.
Tt b) ta thu dwoc phuong trinh z™ —1=0va phuong trinh 2" —1= 06 nghiém chung duy
nhat 12 1 néu va chi néu UCLN(m,n)=1.
Dinh ly. Néu @ €U 1a mot can nguyén thily bic n cta don vi thi cAc nghiém cua phuong trinh
z2"-1=01a

o @™, .., ™™, r1amdt so nguyén dwong cho trudc.
Chirng minh. Cho r 1a mét s6 nguyén duong va h €{0,1,...,n —1}. Khi d6
(@"™" = (") =1, tic 1a »"" a mot nghiém ctia z" —1=0.

r+n -1

Chi can ching minh ", "™, ... phan biét. Gia sir khong phan biét, tirc ton tai
r+h=#r+h,h>hmi a)”hl = """ Khid6 ©"" (0" "™ —1) =0. Nhung

"™ #0= "™ =1.Ddi chicu véi 0 < h, —h, <nva ® la mot cin nguyén thiy bic n
ctia don vi, ta co mau thuan,

Bai tap 15. Tim s6 cip thir tu (a,b) cac s6 thuc sao cho (& + bi)* %

=a-bhi.

Loi gidi. Dit z=a+bi= Z = a —bi,| z |=/a? + b? . H¢ thitc da cho tr thanh 272 =7 .

|22 Hz H z[= 2| (| [ -D) =0.
Do d6 |z|=0, tic 1a (a,b)=(0,0) hodc [z=1. Trong trudng hop |z/=1, ta c6
Z2002 -7 Z2003 =77 :| 7 |2:
Do phuong trinh 2™ =1 ¢6 2003 nghiém phan biét= c6 2004 cap thir ty theo yéu cau.
Bai tap 16. Hai da giac déu clng ndi tiép trong mot dwong tron. Da giac thir nhat co 1932 canh,
da gidc thir hai ¢6 2973 canh. Tim s6 dinh chung cua hai da gidc do.
Lo giai. So dinh chung bang s6 nghiém chung cua hai phuong trinh
7% _1=0,z*" —1=0. Ung dung dinh Iy trén, s nghiém chung 13
d =UCLN (1982,2973) =991.
Bai tap 17. Cho @ €U 1a mot cin nguyén thity bac n cia don vi va z 1a s6 phirc sao cho
| z — " <14, Vk=0,1,...,n—1. Ching minh z=0.
Loi giai. Tu gia thiét , dugc
(z-0")(z-0")<1=|z< 20" +Z0* k=0,1,...,n—1. Ly tong cic h¢ thic trén,

nlzf <Z(Za) )+7nz =0.

2003

Do do6 z=0.
Bai tap 18. Cho P,P,... P, la da gidc déu ndi tiép duong tron ban kinh 1. Chimg minh
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a) PR.RP,...RP ,=n
sin (n-Yx _.n

b) sinzsinz—”...

n n n 2"t

. .37z . (@2n-Dxr 1
¢) sin—sin—...sin =—
2n  2n 2n 2"

Loi giai.
a)Khong mét tong quat, gia sir cac dinh da gidc 1a cac diém biéu dién hinh hoc cac cin bic n cia
don vi, Py =1. Xét da thuc

f=2"-1=z-)(z-w)...z-"), a):cosz—”+isin2—7[.
n n
RO rang
n=f'0)=1-o)1-?)...0- ™).
Léy Modun hai vé duoc két qua.
b)Ta co
1—a)"=1—0052k—7[—isin2k—7[:Zsinzk—”—Zisink—”cosk—”
n n n n n
. kr,. kr . k&
=2sin— (sin— —icos—
n n n

Dodé |1- " |= 2sink—”, k=12,...,n—1. Sir dung a) ta c6 diéu phai chtmg minh.
n

¢)Xét da giac déu Q,Q, ...Q,, ,ndi tiép trong duong tron , cac dinh cta nd 1 diém bicu dién
hinh hoc cta cdn bac 2n clia don vi. Theo a)
QuQ1-QQ; - QyQypy =20
Bay gio xét da gidc déu Q,Q,...Q. ,,tac6 Q,Q,.Q,Q,...Q,Q,, , =N
Do d6 Q,Q,.Q,Q;...Q,Q,, , = 2. Tinh toan twong ti phan b) ta dugc

Q,Q, ; =2sin (ZKZ;D” k =1,2...nvataco dicu phai chimg minh
n

4.3 Phwong trinh nhj thirc
Phuong trinh nhj thire 1a mot phuong trinh ¢6 dang 2" +a =0, ne Nva n> 2. Giai phuong
trinh 12 tim can bac n ctia s phitc —a. Pay 1a mot dang don gian ciia phuong trinh bac n hé s6
phitc. Theo dinh 1y co ban, phuong trinh ¢ ding n nghiém. Va ciing dé théy trong trwong hop
ndy phuong trinh c6 n nghi¢m phén bigt.
Vidu17.
a) Giai phuong trinh z° +8=0.

—8=8(cosx +isinx), cacnghiém la
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r+2kr . . m+2krx
z, =2(cos +isi

),k=0,12.

b) Giai phuong trinh z° — Z*(L+i)+i=0
Phuong trinh tuong duong voi

(2°-1)(z°-i)=0.

Gidi phurong trinh nhi thire z* —1=0, z°> —i =0 ¢6 c4c nghiém
_c052k—7z+|sm2k—7[ k=0,1,2va
3 3
7 1 2kx Ty 2kx
zk:amz————+mm2—§—ﬂk:QL2

4.4 Bai tip

1. Tim cac can bac hai cua z
Q) z=1+I1;
b)) z=i;

1 i
Z_7§+Q§’
d) z:—XLHJQ;

e) z=7-24i.
2. Tim cac can bac ba clia z
Q) z=-I;
by z=-27,
) z=2+2i;
d)z=l—ﬁ@;
2 2
e) z=18+26i.

3. Tim cac can bac bon cua z

Q) z= 2-i12;
b) z=/3+i;

) z=i,
d z=-2i,
e) z=—7+24.

4. Tim can bic 5,6,7,8, 12 céc sO trén.
5. ChoU, ={w,,®,,...,o, }"1a cic cin bic n cta don vi. Chimg minh

* U, cting v6i phép nhan 1a mot nhom Abel. N6 con 1a nhém xyclic sinh boi cin nguyén thiy bac n ciia don vi.
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a) ;0 eU,,vjke{01,...,n-1;
b) a)j_leUn,‘v’j €{0,1,...,n-1}.
6. Gidi phuong trinh

a) z°-125=0;
b) z*+16=0;
) z°+64i=0;
d) z°-27i=0.

7. Giéi phuong trinh
a) z'-2iz'-iz°-2=0;
b) z°+iz°+i-1=0;
) (2-3i)z°+1+5i=0;
d) z°+(-2+i)z°-2i=0.
8. Gidi phuong trinh
2* =5(z-1)(z* -z +1).

4.5 Dip s0 va hwéng din

\ ;+1k:r £+1kn
l.a)zr = +2 | cos 3 +isin2 3 ke 0,1}
=+ 2n = 4 %n
b) 2 = cos 2 +:'sin1T.ke{lLl};
§+2kn T otk
C) I = cos — _.-:':-—+;'ﬁin-‘lI ?—.kc[ﬂ.”:
] 2
-;-I—Ek.rr 43—H+1k:r
dyg =2 cﬂs—zn—+isin—2-— .k €10, 1};

elzp=4—=3i,z) = =4 4 3.

3 3
2k ok

I.a}zk=msz—-—+isinl—2—,kt-:[ﬂ, 1,2}

+ 2k 2
h}zk=3(cmn T Hsinth kﬂ).ke{ﬂ.l.i}:
T+ e T 2k
S zi =2 cos 2 3 +fsin4 3 ke {0,1,2);
5;+1krr 5—"+2.E:Ir
d) 2 = cos + i sin 3 Lkef0, 1,2
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( T“+z:ur STy 2k
3.a)z =42 ms—4—+:'sin—“4— Jkef0,1,2,3);
l\ ' 4
‘r-" E+2kn E+2kﬂ
\
%+Ik:r Z 4 2%n
©) a = cos 2— + i 8in = kel0,1,2,3);
3
?’r+2k:¢ 3—r+2kn

=2+, a1==-2-ln=-14+2,153=1-2i.

2% 2%
d.zk=cuﬂT”+isin—n—.k €(0,1,....n—=1},ne (56,78, 12].

2n
6.:).:*_5(05—+:w1 3)kE[ﬂ12}
h}z;_z( ;r+2k:rr .EsinH+2hr

)..i: €{0,1,2 3}

4
3
—+2:m T“+2.lm
¢z =4|cos =—— +:'s'm—3— ke 01,2y
—-I‘-lkn % 2k
dyz; =13 cos 2——— + i sin 3 kel 1,2).
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