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1. MO PAU

Li do chon dé tai

Trong cac ki thi hoc sinh gidi bai toan hinh hoc phéng lu6n chiém mot vi tri
trong dé thi, vi vy dé gop phan nang cao ki ning giai toan hinh hoc phang
chung ta can phai nim bét duoc nhimg phuong phap phat hién van dé.

Muc dich nghién ciru

Trong bai viét ndy toi s& gidi thiéu phép bién ddi d6i song 13 mot trong nhiing
phuong phap dé phat hién ra t& gidc ndi tiép, quan hé song song va vudng goc
gilta cac dudng thang, dong thoi ciing 1a mot phuong phap dé sang tao ra nhiing
bai toan mai.

Poi twong nghién ciru

Thong qua phép blen d6i ddi song cung cap thém mot phuong phap tu duy,
tiép can dé giai quyét cac bai toan hinh hoc phang.

Xay dung mot h¢ thong bai tap hay va kho da tung xudt hién trong cac ki thi
Ohmplc duoc giai quyét méi (mot cach sic sao) bang phuong phap phép bién
d6i d6i song.

Phuong phap nghién cttu i
bé tai dugc nghién ctru bang phuong phép phan tich, tong hop.

2. NOI DUNG

2.1 Co s6' 1y luan

Cho hai dudng thing m, va m,, hai dudng thang /, va [, goi 1a ddi song véi
nhau d6i v6i hai duong thang m, va m,, néu nhu anh /, cua /, qua phép doi
xung qua dudong thang m (duong phan gidc cua goc tao boi m, va m,) 1a duong
thang cung phuong voi /, .

Nhin xét. Neu ta chi dé y dén ha1 duong thang l val, thi Z val, song song vGi
nhau (ddy 1a van dé hinh hoc tinh). Nhung phép bién d6i di song bién mot 16p
cac duong thang cung phuong voi 4 thanh mét 16p cac duong thing cing
phuong v6i 1, (mbi dudng thang trong 16p 4 déu ddi song voi mot dudng thang
trong 16p 4) (day 13 van d& hinh hoc dong).



Ta c6 mdt s6 mdi lién hé sau diy vé dwong thing doi song trong tam giac
Cho tam giac ABC, hai diém P, Q 1an luot thudc hai duong thang AB, AB.

Néu duodng thang PQ ddi song voi BC ddi v6i hai duong thang chira hai canh

AB, AC, thi ta con néi PQ d6i song véi BC d6i voi dinh A trong tam giac ABC,

hay con noéi QP dbi song v6i BC trong tam giac ABC.

a) Trong mot tam giac duong thang ndi chan hai dudng cao 1a dudng d6i song

v6i duong thang chira canh con lai.

b) Tiép tuyén tai mdi dinh ctia duong tron ngoai tiép tam giac 1a duong ddi song

ctia duong thang chira canh dbi dién dinh d6.

c¢) Ban kinh di qua mdi dinh cua tam gidc vudng goéc voi dudng dbi song cua

canh d6i dién dinh do.

d) Cho tam giac ABC, dudng tron di qua hai dinh B, C cat hai duong thang AB,

AC tai hai diém P, Q. Khi d6 duong kinh di qua dinh A ciia duong tron ngoai

tiép tam giac ABC vudng goc véi PQ va duong kinh di qua dinh A cua duong

tron ngoai tiép tam giac APQ vudng goc véi BC.

e) Trong mot tam giac duong cao va duong kinh ciia dudng tron ngoai tiép tam

giac cung di qua mot dinh thi dbi song voi nhau dbi voi hai canh di qua dinh do.

f)Trong tam gidc dudng ddi trung va duong trung tuyén cung di qua mot dinh

thi d6i song voi nhau, dbi véi hai canh di qua dinh do.

H¢ qua: Duwong tron di qua hai dzem B, C cat hai dwong thang AB, AC tai hai

diéem B’, C’. Khi dé dwong thang néi A véi giao diém ciia hai tiép tuyén tai B,

C’ cua chm’ng tron ngoai tiép tam gidac AB’C’ di qua trung diém BC.

T

g) Trong mot tam giac hai duong 7d6i song cung di qua mot dinh thi ding giac
voi nhau. Nhu vy hai duong dang giac la truong hop déc biét cua hai duong
doi song.



Ta c6 moi lién hé sau day vé dwong thang doi song trong tir giac noi tlep
Trong mdt tir giac nodi tiép dudng tron, ciap canh ddi dién ddi song voi nhau dbi
V61 cdp canh con lai.

Nhue vy, néu tir gidc ABCD néi tiép dwong tron va dwong tron @ thay déi di
qua hai dinh C, D cdt cdc dwong thang AD, BC lan lwot tai M, N thi MN//AB.

B

Ta thuong sir dung diéu kién d6i song dudi dang sau:
Cho A, C thuéc Ox va B, D thujc Oy (A4,B,C,D #O) . Khi dé AB doi song véi
CD khi va chi khi tir gidc ACBD ndi tiép.

2.2 Thye trang van dé trude khi ap dung sang kién kinh nghiém

Trong hinh hoc vin dé quan hé song song va vudng goc gilra cac duong
thang 1a mot trong nhiing quan h¢ co ban, va van dé tir giac noi tiép co lién hé
sdu sic v4i s6 do goc nén nhitng van dé nay thuong xuat hién trong cac ki thi
hoc sinh gidéi mon todn.

C6 nhitng van dé vé song song, vudng goc gitta cac dudng thang va tir giac
nodi tiép néu nhin dudi dang hinh hoc dang tinh thi kho phat hién ra van dé.
Nhung ciing ciing van dé d6 dugc nhin bang phép bién d6i d6i song (dang hinh
hoc dong) thi viéc phat hién ra van d¢é lai rat don gian.

Vi vy viéc nam bit duoc ndi dung phép bién doi ddi song s& gop phan
nang cao ki ning giai toan hinh hoc phang.



2.3 Ap dung

1. (VMO -2015) Cho duong tron (O) va hai diém B, C ¢ dinh trén (O), BC
khong 1a duong kinh. Mot diém A thay dbi trén (O) sao cho tam gidc ABC nhon.
Goi E, F 1a chan duong cao ké tir B, C cua tam giac ABC. Cho (I) 1a duong tron
thay d6i di qua E, F va co tam 1a I.

. % . : ..+ DB _[cotB
Gia st () tiép xtc véi BC tai D. Chiing minh rang = [
DC cotC
Loi giai:

C

Goi K, L 1an luot 14 giao diém thu hai caa (I) véi AB, AC.

Néu tam giac ABC cén tai A, thi hién nhién bai toan ding.

Gia sat AB #AC. Ta c6 BC, KL cung ddi song voi EF, suy ra KL/BC.

DB* BF.BK BF BK BF AB BF BE cotB R DB /cotB
cotC

Suy ra ~ = =—. = = = =
DC° CECL CE CL CE AC CE CF cotC DC

2.(VMO - 2014) Cho tam gidc nhon ABC ndi tiép dudong tron (O) voi
AB < AC. Goi I 1a trung diém cung BC khong chira A. Trén AC lay diém K
khac C sao cho IK =IC. Pudng thang BK cit (O) tai D(D #B) va cit duong
thang Al tai E. Puong thang DI cit duong thang AC tai F. Chting minh rang
2EF =BC.

Loi giai:

Theo gia thiét thi K thudoc doan AC. Do I 13 trung diém cung BC nén
Bar =BDF = E4ADF ndi tiép.

Xét tam giac KAD, tir cac t gidc ADFE, ADCB ndi tiép suy ra EF, BC cung
d6i song v6i AD, nén EF // BC (1)

Ta c6 IK =IC= AIKC can tai I. Hon nita do ABIC ndi tiép, ta suy ra
YKT =180° - Ik =180° - Fok =QB1. Ta lai ¢6 Yk =B4p va IK =IC =IB,
nén suy ra AABI =AAKI, tir @6 suy ra Al 1a trung truc cia BK hay E la trung
diém BK  (2).



T (1) va (2) suy ra EF 1a duong trung binh cua tam gidc KBC hay 2EF = BC.
3. Cho tam giac ABC. Puong thang d di qua dinh A vudng goc véi BC. O 1a
diém bat ky thudc d, dudng tron tam O ban kinh OA cit hai duong thang AB,
AC tai P, Q. Goi T 1a giao diém cua hai tiép tuyén tai P, Q cta dudng tron ngoai
tiép tam gidc APQ. Chimg minh rang diém T ludn thuéc mot dudng thang cd
dinh khi O thay ddi trén d.

HD: Cich 1: Ta c6 AP.AB =AD.AH =AQ.AC = B,P,0Q,C dbng vién, do d6
PQ d6i song voi BC trong tam giac ABC. Ap dung hé qua trén suy ra diéu phai
chuing minh. d

B C

H

Cdch 2: Ké tiép tuyén d tai A cta duong tron ngoai tiép tam giac APQ.

Suy ra (d, AT, AP, AQ) la chum diéu hoa. Ma BC // d, suy ra AT di qua trung
diém BC.

4. Cho tam giac ABC. AA’, BB’, CC’ 1a cac duong cao cua tam giac ABC.
Puong tron duong kinh AA’ cat AB, AC tai P, Q. Tiép tuyén tai P, Q cua dudng
tron duong kinh AA’ cit nhau tai A’’. Céac diém B’’, C** duoc xac dinh tuong
tu. Chtirng minh rang AA”’, BB, CC”’ dong qui.



5. Cho tam gidc ABC nhon noi tiép dudng tron (O). Pudng trung truc ctia AC
cat CB tai N, duong trung truc cua CB cat CA tai M.

a) Chimg minh bbn diém A, B, M, N cling nam trén mot duong tron.

b) Cho A, B va (O) ¢b dinh. Ching minh rdang MN luén tiép xuc véi mot duong
tron ¢b dinh.

HD: a) Goi K, L lan luot 1a
trung diém CA, CB suy ra KL
song song AB. Ta c6 KL dbi
song v&1 MN va AB//KL, suy
ra AB ddi song voi MN trong
tam giac CMN. Do d6 bén
diém A, B, M, N cung nam
trén mot duong tron.

MN tiép xuc v6i duong tron tdm P, ban kinh bang nira ban kinh duong tron (O).
6. (RUSSIA 1998) Tam giac nhon ABC ndi tiép duong tron (O), dudng tron (S)
ngoai tiép tam giac BCO. OK la duong kinh cta (S); D, E lan luot 1a giao diém
thtr hai cua (S) véi AB, AC. Chung minh ADKE la hinh binh hanh.

HD: H¢ qua cua bai 3.

7. Cho tam giac ABC nhon ndi tiép dudng tron (O) Puong trung truc cia AB
cat AC, CB lan luot tai C;, Cy; duong trung truc cua AC cat BA, BC lan luot tai
B, B,. Chimg minh bén diém B, B,,C,,C, dong vién.

HD: Goi K,L lan luot 13 trung diém AB, AC. Suy ra tdm dudng tron ngoai tiép
tam giac KLO 1a trung diém AO va B,C, ddi song voi KL trong tam giac KLO.




Ma B,C,//KL= BC, db6i song véi B,C, trong tam giac OB,C, , do d6
B, B,,C,,C, dong vién

Nhdén xét: Néu goi P, Q 1a giao diém cua hai duong tron (BB,B,), (CC,C,) thi O,
P, Q, A thing hang.

8. Tam giac ABC noi tiép duong tron tam O. Pudng tron (I) ndi tiép tam giac
ABC tiép xtc v6i cac canh BC, CA, AB lan luot tai D, N, M; BI cit MN tai E,
CI cat MN tai F. Chirg minh rang tt giac BFEC ndi tiép.

Gidi: Goi P 1a giao diém thtr hai cua Al véi (O). D& ching minh dugc P 1a tim
dudng tron ngoai tiép tam giac BCL. Xét tam giac BCI c6 IP L EF = EF dbi
song v6i BC, suy ra BFEC ni tiép.

9. Cho duong tron (O) ¢b dinh va AB 1a mot day cung cb dinh khac duong kinh
cta (0). I 13 trung diém doan AB. P 13 diém thay d6i trén cung 16n AB cua (O).
Goi M, N lan luot thudc tia PA, PB sao cho BPry7 =Pn7 =4pp. Chimg minh:

a) Puong thang di qua P vudng goc vdi MN di qua mot diém cd dinh.

b) Puong thiang Ole cta tam gidc PMN di qua mot diém ¢ dinh.

HD: a) Goi X =IM N PB,Y =IN N PA. (khong mat tong quat gia sit N thudc
doan AX, thi M thudc doan AY)

Ta co6 PMI =BNI =4PB = AYPN,AXPM cantai Y, X.

Suy ra BYn =180° - 2HPB =BxM = Mnxy noitiép.
Goi S 1a tam duong tron ngoai tiép tam giac AOB, suy ra S c6 dinh.
Ta co DSB =BSB =180° - H0B =PXT = IXBS noi tiép. Tuong tw ISYA ndi tiép.

Suy ra §XB =8Y4 =818 =90° = PS 1a duong kinh ctia duong tron ngoai tiép
tam gidc PXY. ’ ,

Xet tam giac PXY: Tur tr giac MNXY ndi tiép, suy ra MN doi song voi XY. Suy
ra PS vuodng goc voi MN. Vay duong thang di qua P vudng goc voi MN luén di
qua diém S ¢0 dinh.




b) Bé dé: Cho tam giac ABC va mot duong tron @ di qua hai dinh B, C cit AB,
AC lan luot tai X, Y. Goi H, H’ lan luot 1a tryc tdm cac tam gidc AMN, ABC.
Goi I 1a giao diém ctiia BY va CX. Khi d6 H, H’, I thang hang.

That vay, dé théy H, H’, I thudc truc dﬁng phuong cua hai duong tron duong
kinh BX, CY.

Tré lai bai todn: Goi H, H’ 1an luot 14 truc tAm cta cac tam giac PMN, PXY.

Tu AYPN,AXPM cén tai Y, X suy ra H’ 1a tim duong tron (PMN).

Ap dung bd dé ta duoc duong thiang Ole cua tam giac PMN ludn di qua I ¢b
dinh.

10. (IMO 1985) Budng tron tim O di qua hai dinh B, C cua tam giac ABC, cit
cac canh AB, BC tuong ung tai K, N. Cac dudng tron ngoai tiép tam giac ABC
va KBN cét nhau tai M. Chirng minh réng BMB =90°.

Loi gidi: Cach I: Goi O’, O, lan luot 1 tim duong tron ngoai tiép cac tam giac
ABC, BKN.

Goi E, F 1an luot la céc giao diém tha hai cia BO’, BO, véi cac duong tron
(0”), (0)). Goi O, 1a trung diém EF, suy ra BE // 0,0, va 0’0, // BF.

Xét tam giac ABC, ta co KN 1a duong ddi song cua AC, suy ra BE L KN.

Do d6 O,0, L KN | suy ra O, thudc trung tryc cua KN (1).

Dé thay E, F, M thang hang vi ME va MF cung vudng goc v6i BM.

Xét tam giac BKN, ta c6 AC la duong db6i song cia KN, nén
BF 1 AC= 0'0, L AC Do @6 O, thudc trung tryc cia AC (2)

T (1) va (2) suy ra O, =0. Do d6 O nam trén dudng thang EM, nén
OM 1 BM.

Cdch 2: Ta c6 KN 1a dbi song ctia AC trong tam gidc BAC, suy ra
BO' L KN (1).

AC 1a dbi song ctia KN trong tam giac BKN, suy ra BO, L AC (2).
(0)N(0,) =[K,N| = 00, LKN (3). (0)N(0") = 4,C| = 00' LAC (4).
T (1), (2), (3) va (4) suy ra BO'OO, 1a hinh binh hanh, suy ra BO cit 0’0,
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tai I 1 trung diém mdi dudng, suy ra 10 =IB (5). (0)N (0" Z[B,M} = 00"
13 trung tryc cia BM, suy ra /1B =IM (6).
Tu (5) va (6) suy ra ABMO vudng tai M.

Nhin xét:- Bang cach sir dung duong thang ddi song, ta c6 duoc mot 1oi giai
dep cho bai IMO. Khong nhitng thé 10i giai van dung cho truong hop K, N thudce
duong thang AB, AC.

Bdi todn ndy cé nhiéu g dung vao chirng minh va sdng tac cdc bai todn khdc.

11. Cho tam giac ABC ndi tiép dudng tron @. Pudng tron @' thay d6i luon di
qua B, C cat AB, AC lan luot tai E, F. Puong tron ngoai tiép tam giac AEF ct
lai duong tron @ tai K (4 #K) . KE, KF lan luot cat lai duong tron @ tai Q, P
(khac K). Goi T la giao diém cua BQ va CP. Chirng minh rang T thudc mot
duong thang ¢ dinh khi dudng tron ' thay doi.

Loi gidi 1:(EF,BP) =(EF,FP)+(FP,BP) =(EA,KA) + (KA,BA) (vi E, F, A,
K dong vién va A, B, P, K ddng vién) =(£4,B4) =0(modx)= EF//BP (1).
Chung minh tuong tu, ta c6 EF//CQO (2).

T (1) va (2) suy ra BP//CQ = BPCQ la hinh thang can, suy ra OT vudng gbc
v6i BP, do d6 OT vuong goc véi EF. Dé chimg minh duoc EF vuong goc AO.
Tir d6 suy ra A, O, T thang hang.

Loi gidi 2: Goi M =AENKF,N =AF N KE.

Xét tam giac AKM, tir cac bo bon diém (A,K,E, F), (A, K, B, P) déng vién, suy
ra EF va BP cung ddi song vi AK. Do d6 BP // EF. Tuong ty CQ // EF. Suy ra
BPCQ 14 hinh thang can. (Giai tiép nhu cach 1).

12. Cho tam gidc nhon ABC ndi tiép dudng tron tim O. BE, CF 1a cac duong
cao, H 13 truc tAm. M 1a trung diém canh BC. Tia MH cit dudng tron ngoai tiép
tam giac ABC tai D. Cac dudng thang DE, DF cit lai dudng tron ngoai tiép tam
giac ABC tai P, Q tuong tmg. Chimg minh rang AO, BQ, CP déng qui.
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Loi gigi: Khong mat tong quat gia st D thudc cung AB khong chira C. Goi K 13
giao diém ctia AF va DE. D& ching minh dugc AEHFD ni tiép.

Xét cac tam giac AKD, ta c6 EF, BP cung dbi song véi AD, suy ra EE//BP (1).
Tuong tu goi L 1 giao diém diém ctua DF va AE. Xét tam giac ALD, ta ¢ EF,
CQ cung ddi song véi AD, suy ra EF/CQ (2).

T (1) (2) va 4 diém B, P, Q, C niam trén dudng tron suy ra BQCP 13 hinh thang
can. Goi S 13 giao diém cua BQ va CP, suy ra OS L BP. Mit khéc ciing tir tinh
chat di song suy ra O4 L EF. Tir d6 suy ra A, O, S thang hang. Vay AO, BQ,
CP d6ng qui tai S.

L
A
DX /K E
P
F
o)
B Vi C
Q

S

Mé réng: Cho tam giac ABC. Puodng tron di qua hai diém B, C cat AB, AC tai
E, F dudng tron ngoai tiép tam giac AEF cit lai dudng tron ngoai tiép tam giac
ABC tai D. DE, DF cét lai duong tron (ABC) tai P, Q . Chung minh rf?mg PC,
QB, AO ddng qui (O 1 tim dudng tron (ABC).

13. (England — 2007) Goi H 1a tryc tam tam giac ABC, P 1a diém nam trong
mit phang tam gidc ABC khac A, B, C. Cac diém L, M, N lan luot 1a chan
duong vudng goc ha tur H dén duong thang PA, PB, PC. Goi X, Y, Z lan luot 13
giao diém cua LH, MH, NH véi BC, CA, AB. Ching minh ba diém X, Y, Z
thang hang.

Loi gidai: Cach 1. Goi A’,B’, C’ lan luot 1 chan céac duong cao hatr A, B, C
dén cac canh d6i dién. D& thdy HA.HA' =HB.HB' =HC.HC'".
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Tacod BNz =Bc'7 =90° = bdn diém C,N,C,Z déng vién, suy ra

HN.HZ =HC.HC'. Chimg minh tuong tu ta cling c6 HL.HX =HA.HA' va
HM.HY =HB.HB'. Tir d6 suy ra cac bo 4 diém (X, Y, L, M), (X, Z, L, N) dong
vién.

D@ thay tAm duong tron ngoai tiép cac tam giac HLM, HLN 1a trung diém HP.
Xét tam giac HLM vé6i duong tron (XYLM) di qua L, M suy ra XY d6i song voi
LN, do d6 PH L XY (1). Ching minh twong tu tacé PH L XZ (2).
Tir (1) va (2) suy ra X, Y, Z thang hang.
Cdch 2. Pé ching minh X, Y, Z thang hang ta ching minh PH L XY va
PH 1 XZ . Taco6
XH =HL 1 PA < XP* - XA =HP*- HA* (1)
XB=CB1AH  AX® =A4AB* =HX’- HB® (2)
BH 1 AC =AY < BA*- BY* =HA*- HY® (3)
YH =MH 1 BP < YB*- YP* =HB’- HP* (4.
Cong (1), (2), (3) va (4) vé theo vé ta dugc
XP’- YP* =HX’ - HY’ & PH L XY (5).
Chirng minh twong tu ta c6 HP L XZ (6) . Tr (5) va (6), suy ra dpcm.
Cach 3. bat HA.HA' =HB.HB' =HC.HC' =HL.HX =HN.HZ =HM .HY =r.
Xét phép nghich dao ¢ tam H, phuong tich r.
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Qua phép bién ddi ¥: L0 X, M T Y, NI Z;maduong tron (LMN) di qua
H, nén qua ¢ duong tron (LMN) bién thanh dudng thang XYZ.

14. (HSG-THPT chuyén Lam Son 2015) Trong mat phang cho tam giac ABC
khong can, c¢b dinh. Puong tron @ thay d6i luon di qua hai diém B, C; @ cit
cac duong théng AC, AB lan luot tai E, F. Goi K 1a giao diém cta BE va CF, O
1a tAm duong tron @ . Chimg minh ring:

a) KO ludn di qua mot diém cb dinh khi @ thay doi.

b) d(4,KO0) <2R (trong d6 d(4,KO) 1a khoang cach tir A dén dudng thing
OA va R 1a ban kinh dudng tron ngoai tiép tam gidc ABC). Dau dang thic xay
ra khi nao?

HD: Cach 1: Goi M la giao diém cua EF va BC, thi AM la duodng ddi cuc cua K
d6i voi duong tron @ do d6 OK L AM. Goi H =AM NOK = AH 1 HO va
OH.OK =0OB’ = OB la tiép tuyén cua duong tron ngoai tiép tam giac BHK, suy

ra (OB, BK) =(BH,HO) =(BH,HA) + (HA, HO) =(BH, HA) + %(modzr) , (Vi HA L HO)

1
T (0E,08)- Z (vi AOBE can tai O)
272 2 2

1 . .
EE(OB,OE) =(BC,CE) =(BC,CA)(modr), suy ra bon diem A, H, B, C cung

= (BH,HA) =(OB, BK)- % =(0OB, BE)-

nam trén mot duong tron. Tir d6 suy ra KO ludn di qua diém D ¢b dinh, véi AD
1a duong kinh cta dudng tron ngoai tiép tam giac ABC.

Cich 2: Qua B ké duong thang vudng goc voi AB catlai @ tai B’, qua C ké
duong thang vudng goc véi AC cat lai @ tai C’. Goi D =BB'NCC", suy ra AD
1a duong kinh cta duong tron ngoai tiép tam giac ABC, suy ra D ¢6 dinh.

Ap dung dinh 1y Pascal cho 6 diém B,C,E, F, B’, C’ cung nam trén duong tron
@, suy ra K, O, D thang hang .

b) Ta c6 d(4,KO) =AH <AD =2R. Dau bang khi va chi khi H =D khi va chi
khi tam O cta @ 13 giao diém dudng thiang vudng goc véi AD tai D va trung
truc cua BC.
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Nhdn xét: - Co thé chimg minh OK | AM bang dinh 1y Brocard.
- Bai toan trén duoc sang tac theo tinh chat EF ddi song véi BC trong tam giac
ABC.
15. (T5/436 - TH&TT) Cho duong tron (O) duong kinh AB. Tu diém L nam
ngoai duong tron ke IH vudng goc voi AB (H nam gitra O va A). IA, IB cat (O)
lan luot tai E, F; EF cit AB tai P. EH cét (O) tai diém thir hai 1a M, PM cit (&)
tai diém thtr hai 1a N. Goi K 1a trung diém EF, O’ 1a tAm dudng tron ngoai tiép
tam giac HMN. Chirng minh rang O’H // OK.

M
HD: BE, AF, TH dong qui tai Q 1a
tryc tdm cua tam giac ABI, suy ra N
IH 1a phan gidc cua o’
BHF = M.F dbi xtng qua AB
= PM,PF d6i xtng nhau qua B Q H A P
AB= N,H,F thing hang. Ma
EF 1a duong dbi song cia MN Q
d6i voi tam giac HMN, suy ra E
O’H vuong goc voi EF. Theo gia
thiét ta c6 OK LEF. Tir d6 suy
ra O’H//OK

|

16. (Shortlits IMO -2012) Cho tam giac ABC nhon, cac diém D, E, F lan luot 13
chan dudng vudng goc ha tir cac dinh A, B, C dén cac canh BC, CA, va AB. Goi
I,, I, 1an luot 13 tim dudng tron ndi tiép cac tam giac AEF, BDF; O, O, lan lugt
1a tim dudng tron ngoai tiép cac tam gidc ACI,, BCL. Ching minh rang L1,
song song vdi O,0..
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Goi I 1a tam duong tron ndi tiép tam giac ABC va I; 13 tim dudng tron noi tiép
tam giac CED. Dé chimg minh dugc .14 =II,IB =1I.IC, suy ra céc tir giac
AILB, BLIC, ALI,C ndi tiép. Do d6 dudng tron (0,),(0,) cit nhau tai C,

L;.Suyra OO0, LCI ().

D@ thay tAm dudng tron ngoai tiép tam giac AIB 13 trung diém cung AB (khong
chura C), nén thuoc CI.

Ta lai ¢6 1,1, dbi song voi AB trong tam giac AIB, do a6 CI L1,1, (2).

Tur (1) va (2) suy ra I,1, song song vdi O,0,.

17. Cho tam giac ABC, P 1a diém bat ky. Puong tron (M) bét ky di qua B, C.
BP, CP lan luot cdt (M) tai K, L. KL cat CA, AB tai E, F. G, H lan luot doi
xtmg véi E, F qua P. GH cat PB, PC tai Y, Z. Gia st B, C va (M) c6 dinh, A, P
thay d6i sao cho  duong nbi P va tim duong tron ngoai tiép tam giac PBC ludn di
qua mét diém cb dinh trén BC. Chimg minh rang trung truc YZ ludn di qua mot
diém c6 dinh.

HD: Goi X 14 tam dudng tron ngoai tiép tam giac BPC. Ta c¢6 LK dbi song véi
BC trong tam giac BPC, suy ra PX 1 LK. Goi J 1a trung diém LK, suy ra
MJ L LK.

A
", K
P J -
Fi._ P
. ' - YA !
) , \"
G/ M |
y B2 = n C
D '
N
X
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Tl‘lf do PX,// JM. Ta lai ¢6 doan LK d6i xung voi doan ZY qua P Vélr PX di qua
diém D co dinh trén BC, nén trung tryc cua ZY di qua diém N (c6 dinh) do61
xtng v&1 M qua D.

18. Cho doan BC va D thudc BC c¢b dinh. Pudng tron (O) thay doi di qua B, C.
M dbi xtng véi O qua BC. Pudng thing qua O song song v&i MD cit (O) tai A
sao cho A va M khac phia voi BC. Puodng tron (K) ¢b dinh di qua B, C. MD cit
duong thang di qua A vudng goc voi BC tai H. HB, HC cat (K) tai E, F khac B,
C.Y, Z dbi xtmng véi E, F qua H. Chimg minh rang trung truc ctia YZ ludn di
qua mot diém cb dinh khi (O) di chuyén.

HD:

e H 1a tryc tim cua tam gidc ABC; M 14 tdm dudng tron ngoai tiép tam giac
BHC.

e Ta co EF 1a duong d6i song v6i BC trong tam gidc BHC. Suy ra EF vudng
goc voi HM. Tir d6 suy ra diém cb dinh 1a diém d6i xang véi K qua diém D.

19. Cho tam giac MKL. S ddi xtng v6i K qua ML, T d6i xtng voi L qua MK. Y
la tam duong tron Ole cia tam giac MLK. Ching minh rang MY di qua tim
duong tron ngoai tiép tam giac MST.

HD: Goi N la tim dudng tron ngoai tiép tam giac MST.

e D& thay duong dang giac cia MN trong tam giac MLK ciing 1a dudng dang
giac cua MN trong tam giac MST.

e Ma N 1a tim dudng tron ngoai tiép tam giac MST, nén theo tinh chat ddi
song, duong dang gidc cia MN trong tam giac MST 1a dudng thang di qua M
vudng gbc voi ST.

e DPuong dang giac cia dudng thaing MY trong tam giac MLK 14 duong thang
di qua M va tdm dudng tron ngoai tiép tam giac KOL (O 1a tim duong tron
ngoai tiép tam giac MLK). That vy, goi O’ 1a diém ddi xtmg v6i O qua KL va J
1a tAm dudng tron ngoai tiép tam gidc KOL. D& thdy OK la tiép tuyén cua

OM _00'
’ — ! = — ! = — =
(KO’J), suy ra OK™ =00'.0J = OM" =00'.0J o7 OM
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e Tacan ching minh MJ 1 ST. That vay, Goi Z =SLNTK = Z€(KOL). Ta
ch: S -TJ* = P =SLSZ-TK.IZ =KL(SZ - TZ)

sikor) | L rikor)

=KL(LZ- KZ) =MI* - MK® =MS’ - MT*= SJ*- TJ* =SM* - TM* = ST 1 MJ.

20. Cho tam giac ABC; AD, BE, CF la cic dudng cao; trung tuyén AM.
DF NBE =P,CF NDE =Q. S, T lan luot 14 hinh chiéu cua B, C trén trung
truc cua AC, AB. MS N PQ =U,MT N PQ =V. Ching minh rang S, T, U, V
thudéc mdt duong tron.
HD: Goi K, L lan luot 1a trung diém AC, AB; X, Y lan luot 13 tAm dudng tron
Ole cia cac tam giac ABC, MLK. Ta c6 S d6i xing v6i K qua ML va T dbi
xtng véoi L qua MK.

Ap dung bai 19 ta c6 MY di qua tAm dudng tron ngoai tiép tam giac MST.
e Ap dung tinh chat d6i song ta can chimg minh MY L UV. That vay,

. \ N ., i PP/(DEF) :PP/(HBC) R
* Goi H 1a tryc tam tam giac ABC. Ta c6 _ = P,0Q thudc truc
PQ/(DEF) _PQ/(HBC)

dang phuong cia (DEF) va (HBC). Suy ra 4X L PO vi A, X va tim dudng
tron ngoai tiép tam giac HBC thang hang.

AX > MY

® Quaphép vitu V[oz‘] (G 1a trong tdm tam giac ABC), suy ra AX

song song voi MY, hay MY LUV = dpcm.
21. Cho tam giac ABC noi tiép dudng tron tim O. Puong tron @ thay d6i luén
di qua B, C cit cac duong thang AB, AC tai E, F twong tng. O, dbi xtmg véi O
qua EF; O, d6i xtmg véi O, qua AB; O, dbi xtng véi O, qua AC. Tim tip hop
tam dudng tron ngoai tiép tam giac 0,0,0, .
HD: Pap s {A}
22. (VONG 2, TRUONG PONG BAC TRUNG BO 2015)
Cho tam giac nhon ABC khong cin ndi tiép duong tron @. Puong tron @' thay
doi di qua B, C cit cac canh AB, AC lan luot tai E, F (E,F #4). DPuodng tron
ngoai tiép tam gidc AEF cit lai duong tron @ tai K (4 #K ) . KE, KF lan luot
cit lai duong tron @ tai Q, P (P,0 #K). Goi T 1a giao diém cua BQ va CP. Goi
M, N lan luot 1a trung diém BF, CE.
a) Chtmg minh rang T thuéc mét duong thang cb dinh khi duong tron o'
thay doi.
b) Ching minh rang KA 14 tiép tuyén ctia duong tron ngoai tiép tam giac AMN.
Nguyén Vin Nhiém
Loi gidi : Goi O 1a tdm duodng tron @.
a) Cachl:(EF,BP) =(EF ,FP)+(FP,BP) =(£4,K4) +(K4,B4) (ViE, F, A, K
d6ng vién va A, B, P, K dong vién) =(£4,B4) =0(modx)= EF//BP (1).
Chirng minh tuong tu, ta co EF//CO (2).
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Tw (1) va (2) suy ra BP//CQ = BP,CQ 1a hai day hinh thang can, suy ra OT
vuong goéc véi BP (vi O thude trung truc cia BP va CQ), do d6 OT vudng goc
v6i EF. D& chimg minh dugc EF vudng goc AO. Tir d6 suy ra A, O, T thang
hang. Vay T thudc duong thang AO cb dinh.

Cich 2: Goi U =AENKF,V =AF N KE.

Xét tam giac AKU, tir cac bo bdn diém (A, K, E, F), (A, K, B, P) dong vién, suy
ra EF va BP cung d6i song v6i AK. Do d6 BP // EF. Tuong tu CQ // EF. Suy ra
BP, CQ la hai day hinh thang can. Suy ra OT vudng goc véi BP, do do OT
vudng goc véi EF. Dé chirng minh duogc EF vudng goc AO. Tur do suy ra A, O,
T thang hang. Vay T thudc dudng thang AO cb dinh.

b) Ta c6 BC, EF, AK theo thir tu 14 truc dang phuong cia cac cip dudng tron @

va @' o' va (AEF); @ va (AEF). Do d6 BC, EF, AK dong qui tai mot diém D.

Goi : L 1a giao diém cua BF va CE; X, Y theo tht tu 1a giao diém cua BF, CE
v6éi AD. Suy ra (4D, XY) =-1= B(4D,XY)=-1= B(EC,LY) =-1

= (EC,LY)=-1. Ma N 1a trung diém CE, nén theo hé thic Mac-16-ranh ta co
LN.LY =LE.LC. Hoan toan tuong tu, ta co LM .LX =LF.LB.

Suy ra LN.LY :L_M.L_X, suyraM, N, X, Y d@)ng vién.

Goi Z 1a trung diém AD, suy ra M, N, Z thang hang theo dinh 1y vé duong thang
Gauss cho tur gidc toan phan BCFEAD

Te M, N, X, Y déng vién suy ra ZM.ZN =ZX ZY . Mit khac ta lai co
(AD,XY)=-1 va Z 1a trung diém AD, nén theo hé thirc Niu-ton ta c6
ZA* =ZX.ZY =ZM .ZN = ZA la tiép tuyén ctia duong tron (AMN). Ppem.
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23. Cho duong tron (C) tam O cd dinh va mot diém M khac O. Puong kinh AB
quay quanh O nhung dudng thang AB khong di qua M. MA, MB cit (O) tai cac
diém tht hai A’, B’.

a) Chimg minh rang duong thang A’B’ di qua mot diém cb dinh.

b) Chung minh ring dudng tron ngoai tiép tam gidc MA’B’ di qua mot diém
c dinh.
Loi giai:
Goi L, K, I 1an luot 1a giao diém cua duong théng OM vo1 A’B’ , duong tron
ngoai tiép tam giac MAB va dudng tron ngoai tiép tam gidc MA’B’.
HD: T giac MAKB noi tiép dudng tron va co giao diém hai dudng chéo 1a O,

nén OM.OK=0A.OB . Suy ra OK =227

khong d6i , nén K 1a diém co6 dinh.

)
1%

|

I

D@ thay A’B’ dbi song v4i AB trong tam giac MAB, suy ra cac tur giac AA’LK,
BB’LK noi tiép, suy ra ML.MK = MA’.MA = Py, khong doéi, suy L ¢6 dinh do

K ¢6 dinh.
MA™ MO MA' MA

"=MB'A =MA’ en AMA'l ~ AMOA — = MI =
b) Do Wi4'=MB' 4" =Ma'0 nén vl 0
Vo6i cht y MA.MA” khong doi (li luan tuwong ty cau a) ta suy ra I 1a diém co
dinh.
Vay duong tron ngoai ti€p tam giac MA’B’ ludn di qua mot diém co dinh khac
Mlal.
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2.4 Bai tap , 7

1. Cho ttr gidc ABCD ndi tieép duong tron (O).Duong thang di qua B vudng goc
v6i phan giac Yep cat CD tai By, duong thang di qua C vudng goc véi phan
giac Ypp cat AB tai C;. Chimg minh rang AD song song v6i B,C,.

HD: D& thiy BCB,C, ndi tiép, suy ra AD, C,B, cing dbi song voi BC do d6 AD
song song vdi B,C;.

2. (RUSSIA - 98). Puong trong @ tdm O cit duong trong @’ tai hai diém A, B.
C 1a mot diém bét ki nam trén duong @ (C #4,B). Goi E, D 1a giao diém thu
hai cia @’ v6i CA, CB tuong Gmg. Chimg minh rang CO vuéng goc v6i DE.
HD: DE dbi song v6i AB

3. (UKRAINA - 96). Tam gidc ABC noi tiép dudng tron (O). @ 1a dudng tron
di qua A, B, O. Puong thang CA, CB cit @ tai P, Q twong tmg. Chimg minh
rang PQ vudng goc vai CO.

4. Cho hinh thang ABCD (AB//CD). Hai duong chéo AC, BD cat nhau tai O va
vudng goc v6i nhau. Cac goc DAB va CBA nhon. Diém M thudc doan AO va
diém N thudc doan OB sao cho goc BMD = goc ANC = 90 d0.

Goi E, F lan luot 1a tam D O
duong tron ngoai tiép cac '
tam giac ABO, CDO. Ching
minh rang EF vudng goc véi
MN.

HD: ON* =04.0C

OM* =OB.OD.
ABJICD = OA :OB :AB
OC OD CD A E B

ON’ _040C _OC _DC

O 04 04 AB _ ON _OM
OM® OBOD OD DC 04 OB
OB> OB OB AB

ndi tiép. Do d6 MN ddi song voi AB trong tam giac OAB. Suy ra MN vudng
gbce voi OE. ‘

Tuong tu OF cling vudong géc vo1 MN tir do suy ra di€u phai chirng minh.

=

= ON.OB =0OM .O4A= MNBA
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5. AC va BD l1a hai day cung cia duong tron tdm O va K =4C N BD. Goi M, N
lan luot 13 tim dudng tron ngoai tiép cac tam gidc ABK, CDK. Ching minh
rang MKON 14 hinh binh hanh.

HD:

e DC dbi song v6i AB trong tam giac AKB, suy ra MK L DC (1),

. ON 1a trung truc cia CD, suy ra ON L DC (2),

e MO la trung tuc ciia AB, suy ra MO L 4B (3).

e AB dbi song véi CD trong tam giac KCD, suy ra NK L AB (4),

T (1), (2), (3) va (4) suy ra MKON 1a hinh binh hanh.

6. Cho tam giac ABC, céac duong cao 4A4,CC, cit nhau tai H. Diém H, dbi
xung v6i diém H qua A. Puong thang H,C, cit AC tai C'; diém A’ dinh nghia
twong ty. Chtng minh rang 4'C'"// AC.

HD:

Hy He
AAHC, ~ACHA = AAH C,~ACH A = /A'AB=/C'CB= A'C",4,C
ddng vién va A’C’ ddi song véi C.4,, ta lai c6 AC ciing d6i song voi C4,. Do
do A’C’ // AC.
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3. KET LUAN, KIEN NGHI

Qua hé thong mot sd bai tap trén diy ching ta da thdy dugc vai tro ctia phép
bién ddi dbi song trong giai toan va sang tao ra cac bai toan mdi. Nhiéu bai toan
trong céac ki thi nhu VMO, IMO dugc giai (mdi) mot cach sic sao bang phuong
phap ddi song. Dong thdi thong qua phép bién ddi dbi song chung ta s& sang tao
ra cac bai toan mdéi hay va kho.

Phuong phap dbi song trinh bay trong bai viét nay da duoc tac gia giang day
cho hoc sinh trong cac 16p chuyén toan va trong cic dot tip huan cho cac doi
tuyén 6n luyén trong ki thi HSG Quéc gia, Qudc té va cic em déu ap dung thanh
cong khi gap cac bai toan c6 ndi dung hinh hoc lién quan.

Vén dé ndy di duoc trinh bay trong bao cdo chuyén dé vé bdi dudng gido
vién THPT chuyén do Vién toan cao cap to chirc vao thang 8 nam 2015, dugc
cac dong nghiép danh gia 1a mot phuong phap rat hiru ich trong giai cac bai toan
hinh hoc lién quan.

Noi dung nay cting da duoc trinh bay trong chuyén dé boi dudng giao vién
cap THCS nam hoc 2015 — 2016. Sau khi tiép thu, nhiéu gido vién rat phn khoi
no6i rang nhiéu bai toan trude day thiéu co s¢ dé tim toi 1oi giai va co s¢ giai
thich tai sao lai ¢c6 nhirng 161 giai bai toan nhu vay, nay thi chung t61 da c6 co so
rOi.

Ban than t6i nhan thay phuong phap duong thang ddi song 13 mot phuong
phap mai rat hiru hiéu trong giai toan hinh hoc phang, vi vay toi kién nghi S¢
Gido duc va Pao tao nghién ctru, phd bién ndi dung nay rong rai, nham tao
thuan loi va gop phan ning cao chat luong hoc tap, giang day bd mén Toan cua
hoc sinh va gido vién.

Tai li€éu tham khao

Mot s dé bai toan trong bai viét nay dugc suu tam tir céc tai liéu dudi day va loi
giai di duogc tac gia giai (mdi) bang phuong phap dbi song.

[1] Shortlits IMO.

[2] http:// analgeomatica.blogspot.com

[3] http://www. Geometry.ru/olymp/php

XAC NHAN CUA THU TRUONG BON VI Thanh Héa, ngay 20 thing 5 nam 2016

To61 cam doan SKKN nay khong sao chép
ndi dung ctiia nguodi khac.

Nguyén Vin Nhiém
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