Vidu 1:
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PHAN A. LY THUYET VA VI DU

I. VECTO PHAP TUYEN. CAP VECTO CHI PHUONG CUA MAT PHANG

1. Vecto phap tuyén

Cho mit phéng (P) Néu vecto " khac 0 va co gi4 vudng goc v6i mit phang (P) thi n duogc goi

1a vecto phéap tuyén ctia mit phang (P)

O Hinh, vecto ” 1a mot vecto phép tuyén clia mat phang (P)

P

Nhan xét: Néu 7 13 vecto phéap tuyén ctia mot mit phang thi
cua mat phang do.

kn(k #0) cling 1a vecto phap tuyén

Trong khong gian véi hé toa @6 P%VZ | hay chi ra mot vecto phap tuyén ciia mat phing (Oxy)
Giai
/ : “
/ 4
Vecto F =(0:0:1) ¢4 gia la truc 0z vy 07 L(OXy) pap £ =(0:0:1) 14 mot vecto phap tuyén cia

mit phang (Oxy)
2. Cap vecto chi phwong
Cho mit phang (P) Hai vecto khong ciing phuong c6 gia song song hodc nam trong mit phang

(P) duoc goi la cdp vecto chi phuong ciia mit phing (P),

Quan sat Hinh.
HUPU_ HUQU_ i y ﬁgtj.I).
a) AB.AD 41y cdp vecto chi phuong ciia mdt phang ( ) hay khong? Vi sao?
. ABCD
b) BC.CD 41 cap vecto chi phuong ctia mét phang ( ) hay khong? Vi sao?
Gidi

ooy uuuy
a) Do hai vecto AB.AD khong cung phuong va co gid cing nim trong mat phang

(4BCD) . 4B AD . (4BCD)
nén 4B.4D 13 cap vecto chi phuong cua méat phang .

b) Do hai vecto BC,CD khong cung phuong va cé gia cing song song véi miat phang

ABCD . ABCD
( ) nén BC-CD 13 cap vecto chi phuong ctia mdt phang ( )
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3. Xac dinh vecto phap tuyén cua mat phfmg khi biét ciip vecto chi phuong
An

l)

Néu hai vecto =(a:aa,),b =(5:6;:b,) 1a cap vecto chi phuong clia mit phang (P) thi

—
-

n =[a,b] = -

b b,

ﬂ: -ﬁ'_—\
b, b

B 4y,
?rfl'._\ blr

' 1a mot vecto phap tuyén ciia mit phang (P
Cho mit phang () ¢o cap vecto chi phuong 13 ¢ =(1:3:3),6 =(- 3- L)
Hay chi ra mét vecto phap tuyén ctia mit phang (P).
Giai
Mot vecto h4 ¢ i a a () a:
¢ phap tuyén cua mat phang la:
- s

—_—

5
n =[a,b]= {1

5 1|1 3|
: : =(8:- 16:8)
| _3H_3 || =10

II. PHUONG TRINH TONG QUAT CUA MAT PHANG
Trong truong hop tong quat, ta co:

Oxyz

- Trong khong gian voi hé toa do , mdi mat phang (P) ¢ phuong trinh dang

Ac+ By +Cz+D =0 , trong do6 4,8,C khong dong thoi bang 0.

+D :D, trong do 4,B,C khong dong thoi bang 0,

Oxyz

- Nguoc lai, mdi phuong trinh 4%+ BV €2
déu xac dinh mot mat phang trong khong gian véi hé toa do
Phuong trinh Av+ By +Cz+D =0(4.B.C khong dong thoi bang 0) 1a phuong trinh tong quat
ctia mit phang. Hé s6 D goi 1a hé s6 tu do ctia phurong trinh téng quét.

Nhén xét
Ta c6 thé chimg minh dugc rang néu mat phang (P) co phuong trinh tong quat 1a
Ac+ By +Cz+D :D'-trong a6 4:8.C khong dong thoi bang 0, thi vecto =(A:B:C) 13 mot
vecto phap tuyén ctia mit phang (P)
A

n=(A:B:0)

(Py>Ax+By+Cz+D=0(
A+B+C>0)
P

Phuong trinh nio sau day 14 phuong trinh tong quat cia mdt phang?
A X +y+z-1=0
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Ta thiy chi c6 phuong trinh rytz 012 phuong trinh tong quat ciia mat phang. Chon D

Chi ra mot vecto phap tuyén cta mit phang (P). 2x- y+z-1=0.
Giai
Tach 2X-yv+z-1=0= 2 x+(-1) y+lz-1=0

Mit phing (©) nhan 7 =(Z - LD 13m vecto phap tuyén.

III. LAP PHUONG TRINH TONG QUAT CUA MAT PHANG BIET MOT SO PIEU
KIEN

1. Lap phuong trinh tong quat ciia mit phang di qua mot diém va biét vecto phap tuyén

1(x,;9,:2,)

Mit phang () di qua didm vanhan " =(4B:C) 1am vecto phap tuyén c6 phuong

trinh tong quat la:

Ax+ By +Cz+ D =0, D =- 4x, - By, - Cz,.

Chu y: Mat phéng (P) gi qua diém ! (.1;] ; “1:”:2”) va nhan
Alc-x )+ B(y- v )+ Ccl(z- z, ) =0.

n =(4:8:C) 1am vecto phap tuyén co

phuong trinh la:

1(1;2:7) n =(3;2:1)

Léap phuong trinh mat phang () g qua diém
tuyén.
Giai

va nhan lam vecto phap

Phuong trinh mit phang (P) 1a;
J{x=-1)+2(y=-2)+14z-7)=0

= Jx+2y+:z- |4=D.

2. Lap phuong trinh tong quat ciia mat phang di qua mot diém va biét cip vecto chi phuong

T(x,:v,:2,)

Dé 1ap phuong trinh mit phang (P) g qua diém c6 cap vecto chi phuong 1a “>V | ta

¢6 thé lam nhu sau:

Buéce 1. Tim 7 =[4:v],

Bud6c 2. Lap phuong trinh mat phang (P) 4i qua diém 1Gy33032,)

tuyén.

nhan 7 lam vecto phap

Lap phuong trinh mat phéng () di qua diém I(-3;1;0)
u=(2:L- 1),y =(- 1:3:2)

Giai

cd cap vecto chi phuong la
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2 1)

1 3

- -1
n =[u,v] =

3 2

=1 2

12 -1

Xét vecto H Ctie 1a 7 =527 37) Khidé, M 1a vecto phap

tuyén clia mit phing (&)

Vay mit phang (@) ¢ phuong trinh la:
5(x+3)+(-3) (y-1)+7 {z- 0) =0
< 5x-3y+T7z+I18 =0.

3. Lap phuong trinh tong quat cia mit phang di qua ba diém khong thang hang

Pé lap phuong trinh mit phang (P) gi qua ba diém #(a;bie, ). 1 aybyie, ), K(ayibyic,)

khong thang hang, ta c6 thé lam nhu sau:
Budc 1. Tim cip vecto chi phuong clia mit phang () 1a;

HI =(a, - a;:b, - bic, - ¢,), HK =(a,- a;:b,- b:c, - ¢).

Buéc 2. Tim /* =LA HK],
. A . s vt (P) 1 2 Hazbic) o s . £
Budc 3. Lap phuong trinh méat phang di qua diém nhan 77 lam vecto phap tuyén.
Lap phuong trinh mit phiang (@) & qua ba diém A(1:0:2), B(L L) va C(0:1:2)
Giai
Ta co: 4B =(0:1:- 1), 4C =(- L 1:0)
= mod (g o-1}-1 oflo 1)
" :[AE’AC]:L offo -1 |‘
Xét vecto ' i I tie1a 7 =(BLED
Khi @6, 7 1a vecto phap tuyén ctia mit phang (@)
Vay mit phing (%) c6 phuong trinh 1a: ¥ *+2- 3 =0.

Cho ba diém Ala;0:0), B(0:5:0), C(0; 0:.) véi abe #0 vt phuong trinh mat phéng (ABC)

C(0:0;¢)

B(O:b:0)

4
Giai
Ta co: 4B =(-a:b:0) #0, AC =(-a:0:c) #0

Xét vecto
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n =[AB, AC]

~ 00 o [5 0
_.D c

.D -a
c

-a bl
-a 0

-d n =lbc;ca; ab)

' tac la
Do 7 #0 nén 7 1a vecto phap tuyén ciia mit phing (4BC),

Vay mit phang (ABC) ¢4 phuong trinh la:

y oz

be {x- a)+ca (y- 0)+ab {z-0) =0< bex+cay +ahz- abc =0 = i+g‘+l =].
a c

Chii y: Mit phang di qua ba diém A(a:0:0),8(0:5:0). C(0:0:¢) 45 abe #0 ¢4 phuong trinh la:

x y =z
—+—+—=]

Phuong trinh d6 con dugc goi 1a phuong trinh miat phang theo doan chan.

Khéi rubik dugc gan voi hé toa do Oxyz ¢4 don vi bang do dai canh hinh 1ap phuong nho. Xét

bén dicm A(3:0:0), B(0:3:0),C(0:0:2) Ly DLL1)

a) Lap phuong trinh mat phang di qua ba diém 4,8,C

b) Bbn diém 4.B.C.D o4 ddng phang hay khong?
Giai

i Tl =1(*)
a) Phuong trinh mat phang (ABC) 3. 3 3 2

) ) 1_ + l + 1— #=] .
b) Thay toa d6 cia diém D vao vé trai cua phuong trinh (*), taco: 3 3 2 | Suy ra diém

D Kkhong thude mit phang (A8C).

Vay bén diém 4,8,C,D khong ddng phang.

IV. PIEU KIEN SONG SONG, VUONG GOC CUA HAIMAT PHANG, GOC CUA HAIMAT
PHANG

1. biéu kién song song cta hai mit phang

Ax+By+Cz+D =0

Cho mit phing (E) ¢6 phuong trinh tong quat 13 va mit phang 5 co

phuong trinh tong quét 1a ot is el L



(Pl),(Pg).

Goi m =(4:8:C).n, =(4,:5.:C,) 1an luot 13 vecto phap tuyén cta hai mit phang
n, =kn,
|'|l |'I. S ,
ki do: BB i s chi khi thn tai s6 thue ¥ %0 sa0 cho (2 #AD:

Vi du 11: Cho hai mit phing
(B):2x- y-3z+1=0,

(P,):6x-3y-9z+1=0.

Chimg minh rang (r)//( )
Giai

2 4 =(2:-1;- - s
Hai mat phang (P‘ )"(Pg) c6 vecto phap tuyén m =(2;- 1= 3),m, =(6;-3-9).

vi ™ =3m oy D =1#31=30, . (R)I/(R)

2. biéu kién vudng goc cua hai mit phang

P,

R T va mit phang (5) co

Ax+B,y+C,z+D, :D' Khi 6

Cho mit phang (R) c¢6 phuong trinh tong quat 1a

phuong trinh tong quat la
(F)L(P)= 44, +BB, +CC, =0.

3. Goc giita hai mit phang

Trong khong gian véi hé toa do @7, cho hai mit phing (£).(7) ¢6 vecto phap tuyén lan luot 1a

n =(4:8:C)n, =(4,:8,:C,)
Khi do, ta co:
|4,4,+ BB, +CC,|

cos((B).(P)) =p—t2—2 1 =
JE+B +C JL£+B +C

(P):Bx+z45=0 v (B):-3x+z-7 =0
), (&)

Vi du 12: Cho hai mit phang
Tinh goc giita hai mit phang
Giai

U LLI
) n, =(¥3:0:1),m, =(- 3;0:1)

¢6 hai vecto phap tuyén lan luot 1a nén

»)

Do va



cos((P),(P)) =

Suy
Vidu 13:

Vi du 14:

Vidu 15:

|3 (- 3)+0 0+1 1| B
J[‘J?_’}2+UZ+IZ _.J[_J?_’}Z+UZ+IZ

b | =

" ((P).(R)) =60 |

Cho hai mat phang
(P):x- y- 2z+4 =0,

(Fz):.‘r— y+z+5=0.

Chtrng minh rang (F; )L (P-’ ).
Giai

g P L PN PO —i1 = 1
Hai mat phang (P‘ )’(P’) c6 vecto phap tuyén lan luot 1a m =(L- L= 2)n, =(L- 1, ”.

vi™ o =1 d+(-1){-1)+(-2) 1=0 nan ™ L Vay (R)L(R)
V. KHOANG CACH TU MOT BPIEM BEN MOT MAT PHANG
Mot cach téng quat, ta co:

M, (-T-:; JJ,J;:,J)

Khoang cach tir diém dén mat phang ().

Ac+# By +Cz+D =0(4" +B +C" >0
: ( )du’(yc tinh theo cong thirc:

d (M. (P)) :|“1T-: + By, +(z, +D|
0? \!A: +B: +C:

M

M,(3:1, 0 dén

Cho mit phing (F):2%- 2y 243 =0 4 4iém *3) Tinh khoang cach tir diém
mit phang (P)

Giai
Khoang cach tir diém M, dén mat phang () 1a:

(234 (=2) 1#(=1) {-5)+3| 4
\I2:+f_-2}3+f_-l}:

d(M,,(P)

(P):2x- 4y-4z+3 =0 (P ):x-2y-2:241=0

Cho mit phang va mit phang
a) Chung minh rang (2 )
b) Tinh khoang céach gitta hai mit phang song song (P‘ ),(P; ).
Giai
=7 -4 - =(I:=2:-7} .. . .
a) Ta co m =(2;-4-4),n, =(1-2;-2) lan luot 1a hai vecto phap tuyén ctia cac mat phang

(r).(R) Do ™ =2n,,D =3 #2=2D, () /(R)

. Do 2 * nén :
3 .
5:0:0 ‘E(F:)

b) Chon diém . Suy ra khoang céch tir diém M, dén mit phang (Pz) la:



Vi du 16:

+1

o (.'Hr..l._ (H )) = =—.
i - J|:+('2}:+(_2}: 0

b | Ll

() () bing d(M,.(R))

Do khoang cach giira hai mit phang song song , nén khoang cach

|
giita hai mat phang song song (£).(R) bang © .

VL. MOT SO UNG DUNG CUA PHUONG TRINH MAT PHANG TRONG THUC TIEN

Phuong trinh mit phing c6 nhiéu Gmg dung trong thuc tién nhu trong thiét ké xay dung, tinh toan
cac y€u to ki thuat,... Ta s tim hi€u qua mot so vi du sau day.

Hinh minh hoa hinh anh hai mai nha cia mot nha kho trong khong gian véi hé toa 46 @7 (don
vi trén moi truc toa dg 1a mét). Cac buc tuong ctia nha kho déu dugc xay vudng goc voi mat dat.

B(10:20: 10)

C(0O:20: 10)

A(10:0:9)

(0]

a) Lap phuong trinh ctia hai mit phang trong img mdi mai nha.

b) Tim toa do cua diém Q.

¢) Tim toa d6 cua vecto P Q.

Giai

a) Hai mit phang tuong Gmg mdi mai nha 1a (ABP) , (CDP)

A[N]N]

(B =(0;20;1), AP =(- 5,0;- 3)

- Do mit phang (4BP) 4 cap vecto chi phuong la AB =( nén c6 mat
vecto phap tuyén 1a:
ol ol (20 1|1 of|o 20|
[4B,AF] = : : ‘ =(- 60; - 5:100).
|0 -3]'|-3 -5|-5 O]

Ma mit phang (ABP) 4i qua diém A10:0:9) pen o phuong trinh la:
-00(x-10)- 5(y- 0)+100(z- 9) =0 = 12x +y- 20z + 00 =0.

- Do mit phing (CDP) ¢4 cap vecto chi phuong la DP =(5,0;-3), DC =(0; 20;1) nén cd mot
vecto phap tuyén la:
b ol (lo -3/]-3 5||5 o
[DP,DC] :‘ : : ‘ =(060;- 5 100).
120 1|1 Of|0 20

Ma mit phang (CDP) qua diém D(0:0:9) nen 6 phuong trinh la:
60(x- 0)- 5(y- 0)+100(z- 9) =0 < 12x- p+20z- 180 =0.
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b) Vi cac buc tuong cia nha kho déu dugc xay vuong gdc voi mat dat nén voi hé toa do trén ta cod

O(x;20;z)

(ABP)

Do diém € thudc mit phing nén toa do cua diém Q thoa man:

12x+20- 20z+060 =0, 1 3x- 5z =-20.

Do diém o thudc mat phéng (CDP) nen toa d6 cua diém o thoa man
12x- 20420z - 180 =0, la 3x +5z =50.

3x-52=-20  [x=S
=
Ta c6 hé phuong trinh: (3x+52=30 R

Vay Q(5:20:7)

S|un}

¢) Véi P(5:0:6) 3 0(5:20:7) ¢y 5. PO =(0:20:1)

Oxyz

Trong khong gian v6i hé toa do (don vi trén mdi truc toa do 1a kilomét), mot may bay dang

. 7 L= ‘} . hY ~ /4 2 . 7 N N A )Y ~
O vi tri A(3:-2.5.0.5) 43 53 ha canh ¢ vi tri 5(3:7.3:0) tren duong bang.
a) Sau bao nhiéu phut may bay tir vi tri 4 ha canh tai vi tri B ? Biét toc do ctia may bay la

300km | h tran quing dudong 4B (1am tron két qua dén hang don vi cta phut).

b) C6 mét 16p may dugc md phong boi mot mit phang (@) g qua ba diém M(Q;O"O),

N(0:-9:0). £(0:0:0.9) iy d6 cao cia may bay khi may bay xuyén qua dam may dé ha canh.

Giai

a) Ta co: 48 =(3- 3) +(7,5+2,5) +(0- 0,5 =/l 00,25 (km)

Do do, thoi gian dé mady bay tir vi tri 4 ha cénh tai vi tri B 1a:

il 2 |I 2 i 2
IDD._HSM}: Iggé“j -00 (phut) :—IUE._HS (phut) :\fm (phut) =2 (phit).

300

b) Gia sir diém Clriveize) gy vi tri ma may bay xuyén qua ddm may dé ha canh, suy ra
Ce(a), Ap dung phuong trinh mit phing theo doan chén, ta thdy mit phiang (@) ¢4 phuong
trinh la:

x oy oz
—-=+—=l+= x- y+10z=9. Suyrax. - y. +10z. =9.
9 9 09

Uy uuuy

AC

[WININ] [N]N)N]

Mait khac, vi +AB 13 hai vecto cung huong nén ton tai sé thue £ >0 sao cho AC =tAB Do

9



AC =(x, - 3y +2,5z_- 0,5);
(x.-3=0 (x. =3
nén {y-+2,5 =10t <= {y. =10¢t- 2,5
z.-0,5=-05t |z =-0,5t+0,5.

v CE€(@) nén 3-(10¢- 2,5)+10(- 0,5t +0,5) =9 = ¢ =

Vay tai vi tri C, dd cao cua may bay la 0,45 km .

D'-I.Suy ra

C(3:- 1,5,0,45)

10
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