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Nguoi lam: Nguyén Quang Quy
Zalo: Quang Quy - 56 dt zalo: 0979880759
Email: quangquytk@gmail.com

CP10: CHUNG MINH BPT VA TIM GTLN,GTNN

Dang 1. Tim gia tri 16n nhit, gia tri nhé nhat
Caul: (HSG 7 huyén Duc Tho 2016 -2017)

. sy , £ - sy 12 I , .2 , o A=lx+5+5
Tim gia tri nhé nhat hodc gié tri 16n nhat cta céac bi€u thuc | | .

Loi gidi
Ta c6: [x+5/20 A =[x+5+5=5
a co: nén

Dau " =" xay ra khi va chi khi X == 3
Vay gié tri nhé nhit cia 4 1a 5, dat duge khi ¥ == 3.
Cau2: (HSG 7 THCS Cu Khé 2013 - 2014)

, Ao o 1R , Z.-3:+'-.+
Tim gia tri nhd nhat cia bi€u thue: 4=(x-2) |‘1 T| 3.

Loi giai

-9 j,‘:} . .
Ta co: (x-2) =20 vGi moi ¥

=420 i moi

=(x-2) +|y- x[+3 = - .
= 4=(x-2) |y - x|+3 3V01m91x’y

(- 2) =0 {
=
|f1'— .'r| =0

2
2

, vV =
Dau "=" xay ra khi va chi khi -

Viy gia tri nhé nhit ciia 4 nho nhéit bang 3, dat dwoc khi khi * =%y =2
Cau3: (HSG 7 Tinh Bic Giang, 2012 - 2013)

RN VT NT , =|x- 2012|+|x- 2
Tim gié tri nho nhat cta biéu thuc P |T 0l | |T DI3|

Loi gidi
P =|x- 2012|+|x- 2013
Néu X =2012 poge X =2013 i P =1

Néu x>2013 ¢ ¥~ 2012>1>0= |- 2012 =x- 2012 > 1

Nen ¥ =|x- 2012|+|x- 2013[> 1+ |x- 2013|> 1

Néy x <2012 ¢ ¥ 2013<-1<0= [x- 2013 =2013- x

. x-2013<-1= 2013- x>1= |[x- 2013| =2013- x >
Ma

Nep © =he- 2012[+[x- 2013]>|x- 2012|+1>]
Do d6 gia tri nhd nhét cua Pbéng 1, dat dugc khi X =2012 hoiac ¥ =2013
Ciaud: (HSG 7 huyén.(dé 333) 2016 - 2017)

A =[x - 2006|+[2007 -

Tim gia tri nho nhét ctia 'T| khi ¥ thay doi.

Loi giai

voi X 13 0 tu nhién.
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- Néy ¥ <2006 ¥ 2000 <0= |x- 2006| =2006- x

i ¥ <2006= x<2007= x- 2007 <0= 2007- x >0 = [2007 - x| =2007 - x

nén 4 =-x+2000+2007- x =-2x+4013

Do X <2006= ~%>-2016= -2x+4013>2.(-2016)+4013 =1 = A4 >|

+ Néy 2006 =x 2007

i ¥ 2007 = 2007 - x 20= |2007- x| =2007- x
i ¥ 22000= x- 2006 20> |x- 2006| =x- 2006
Nén 4 =x- 2006 +2007- x =I

T Néy X > 2007 g X > 2007 = 2007- x< 0= [2007- x| =x- 2007

i X >2007= x>2006= x- 2006 >0 = |x- 2006| =x- 2006
Nén A =x- 20006 +x- 2007 =2x- 4013
Mit khéc vi ¥ > 2007 = 2x- 4013 >2.2007- 4013 =1= A4>1
Vay 4 dat gia tri nho nhat 4 1 khi 2000 =x =2007

Cau5: (HSG 7 THCS Tan Uéc 2013 - 2014)

o g v koo, A =|2x- 2+ |2x- 2013
Tim gié tri nho nhat cta biéu thuirc: |r | |r |

Loi giai
. A =[2x- 2|+ |2x- 2013| =|2x- 2|+|2013- 2x| =[2x - 2 +2013- 2x| =2011
Ta co
2013
o (2x-2)(2013- 2x) 20= 2 =2x =2013= | =x <
Dau " =" xay ra khi va chi khi 2
2013
. <x<——
Vay gié tri nho nhat cia 4 1a 2011 dat dugc véi 2

Cau 6: (HSG 7 huyén Viét Yén 2013 - 2014)

g v ax ez o, A=|2x= 2+ |2x- 2003 . o« .
Tim gia tri nhd nhat cia biéu thue | | | | véi * 1a s0 nguyén.
Loi giai

Taco: A =I2%- 2|+ [2x- 2003 =[2x- 2[+[2003- 2x| =[2x- 2+2003- 2x| =2001
a co:

5
, (2x- 2)(2003- 2x) 20 = 2 <2x 2003 = | =x <2002
Déau " =" xay ra khi va chi khi 2

)\ A A n <y 3
Ma X 1a s0 nguyén nén | =x <I001;xeZ

Vay gia tri nho nhat cia 4 1a 2001 dat duoc véi cac gia tri nguyén cuia * thoa man
I =x <1001
Cau7: (HSG 7 huyén Hoai Nhon 2014 - 2015)
. s =lr- 2+|2x- -
Tim gi4 tri nho nhit cia bidu thie 4 =7~ 2 +2x=3[+[3x- 4]
Loi giai

To oo 1= 24 P-4 =[2- x|+ - 4|22+ x+3x- 4] =[2x- 2|
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) (2- x)(3x-4)=0= RPP)
Dau " =" xdy ra khi va chi khi 3

Lai g 1207 3|+ [2x- 2[ =3+ 2x]+[2x- 2| 23+ 20+ 2x- 2| =[1] =1
, (2x- 3)(Q2x- 2) 0= 1 <x <=
Dau " =" xay ra khi va chi khi 2

A =[x- 2|+ |2x- 3|+ Bx- 4] =1

Do d6
i =x =2
3 = i =X EE
| =x Ei 3 2
DAu " =" xay ra khi va chi khi 2
4 3
. — =X =—
Vay gié tri nho nhét cia 4 1a 1, dat duge khi 3 2.
Cau8: (HSG 7 truomg THCS (dé 351) 2014 - 2015)
42-x
M=— , ,
Cho X-15  Tim sé nguyén * d¢ M dat gi4 tri nho nhat.
Loi giai
42- x 27
M = =-1+
Ta co x-15 x-15
27
Dé M dat gia tri nho nhat can X~ 15 dat gia tri nho nhat
27
>0
Xét X= 15>0¢; x-15
27
<0
Xét X~ 15 <0thi x-15
27
Vay X~ 15 nho nhit khi ¥~ 15<0
27
Phan sé X~ 13 (v&i X 1a s6 nguyén) co tir duong (7> O)Vé mau am ¥~ 15<0
27
Nén * - 15 nho nhit khi * - 151a s6 nguyén 4m 16n nhét
= x-15=-1= x=14
27
M=-1+—=-28
Khi d6 -1

Vay voi X =14 thi M dat gia tri nho nhat 1a - 28
Cau9: (HSG 7 huyén Thanh Oai 2014 - 2015)
8-
2 2 B : x r
Tim gia tri nguyén cua * de bicu thic X-3 dat gia tri nho nhat.
Loi giai

g _8-x 5 (x-3) s
Ta co x-3 x-3 x-3
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Cau 10:

Cau 11:

5

Dé B dat gi4 tri nho nhit can X - 3 dat gid tri nho nhat
5
Xét x>3= x-350 53 x- 3

>0

x=i= x-3<0= <]

Xét x=-3
5

Vay X~ 3 nho nhétkhi x-3<0

5
A . 2 5>0 x
Phansé ¥~ 3 (véi X 1a s nguyén) c6 tir duong( ) 4 miu am &7 3<0)

5
Nén *- 3 nho nhit khi (x

= y-3=-1= x=2

- 3 A A A 7 A
) la s6 nguyén am 16n nhat

Khi d6 -1
Vay voi X =2 thi B dat gia tri nho nhat1a - 6.
(HSG 7 THCS Xuin Dwong 2013 - 2014)

Y _15-x
Tim gi4 tri nguyén 16n nhét cua biéu thirc - 3-x
Loi giai
v :IS— Y. 10
Ta co 5-x 5-x
10
Pé M 6 gia tri nguyén 16n nhat khi va chi khi 3= X dat gia tri nguyén 16n nhat.
10 <0
Voi X>5 thi 5- X
10 >0
Véi ¥ <3 thi 5- ¥
10
Vay - X dat gia tri nguyén 16n nhat khi x <3
10
. . x <
Phan sé 5= X (véi ¥ 1a s6 nguyén) c6 tr duong (10>0) va mau duong (x<5)
10

Nén 5~ X dat gia tri nguyén 16n nhat khi 3~ ¥ 13 s6 nguyén dwong nho nhat va 1a uéc cua 10
= 5-x=l=x=4

M :I-i-E =11

Khi d6 |
Vay gia tri nguyén 16n nhat cia M bang 11, dat dugc khi ¥ =4.
(HSG 7 Ttruong Cao Duong 2016 - 2017)
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Cau 12:

Cau 13:

Cau 14:

_ 4
. . 2x-3)
Tim gid tri I6n nhat cua biéu thirc (2x-3) +5 .
Loi giai
_ 4
(2x-3) +5 (2x- 3y

. 2 TRy £, A +5 S ) £
Voi 4>0 dé c0 gia tri lon nhat can dat gia tri nho nhat

4 4

(2x-3) +525=> — =7
(2x-3)Y+5 5

Ma

r x :i
Dau "=" xay ra khi 2
4 3

— X =—
Vay gia tri [éon nhit coa 4 1a 5, dat dwockhi 2.
(HSG 7 Ttrudng Bd Ly 2015 - 2016)

X' +15

B ="
Tim gia tri lén nhat ctia biéu thirc X +3
Loi giai

415 T +3+412 12
B =— = _ =]+ —
Ta cd x"+3 X +3 xT+3

Vi ¥ =0 ygi moi x nén X~ +3 =3
12 12 12 12
. T —= — =d = 1+—
x+3 3 X +3 x+3
Dau " =" xay ra khi va chi khi * =0
Vay gia tri 10n nhat cua B 1a 3, dat dwoc khi X =0
(HSG 7 huyén Dirc Tho 2016 - 2017)

=l+4= B =5

B X +17
Tim gia tri nho nhat hodc gia tri 10n nhét cta cac biéu thirc X+T
Loi giai
5 :.r'ﬁ+l'? :.r't'? +10 1+ ﬁli}
Ta ¢ x+7 x+7 x+7
10 10 10 10 17
5 5 = — =—= l+— =l+—= B=—
ViX 20 pon x+727  +7 7 T +7 7 7
Dau " =" xay ra khi va chi ¥ =0
, B :xi+1? 17
Vay gia tri 16n nhat cua x+7 1a 7 | dat dugc khi ¥ =0,
(HSG 7 huyén Khoai Chau 2014 - 2015)
L 2(x- 1)+
.2 , (.T-”:‘i‘z fe e s , 1 s O ko e , A N
Cho biéu thire . V6i gia tri nao cua * thi biéu thirc ¢ c6 gia tri nho nhat. Tim

gi4 tri nho nhat do.
Loi giai
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C2(x- 1) 41 2(x- 1) +4 30, 3
o Gee2 G- 2 G-DPe2 0 (- 1) 2
Tacod
3
Pé C dat gi tri nho nhat can (x-1) +2 c6 gia tri 16n nhat.
-

1 3 3,3 52
-1y +2z0+42=2 . . o (x-1y 42 2 (x-1) +2 3
Vi voi moi X nén

Déu "=" xay ra khi ¥ =1
1
Vay gi4 tri nho nhit cua € 1a 3 dat dwoc khi X =1,
Cau 15: (HSG 7 THCS Bich Hoa 2013 - 2014)
| [xl¥ 199
Tim gia tri 16n nhét ctia biéu thirc - 1997
Loi giai

+ >0 ,. .. . e
Vi |T| 1996 DVé’lmQI X vy -1997<0= A<0 ygimei ¥

nén 4 dat gia tri 16n nhat khi |4 dat gia tri nho nhat
_ |||+ 1996| _|x|+1996
| -1997 | 1997

4]

|.r|+|99'fl }m@m . |A| }IEJ'EJG'
1997 1997 1997

=0 vx |x|+1996 =1996 =
Ta co nén

1996 - 1990

== = 4 <

Ma A<O0psn 1997 1997

Dau "=" xay ra khi X =0

- 1996

Vay gi4 tri 16n nhtcia 4 1a 1997 | dat duoc véi x =0,
Céau 16: (HSG 7 huyén Tri¢u Son 2015 - 2016)

Cho x+y=Lx=0y=0 X

. Tim gi4 tri nho nhét cua biéu thirc
s6 duong).

Loi giai
Ta co6:

B . 1 oax+y) B Ax+y
p_a b _all Bl Ge+y) 62.Go+y)
Xy X ¥V x ¥
, a'y ., b
:a'+2+f3'+ -

X ¥

Mat khac

aty b
a}+ X
x _].’_

+a +h

Y (véi @ va b 1a hing

ﬁ':_],J + f;r:.‘( :.ﬁ':_],J: +fJ:.‘(: :a:_],J: +f?:.‘{': = 2.{?_}:.!1‘( +2ah :.ﬁ':_],iz = a_],:.f?r' a_],i.f?.t' +fJ:.‘(:

X ¥ Xy Xy Xy

+2ab
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e (ay- bx)- bx(ay- br)+2ab :M+ 2ab EE+2ry =2ab
xy xy xy (vi ¥ >U.}’>U)
a J’ bx | 2 2
P=|——+— " |+a +b =2ab+a +h
Khi do * Y
. . 2ab+a* +b’ =a’ +ab+ab+b* =ala+b)+b(a+b) =(a +b)
Laicéod:
= F 3_’(&+b):
xr oy
) ay =hx= — ==
Déu "=" xéyrakhi a b (vsi 9>0.0>0y
-}.l T+_].’ I
Méx"'}’:l nén b a+h a+bh
a b
xX= y=
Tur @6 tim dugce a+b . a+b
2 —_ 4 T = b
Aw oid i A At aro 1A Do (a+b) . +b?} +h
Vay gia tri nhé nhat cia bic¢u thue £ 1a dat duoc khi a a )

Dang 2.1: Bit ding thirc vé chirng minh tong phan s6 tw nhién

Dang 2.2: Bit ding thirc vé chirng minh tong lity thira

Caul: (HSG 7 trwong THCS Bich Hoa 2013 - 2014)
1 1 1 1 1 1
e et S +— < —
Chung minhrang: 0 5~ 0 7 1000 4
Loi giai
a=t e L
Pat 5 6 7 100
Ta co
1 1 1 1 1 1 1 1
A —+—+ —+....... + =—-—*+—-- -+
45 50 0.7 99.100 4 5 5 o
Mat khac
1 1 1 1 | 1
.’4}—."‘.—4‘ ....... + :—‘—}—_
50 0.7 99.100 100.101 5 101 o
| 11 I 1
_{__‘+__‘+__‘+ ...... +—.|"'-‘:—
vay 0 57 o0 T 100- 4

Dang 2.3 Bit ding thirc vé chirng minh tich ciia mét diy

Cau 1: (HSG7huyénKh0éiChﬁu2014 2015)
[_-lu -|H_- ‘ ..... L "_
12015 |1 20106
Lm’giﬁi
sl '
Taco e 12015 |l 20106
_-1-2-3 -2014 -2015 _ -1 -1
233 72015 2016 2016 2015

-1

. Sosanh 4 veéi 2015
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Vay

A;._—]
2015

Dang 3. Bit ding thirc dang chir

Cau 1:

Cau 2:

Cau 3:

Cho *+¥:% reN *. Chtrng minh r?mg:
khong phai 14 s6 tu nhién.

vgi X V.51 € [N *

(HSG 7 trwdng THCS Nguyén Khuyén 2015-2016)

X ¥ Z t

M= + + +
x+y+z x+y+t y+z+t x+z+t

Loi giai

, ta co:

X X X
< <

X+y+z

X+ yE I+t

¥ F F

= =
x+y+z+t x+yp+t x+y

x+y

< <
x+y+z+t pHzHt Z+t
t ¢ ¢

< <
X*¥z+t Z+¢

X+ y+z o+t
x+y+z+t
=2 —_—
x+ y+z+t

= l<M<2
Vay M ¢6 gia tri khong phai 1a s tu nhién.
(HSG 7 huyén DPirc Pho 2015 - 2016)

X !
.

x+y

+ +

Z+t)

M <

z !"

L Z+¢

x+y

1 3 15 {5
o Al<a <a, <a, <. S I +a, +
Cho céc so I 15*Chiing minh rang: s ¥ty T ths
Loi giai

c0<a <a, <a, <. <
Vi . ¥ ta co
a, +a, +a, +a, +a. <5a,
a, +a, +a, +a, +a, <3a,
a, +a, +a,; +a, +a; <3a;
Suy ra a, +a, +...... +a, <5(a, +a, +a.)

a ta,ta, +...+ag. <5

Ma s >0:a, >0a; >0= a;+a, +a,; >0 nén a, +a,, +a;

(HSG 7 huyén Thai Thuy 2015 - 2016)
Cho a,b,c 1a d6 dai ba canh ctia mot tam giac. Chtrng minh ring:
ab+bc+ca <a” +b" +¢ <2(ab +bc+ca)
Loi giai

. 0=(a- b)Y =(a- b)a-b)=a’- 2ab+b = a* +b* =2ab
Ta co:

b+ =2be. ¢ +a’ =2
Tuong ty; b~ +¢” =2bc; ¢ +a” =2ca

= a +b +b + +c" +a” =2ab+2bc+ 2ca

co gia tri
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Cau 4:

i

= 2 +b +c*)=2(ab+bc+ca)
=a +b +c zab+bc+ca (1)
Theo bat dang thirc tam giac ta co:
Tuong tu: @ <ab+ac

b* <ba +bc

¢ <ca+ch

=a +h +c <agh+ac+ba+bc+ca+ch =2(ab+bc+ca)

Tir (1) va (2) suy ra diéu phai chimg minh.

<b+ A 5 I
a<b ® nhan ca 2 vé véi 4 >0 ta duoc:

(HSG 7 trwong THCS 2 Pha Nhuin 2014 - 2015; HSG 7 Tan Udgc 2013 - 2014; HSG 7

huyén Thai Thuy 2015 - 2016)

Cho ba s6 duwong @ =a =b =c =1. Chtng minh rang: bc +1
Loi gii

Vi 0 =a =b =c =1 pap:

(a-1)c-1)=0= ac+l za+c=

ac+l a+c

b c
= <
Mab=c a+c a+c
b c
=

Suyra ac+1 a+c

a a
£
Tuong tutacé: b+l b+c

a a
=

Ma a<b= b+c a+c

a a
=
Suyra b+l a+c
a b a c
+ = + =1

Dodo b+l ac+l a+ec a+c

ab =0= agh+l =l =

Mit khac vi 0 =a =b =c =1 pgp
i b C
+

+ =l+] =2
Neén bc+l ac+]l ab+l

Vay

Tai liéu duoc chia sé béi Website VnTeach.Com

+
be+l ac+l ab+l

2] c
+

=2

https://www.vnteach.com

ac+l a+c
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