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A-1 If � and � arethesidesof two squareswith combined
area1, then ����� � ���	� . Supposewithout lossof gen-
erality that ��
 � . Thentheshortersideof a rectangle
containingbothsquareswithoutoverlapmustbeatleast� , andthelongersidemustbeat least��� � . Hencethe
desiredvalueof  is themaximumof ������� ��� .
To find thismaximum,we let ������������� � ��� �"!#� with�%$'& (��*)�+-,/. . Thenweareto maximize

����� � �0�1�*�"!#�2��������� �3 �*���4�5�6� 3 �7�1� �8! 3 � �
� �3 �:9 33 ���6�;� 3 �=<>)�+?, �@ ��� 9 33 �

with equalityfor �A�B)�+-C . Hencethis valueis thede-
siredvalueof  .

A-2 Let D=E and D � be the centersof FGE and F � , respec-
tively. (We areassumingF E hasradius1 and F � has
radius3.) Thenthedesiredlocusis anannuluscentered
at themidpointof D E D � , with innerradius1 andouter
radius2.

For afixedpoint H on F � , thelocusof themidpointsof
thesegmentsIJH for I lying on F E is theimageof F E
undera homothetycenteredat H of radius �?+ 3 , which
is a circleof radius �-+ 3 . As H varies,thecenterof this
smallercircletracesoutacircle F�K of radiusL + 3 (again
by homothety).By consideringthe two positionsof H
on theline of centersof thecircles,oneseesthat F K is
centeredat themidpointof D=E;D � , andthelocusis now
clearlythespecifiedannulus.

A-3 Theclaim is false.Thereare MONKQP � 3 ( waysto choose
3 of the6 courses;haveeachstudentchoosea different
setof 3 courses.Theneachpairof coursesis chosenby
4 students(correspondingto thefour waysto complete
this pair to a setof 3 courses)andis not chosenby 4
students(correspondingto the3-elementsubsetsof the
remaining4 courses).

Note: Assumingthatno two studentschoosethesame
courses,theabovecounterexampleis unique(upto per-
mutingstudents).Thismaybeseenasfollows: Givena
groupof students,supposethat for any pair of courses
(amongthesix) thereareatmost4 studentstakingboth,
and at most 4 taking neither. Then thereare at most� 3 (R�S�T,��', �/M N� P pairs �VU6��W � , where U is astudent,and

W is asetof two coursesof which U is takingeitherboth
or none. On the otherhand,if a studentU is taking X
courses,thenhe/sheoccursin Y � X�� � MVZ � P � M N�[ Z� P such
pairs �VU6��W � . As Y � X�� is minimizedfor X � L , it follows
thateverystudentoccursin at least\ � M K� P � M K� P such
pairs �VU6��W � . Hencetherecanbeatmost � 3 (]+ \ � 3 ( stu-
dents,with equalityonly if eachstudenttakes3 courses,
andfor eachsetof two courses,thereareexactly4 stu-
dentswho take both and exactly 4 who take neither.
Sincethereare only 4 ways to completea given pair
of coursesto a setof 3, andonly 4 ways to choose3
coursesnot containingthegivenpair, theonly way for
thereto be 20 students(underour hypotheses)is if all
setsof 3 coursesarein fact taken. This is the desired
conclusion.

However, RobinChapmanhaspointedout that theso-
lution is not uniquein theproblemasstated,becausea
givenselectionof coursesmay be madeby morethan
onestudent.Onealternatesolutionis to identify the6
courseswith pairsof antipodalverticesof an icosahe-
dron, andhave eachstudentpick a different faceand
choosethethreeverticestouchingthatface.In this ex-
ample,eachof 10 selectionsis madeby a pair of stu-
dents.

A-4 In fact,we will show thatsucha function ^ existswith
the propertythat �`_��Qa?� b � $dc if and only if ^ ��e �>f^ �`g �hfi^ � Yj� for somecyclic permutation��e�� g�� Yj� of��_k�la-� b � . We proceedby inductionon thenumberof el-
ementsin  . If  �nm?_��Qa?� b-o and �`_k�la?�lb � $�c , then
choosê with ^ ��_ �#fp^ �`a �7fq^ �`b � , otherwisechoosê
with ^ �`_ �sr1^ �Va �srt^ �`b � .
Now let u be an elementof  and v �  <:m u o .
Let _ E �5w5w;w5�l_�x be the elementsof v labeledsuchthat^ �`_ E �#fp^ ��_ � �7f	y5y;yzfp^ �`_]x � . We claim thatthereex-
istsaunique{ $|m6�}�;w5w;w��*~�o suchthat ��_]�*� u �l_]�8� E � $�c ,
wherehereafter_]x/� Z ��_ Z .

We show existencefirst. Supposenosuch{ exists;then
for all { � X $dm��}�;w5w5w5�*~�o , we have ��_]�"� Z � u �l_]� � +$:c .
Thisholdsby property1 for X ��� andby inductiononX in general,notingthat��_ �"� Z � E � u � _ �"� Z � �;��_ �"� Z � u �l_ � � $hc� �`_ �"� Z �l_ �8� Z � E � u]� �;� u �l_ � � _ �"� Z � $�c� �`_ �"� Z � E � u �l_ � � $�c�w
Applying this when X ��~ , we get ��_]� [ E � u � _]� � $�c ,



contradictingthefactthat ��_ � � u �l_ � [ E�� $>c . Henceex-
istencefollows.

Now we show uniqueness. Suppose�`_ � � u �l_ �"� E�� $c ; then for any � �� { <��6� { � { ��� , we have��_]���l_��"� E � _}� � ����_}�}� _}� � E � _]� � $�c by theassumptionon�
. Therefore�`_ � � u � _ �"� E�� �;�`_ �"� E � _ � � _ � � $Ac � ��_ � �l_ � � u]� $�c�`_�� � u � _}� � ����_}�}� _}� � E � _]� � $Ac � � u � _}�}�l_/� � E � �

so �`_ � � u �l_ � � E�� +$�c . Thecase� � { �1� is ruledoutby��_ � � u �l_ �"� E5� �;�`_ �8� E � _ �"� � � _ � � $�c � � u � _ �"� E �l_ �8� � � $�c
andthecase� � { <p� is similar.

Finally, we put ^ � u]� in � ^ ��_]x � �Q�R� � if { ��~ , and� ^ ��_]� � � ^ ��_]�8� E � � otherwise;an analysissimilar to that
aboveshowsthat ^ hasthedesiredproperty.

A-5 (dueto Lenny Ng) For � @ ~ @ WA<�� , W divides MO�x P
and �W � W ~j� � �~ W�<p�� W�< 33 y5y;y W�<>~����~�<p�� �*<R� � x [ E~ ���%����W � �
wherethecongruence� � � �T������W � meansthat ��< �
is arationalnumberwhosenumerator, in reducedform,
is divisibleby W . Henceit sufficesto show that

Z�x/� E ��<R� � x [ E~ � (h�T������W � w
We distinguishtwo casesbasedon W4�T����� \6� . First
supposeW�� \/� ��� , sothat X �q, � . Then�Q��x/� E �*<R� � x [ E~

� �Q��x}� E �~ < 3 � ��x/� E �3 ~
� � ��x}� E

� �~ < �~#� � K ��x/� � � � E
� �~ � �\/� ���G<>~#�

� K ��x}� � � � E W~2��W�<>~ � � (A�T������W � �
sinceW�� \}� ��� .
Now supposeW�� \/� �|� , sothat X ��, � � L . A similar

argumentgives�l� � K�x}� E ��<R� � x [ E~
� �Q� � K�x/� E �~ � 3 � � � E�x/� E �3 ~
� � � � E�x/� E

� �~ < �~#� � K � � ��x/� � � � �
� �~ � �\}� �p�0<|~#�

� K � � ��x/� � � � �
W~2� W�<|~ � � (A�T�����¡W � w

A-6 We first considerthe caseb @ �?+?, ; we shall show in
thiscaseY mustbeconstant.TherelationY ��� � � Y �T� � �4b � � Y �*�*<#� � � �4b � � Y �*<#� �
provesthat Y is an even function. Let � E @ � � be the
rootsof � � �pb#<�� , bothof which arereal. If � r¢� � ,
define ��£��B� and �kx/� E � 9 �kx%<>b for eachpositive
integer � . By inductionon ~ , � � f ��x/� E f ��x for all~ , so the sequencem;� x o tendsto a limit ¤ which is a
rootof �k�6�¥b#��� notlessthan� � . Of coursethismeans¤ � � � . Since Y �T� � � Y ��� x � for all ~ and � x'¦ � � ,
weconcludeY ��� � � Y � � � � , so Y is constanton �h
 � � .
If � E f � f�� � and ��x is definedasbefore,thenby in-
duction, ��x f �kx/� E f§� � . Notethat thesequencecan
bedefinedbecause� E r b ; thelatterfollows by noting
thatthepolynomial �k�#<>���1b is positiveat �¨��b and
hasits minimumat �?+ 3 r b , soboth rootsaregreater
than b . In any case,wededucethat Y �T� � is alsoconstant
on �?E @ � @ � � .
Finally, suppose� f§� E . Now define �z£%�©�ª� ��x/� E ����x �>b . Giventhat ��x ft� E , wehave �kx/� E r ��x . Thus
if wehad �kx fp� E for all ~ , by thesameargumentasin
thefirst casewededuce� x«¦ �?E andso Y ��� � � Y � �-E�� .
Actually, thisdoesn’t happen;eventuallywehave � x r�?E , in which caseY ��� � � Y �T� x � � Y � �-E�� by whatwe
have alreadyshown. We concludethat Y is a constant
function. (Thanksto MarshallBuck for catchinganin-
accuracy in a previousversionof thissolution.)

Now supposeb r �?+?, . Thenthesequence�kx defined
by � £ �n( and � x/� E �¬�k�x �¢b is strictly increasing
andhasno limit point. Thusif we define Y on & � £ �*� E .
as any continuousfunction with equal valueson the
endpoints,andextendthedefinitionfrom & � x � � x/� E . to& �kx/� E �*�kx/� � . by the relation Y �T� � � Y �T� � ��b � , and
extendthe definition further to � f ( by the relationY �T� � � Y ��<#� � , the resultingfunction hasthe desired
property. Moreover, any function with that property
clearlyhasthis form.

B-1 Let & ~. denotetheset m6�6� 3 �;w5w;wk� ~�o , andlet Y x denote
thenumberof minimal selfishsubsetsof & ~. . Thenthe
numberof minimalselfishsubsetsof & ~. notcontaining

2



~ is equalto Y x [ E . On the otherhand,for any mini-
mal selfishsubsetof & ~. containing~ , by subtracting1
from eachelement,andthentaking away the element~�<�� from theset,we obtaina minimal selfishsubset
of & ~h< 3 . (since � and ~ cannotbothoccurin a selfish
set). Conversely, any minimal selfishsubsetof & ~®< 3 .
givesrise to a minimal selfishsubsetof & ~. containing~ by theinverseprocedure.Hencethenumberof min-
imal selfishsubsetsof & ~. containing~ is Y x [ � . Thus
we obtain Y x � Y x [ E � Y x [ � . Since Y}E � Y � �:� , we
have Y x �°¯ x , where ¯ x denotesthe ~ th term of the
Fibonaccisequence.

B-2 By estimatingtheareaunderthegraphof ± !#� usingup-
perandlower rectanglesof width 2, weget² � x [ EE ± !#��e6� @ 3 � ± !ª� L6� � y5y;y � ± !ª� 3 ~¨<t� �*�

@ ² � x/� EK ± !#��e6�ªw
Since³¥± !#��e6�¨��� ± !#�¥<��R� F , wehave,uponexpo-
nentiatingandtakingsquareroots,� 3 ~�<p�g �¨´`µ/¶�·´ f � 3 ~�<p� � ´`µ/¶�·´ g [ x}� E@ � y;L7y5y5y � 3 ~¨<p� �@ � 3 ~���� � ´`µ�¸�·´

g [ x/� EL Kl¹ �
f � 3 ~����g � ´Vµ;¸]·´ �

usingthefactthat � f g fpL .

B-3 View � E �5w;w5w;�*��x as an arrangementof the numbers�}� 3 �5w;w5w��*~ on a circle. We prove that the optimal ar-
rangementisw5w;w5� ~�<>,z� ~�< 3 � ~¡�*~º<p�}� ~�< L �;w5w;w
To show this,notethatif _k�la is a pairof adjacentnum-
bersand b-�le is anotherpair (read in the sameorder
aroundthecircle) with _ f e and a r b , thentheseg-
ment from a to b canbe reversed,increasingthe sum
by _]b2�1a�eR<>_�a�<'b�e%�©��eJ<'_ � �Vas<>b �sr (�w
Now relabelthenumberssothey appearin orderasfol-
lows: w5w5w5� _]x [ � � _]x [ � � _]x���~¡�l_]x [ E � _]x [ K �5w;w5w
wherewithout loss of generalitywe assume_ x [ Eqr_�x [ � . By considering the pairs _]x [ � � _]x and_�x [ E �l_]x [ K andusingthe trivial fact _]x r _]x [ E , we
deduce _]x [ � r _]x [ K . We then comparethe pairs_�x [ � �l_]x [ � and _]x [ E �l_�x [ K , and using that _]x [ E r

_ x [ � , we deduce_ x [ K r _ x [ � . Continuingin this
fashion,we prove that _ x r _ x [ E1r�y;y5yRr _ E and
so _ Z � X for X ���6� 3 �;w5w;w��*~ , i.e. that theoptimalar-
rangementis asclaimed. In particular, the maximum
valueof thesumis� y 3 ����~A<t� �»y ~«��� y�L � 3 y ,0� y5y;y ���T~A< 3 �»y ~� 3 �4~ � <|~«����� � <t� � � y;y5y ��&8��~A<t� � � <p��.�q~ � <>~�� 3 <q�T~A<t� � � ��~�<p� � ~2� 3 ~�<p� �\� 3 ~ K � L ~¼�G<p�}�;~����;C\ w
Alternatesolution:Weproveby inductionthatthevalue
given above is an upperbound; it is clearly a lower
boundbecauseof the arrangementgiven above. As-
sumethisis thecasefor ~s<�� . Theoptimalarrangement
for ~ is obtainedfrom somearrangementfor ~�<�� by
inserting ~ betweensomepair ��� � of adjacentterms.
This operationincreasesthesumby ~j�º�p~ � <1� � �~¼��<|��~�<º� � ��~�< ��� , whichis anincreasingfunctionof
both � and � . In particular, this differenceis maximal
when � and � equal ~h<q� and ~h< 3

. Fortunately, this
yieldspreciselythedifferencebetweentheclaimedup-
perboundfor ~ andtheassumedupperboundfor ~=<�� ,
completingtheinduction.

B-4 Supposesucha matrix  exists. If the eigenvaluesof (over the complex numbers)aredistinct, thenthere
exists a complex matrix F suchthat v � F½0F [ E is
diagonal. Consequently, � �"! v is diagonal. But then�*�"!  � F [ E �`�*�"! v¥� F mustbe diagonalizable,a con-
tradiction. Hencethe eigenvaluesof  are the same,
and  hasa conjugatev � F½=F [ E over thecomplex
numbersof theform � � �(:� � w
A directcomputationshowsthat

� �8! v � � � �8!G� ��y �5�6���( � �8!#� � w
Since � �8!  and � �8! v areconjugate,their eigenvalues
mustbethesame,andsowemusthave � �8!G�¨�©� . This
implies ���������:( , so that �*�"! v is the identity matrix,
asmustbe � �8!  , a contradiction.Thus  cannotexist.

Alternate solution (due to Craig Helfgott and Alex
Popa):Defineboth � �8!  and �5�6�  by theusualpower
series.Since  commuteswith itself, thepower series
identity �*�"! �  �4�5�6� �  ��¾
holds.But if � �"!  is thegivenmatrix,thenby theabove

identity, ���6�l�  mustequal

� (d< 3 y �;¿6¿ \( ( � which is
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a nilpotentmatrix. Thus ���6�  is alsonilpotent. How-
ever, thesquareof any

3«À'3
nilpotentmatrix mustbe

zero(e.g.,by theCayley-Hamiltontheorem).This is a
contradiction.

B-5 Considera � À ~ checkerboard,in which we write an~ -letter string, one letter per square. If the string is
balanced,we can cover eachpair of adjacentsquares
containingthe sameletter with a � Àq3

domino, and
thesewill not overlap(becauseno threein a row can
bethesame).Moreover, any dominois separatedfrom
thenext by anevennumberof squares,sincethey must
cover oppositeletters,andthesequencemustalternate
in between.

Conversely, any arrangementof dominoeswheread-
jacentdominoesare separatedby an even numberof
squarescorrespondsto a uniquebalancedstring, once
we choosewhetherthe string startswith Á or D . In
other words, the numberof balancedstringsis twice
thenumberof acceptabledominoarrangements.

Wecountthesearrangementsby numberingthesquares(��5�6�5w;w5w��*~G<�� anddistinguishingwhetherthedominoes
startonevenor oddnumbers.Oncethis is decided,one
simply chooseswhetheror not to put a dominoin each
eligibleposition.Thuswehave

3Â x ¹ � Ã arrangementsin
thefirst caseand

3 ÂÅÄ x [ E*Æ ¹ � Ã in thesecond,but notethat
thecaseof nodominoeshasbeencountedtwice. Hence
thenumberof balancedstringsis3 ÂÅÄ x/� � Æ ¹ �*Ã � 3 ÂÅÄ x/� E�Æ ¹ � Ã < 3 w

B-6 We will prove theclaim assumingonly thattheconvex
hull of the points ��_ � �la � � containsthe origin in its in-
terior. (Thanksto MarshallBuck for pointingout that
the last threewordsarenecessaryin the previoussen-
tence!) Let Ç � ± �}È2���*É>� ± �6È � so that the left-hand
sideof thegivenequationis�`_ E �la E5�]Ê�Ë�Ì �`_ EQÇ �Aa E É � �>�`_ � �la � �]Ê5Ë]Ì ��_ � Ç �Aa � É � �y;y5y ���`_ x �Qa x �]Ê5Ë]Ì ��_ x Ç �ta x É � w (1)

Now notethat(1) is thegradientof thefunction

Y � Ç �*É � ��g;�6W��`_ E�Ç �ta E É � �1g;�6W��`_ � Ç �ta � É � �y;y5y �1g��}W»��_ x Ç �ta x É � �
andsoit sufficesto show Y hasacritical point. We will
in factshow Y hasaglobalminimum.

Clearlywehave

Y � Ç �*É � 
 Ê5Ë�Ì«Í ��Î Ë� �`_�� Ç �ta��TÉ ��Ï w
Notethatthis maximumis positive for � Ç �*É �¥��d�`(��l( � :
if we had _ � Ç �:a � É f ( for all { , then the subsetÇ�� ��É�U f ( of the � U -planewould be a half-plane
containingall of thepoints ��_ � �Qa � � , whoseconvex hull
would thennotcontaintheorigin, acontradiction.

Thefunction ��Î Ë � ��_]� Ç �pa��TÉ � is clearlycontinuouson
theunit circle Ç �»�>É]�0��� , which is compact.Henceit
hasaglobalminimum ÐÑr ( , andsofor all Ç �*É ,��Î Ë� �`_]� Ç �ta��`É � 
 ÐÓÒ Ç � �4É � w
In particular, Y 
 ~©�Ô� on the disk of radiusÒ ��~º��� � + Ð . Since Y �`(��l( � �Õ~ , the infimum of Y
is the sameover the entire Ç É -planeasover this disk,
which again is compact. Hence Y attainsits infimal
value at somepoint in the disk, which is the desired
globalminimum.

NoamElkieshassuggestedanalternatesolutionasfol-
lows: for �|r ( , draw the loop tracedby (1) as � Ç � É �
travelscounterclockwisearoundthecircle Ç ���=É]��� � � .
For � �:( , this of coursehaswinding number0 about
any point, but for � large, onecanshow this loop has
winding number1 aboutthe origin, so somewherein
betweenthe loop mustpassthroughtheorigin. (Prov-
ing this latterfactis a little tricky.)
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