PHAN B. BAI TAP TU LUAN

Dang 1. Xac dinh phwong trinh dwong thing

1. Dang 1. Viét phwong trinh dwong thing d dang tham sé va dang chinh tic (néu cé), biét
M(x:,v:z)

=(a,:a,:a,).

. -4 N oy > M,
d di qua diém va co vécto chi phwong

. 1 Qua M(x;y.;2.)

d:
Phiurone phap. Ta ¢o- 0 VTCP:u, =(a:a,.a,)

x =x_+at

d:{y=y +a,t| (t€R).

z =z +a,t

Phurong trinh dwong thang d dang tham sé

P ETLCI S S , (aa,a, #0).

Phirong trinh dwong thang @ dang chinh tic

2. Dang 2. Viét phwong trinh tham sé va chinh tic (néu cé) ciia dwong thing d gi qua 4 va
B.
B d

: A
1 Qua A (hay B /
d: 2 - ]]%

lF "y, =
IFTCP:u, =AB (dang 1)

Phuong phdp. Puong thing

3. Dang 3. Viét phwong trinh dwong thang d dang tham so6 va chinh tic (néu cé), biét d gi

qua diém M va song song véi dwong thing - ST
u
[0 QuaM(x;y:z) M d
d: o0 0o
0 VTCP:u, =u

Phwong phap. Ta co ‘' (dang 1)

4. Dang 4. Viét phwong trinh dwong thing d dang tham so6 va chinh tic (néu cé), biét d gi

qua diém M vi vuong goc véi mit phing (F): @+ by ez +d =0.

: 1 Qua M __
a.q_
1 ¥VTCP:u, =n, =la:bc)

Phuong phap. Ta co (dang 1)

5. Dang 5. Viét phwong trinh tham sé va chinh tic ciia dwong thing d 14 giao tuyén ciia hai

mat phang () yq @ cho trude. r
A
0 Qua A=(F)n(Q) !

d:
v u, =8 .0,
Phurong phap. Tacs~ \° VTP 4 Mep o] o 1)
6. Dang 6. Viét phwong trinh tham sé va chinh tic (néu c6) ciia dwong thing d di qua diém
M va vuong géc véi hai dwong thing 2o & cho truoc. J*:‘: /_/ :lL;Z

1 Qua M ___

d d
0 VTCP:u, =[u, '”.;:] ‘ : d2/

d:

Phwong phap. Ta co

(dgng 1)



7. Dang 7. Viét phwong trinh dwong thing d qua M va song song véi hai mat phing
(P), (O).

1 Qua M ___

i:
‘ {] VICP tu, =[n,,n,]

Phuwong phap. Ta co (dang 1)

8. Dang 8. Viét phwong trinh dwong thing d qua M, vuong goc dwong d" g song song mdt
(P).

{] Oua M ___

- .:l FTCP :H.:' :[H." .Hln] (ddng 1)

Phuwong phap. Ta co
9. Dang 9. Viét phwong trinh dwong thing d nam trong mdt (P), song song mdt Q) va qua
M.

f {] Qua M ___
d:

0 VTCP:u, =[n..n,
Phuong phap. Ta co Uy ={npsng] (dang 1)
10. Dang 10. Viét phwong trinh dwong thing d di qua diém 4, yuéng géc va cit dwong thing
d’.

Phuwong phap. g
Viét phwong trinh mdt phang (P) qua 4, vuong goc d. p
1 Qua A ﬁ{ 5
N avrer:n, =u,
Nghia la mdt phang - T =l
Tim B =d N(P). Suy ra duong thang 4 qua 4 va B (dang 1)

d =AB

Luu y: Truong hop d’ 14 cac truc toa do thi * véi B la hinh chiéu cia 4 1én truc.
11. Dang 11. Viét phwong trinh tham sé va chinh tic (néu cd) ciia dwong thing d dgi qua diém

M va cit dwong thing z va vuong goc & cho trudc.

Phuone phan. Gid sir dnd =H, (HEd, HEd) d d,
= Hx +aft. x, +a,t; x; +a,t)Ed, d H M
L
yn MH Ld, = MHu, =0=t= H. / u,
(1 Qua M -
d: = ~ (0000
2 FTCP 1u, =1
Suy ra dwong thang | VTCP:u, =MH (dang 1)
M (x,:v:2,) d,d,.

Dang 12. 4 di qua diém va cit hai duong thang

o Cich I: Goi Mi1€d» Mz €d; 1y 4ix 1ian
d6 suy ra phuong trinh duong thang d.

M, M,, M, thang hang ta tim dugc M. M, 1y

e Cich 2: Goi (PY=Myd) @) =(My.ds) oaea =(PY 1 (O) 4 i vTCP ctia

2



, a=|n,,n
d co thé chon la [ ! Q]

Dang 13. ¢ nim trong mat phing (P) va cat ca hai duong thang d, d, :

Tim cac giao diém A =dnP) B =dnP) Khi d6 @ chinh 1a duong thang 4B .

d, d,.

)

Dang 14. 4 song song v6i A va cit ca hai dudng thing
(P)

Viét phuong trinh mit phang chira A va d, , mit phang chua A va d, .

Khi dod =) @)

~

Dang 15. 94 13 dudng vudng goc chung cia hai dudng thing dy, d, chéo nhau:

MN Lld,
e Cich I: Goi M€9 N€d: 1y gidy kien MV % 3 tim duge M-V
Khi do, 4 1a duong thing MN .
® Cach 2:
_vidLd ydLdy o sTep cin d oo thé @ L% %]
— Lap phuong trinh mit phang (P) chira 4 va d , bang cach:
+ Lay mot diém 4 trén d, .
+ Mot VIPT cua (P) c6 thé 1a: 7 :[ aa]
R . I () 7 s @
— Tuong tu lap phuong trinh mat phang chira ¢ va ™.
Khido d =F) n (@)
Dang 16. Viét phwong trinh dwong thing ¢ 1a hinh chiéu vudng goc ciia dwong thing A 1én
mat (P). M A
Phuong phap: Xét vi tri twong dbi ciia duong thang A va (P). v 7
A I S
1 Néu AN (P). /
Chon mot diém M trén A A

M
Tim H 13 hinh chiéu cia M 1en (P) A/
i,'QuaHH A ! d fy
@ | VICP :u,; =u,

U N&y AN(P) =L

Hinh chiéu

Chon mét diém M #I trén A

Tim H 13 hinh chiéu cua M 1én (P).

Hinh chiéu vudng goc cua A 1én (P) 1a d =IH.

Dang 17. Viét dwong thing d 1a duwong thang ddi xing véi dwong thing A qua méit phiang

(P). M A

e / 3

M| d

Phwong phap: Xét vi tri twong dbi cua duong thang A va (P).




Cau 1.

Cau 2.

Cau 3.

U Néu A I(P).

Chon mot diém M trén A

Tim H 13 hinh chiéu cua M 1én (P).

Tim M déi ximg voi M qua (P)

[Quan’ |

Puong thang d6i xing | bl =

U Néy AN(P) =1

Chon mot diém M trén A

Tim H 13 hinh chiéu cia M 1en (P)

Tim M~ déi ximg véi M qua (P).

N [QuaM’ o,
VICP :u, =IM

Puong thang di xtng

Chuyén Dai Hoc Vinh 2019) Trong khong gian @7 cho £(-1:0:2)y5 F(2L-3) yig
( y al kg g gg
phuong trinh dudng thang EF

Loi giai

Ta co: EF =(3L-7) Puong thing EF di qua diém ECL02) vy ¢ vTCP

s x+l _y z-12
u=EF =(3:L-7) 4 phuong trinh: 3 1 -7

. o M2:0;-
Trong khong gian PV | cho duong thing A di qua diém M (20, I)Vé. c6 mot vecto chi
a=(4:-6:2) . ‘ £ A

phuong . Viét phuong trinh tham s6 cta

Loi giai
a=(4-6:2)=202:-31)

Do d6 dudng thang Aco mdt vecto chi phuong la u=(2-3 ]}. Vay phuong trinh tham s cua
X =242t
y=-3t
A g M(2:0:-1) 7 Cu=(2-31)  [z=-1+1
iqua va ¢6 mot vecto chi phuong la la: .

(Chuyén L& Hong Phong Nam Dinh 2019) Trong khong gian F*YZ | viét phuong trinh duon
y g Phong g khong g phuong g

) ) “ 7. e
thing di qua hai diém 1 (32:3) 3y B(5:4:- 1)

Loi giai

5 AB(4:2:-4) T ((=2:-1:2)

Tac . Suy ra 4B cung phuong voi !



Cau 4.

Cau 5.

Cau 6.

Cau 7.

Phuong trinh duong thing 4B di qua B(5:4:-1) nhan (-2-1:2) lam vecto chi phuong 1a:

-2 -1

a

x-5 _y-4 z+l
=

i

10" T ,
(Chuyén Dai hoc Vinh - 2019) Trong khong gian O07 , cho £ G 10:2) (y F(211-5) (0

huong trinh dudng thang EF

p
Loi giai

) =31~ -1:0:2
Puong thang EF ¢ vécto chi phuong 1a £F =Gk-7) va di qua £(-1;0:2) nén c6 phuong
x+l _y z-2

trinh: 3 I -7 .

(Ngd Quyén - Hai Phong 2019) Trong khong gian Oxyz ,viét phuong trinh tham sb ciia duon
g y g g g8 g g

m(1;2:3) 7 a(l:-4:-5)
va c0 vécto chi phuong

Loi giai

thang d g qua diém

a(l;-4:-5) (- 1;4;5)
o1

Puong thing d ¢ vécto chi phuong ,dod=Vy nén 4 cling nhan

v(-1:4:5) lam vécto chi phuong do d6 phuong trinh tham sb ctia dudong thang d 13

vécto
(x =1-t¢
v =2+4t.

& =345t

(Sé Binh Thuan 2019) Trong khong gian Oxyz , cho duong thang d g qua diém M (0:- 1:4)

N u=3-135) . , iy . 2
va nhan vecto G ) lam vecto chi phuong. Viét phuong trinh tham s6 cua do

Loi gidi
Puong thang d g qua diém M (0:-1,4) va nhan vecto u=(3-15) lam vecto chi phuong.
x =3t
y=-1-t
Phuong trinh tham s cta d 1y * =4+ .

M(1:-2:3)

(Ma 101 2020 Lan 2) Trong khong gian Oxyz , cho diém va mit phang

e P - _— , )
(P):2x- y+32+1=0 . Viét phuong trinh ciia duong thiang di qua M va vudng goc voi (P)
Loi giai
. M(1:-2: n,,, =(2:-1:3)
Duong thang can tim di qua M (1;-2:3 ), vuong goc voi P nénnhan la véc to
x=1+2t
y=-2-t

chi phuong. Phuong trinh dudng thang can tim 1a Z =343 .



Cau 8.

Cau 9.

Cau 10.

Cau 11.

5 o MU;-2;2
(Ma 103 - 2020 Lin 2) Trong khong gian Q9% cho diém 1 (172:2)

(P):2x+y-3z+1=0

va mit phang

. Viét phuong trinh ctia dudng thang qua M va vudng goc v6i mit phang

)
Loi giai
Puong thang di qua diém M va vudng goc véi mit phiang (P) nhan véc to phéap tuyén cua mat
x =1+2¢
y=-2+t
z=2-3t

phing (») lam véc to chi phwong c6 phuong trinh tham s6 13

Trong khong gian Oxyz, cho didm M(32-1) 45 mit phang (P):x+2- 2=0. g phuong

trinh dudng thang di qua M 3 vuong goc voi (P)

Loi giai

Ta c6 mit phang (P):x+2z- 2=0
(P o =(1:0:1)

= Mit phing c6 véc to phap tuyen la "

A A )

vuong goc voi nén véc to phap tuyén cia

. P ,
mat phang la véc to chi phuong ctia duong thang A

Goi duong thang can tim 1a 2. Vi duong thang

mIN|N)

= :;J\ =" =(1:0:1)

M(3;2;:-1)

\

;J.‘i :(I;O;I)Ia

Vay phuong trinh duong thang A g qua va c6 véc to chi phuong
(x =3+t

y=2

(Zz=-1+1

(SGD Bic Ninh 2019) Trong khong gian véi hé truc toa d6 °** | viét phuong trinh duong thing

AQG2:1) o e (P)ix-2y+z-1=0
va vuong gboc voi mat phang

Loi giai

d di qua diém

2 z . =(1:- 2 o =(1--
Mait phang (P) c6 vecto phap tuyén np =(L; “‘1}. Vi d L(P) nén 7 (1:-2:1) cling la vecto
chi phuong ctia dudng thing @ . Suy ra phuong trinh duong thing ¢ thuong gip 13

x-1 y-2 =z-1

1 -2 1
(Nguyén Hué- Ninh Binh- 2019) Trong khong gian voéi hé toa do Oxyz , cho
(P): 2x-5y+z-1=0 , 4(1;2;-1)
va
. (P)

Vo1

. Viét phuong trinh duong thang A qua 4 va vudng goc

Loi giai
2 1 =(7--5:
Mat phang () c6 mot vecto phap tuyén la n=(2;-5:1) _

5 ==-p =l-2:5-
Puong thang A vudng goc véi P) nén c6 mot vecto chi phuong la u=-n=(-2:5; ])‘



Cau 12.

Cau 13.

Cau 14.

y =2+5¢
A di qua 4 nén c6 phuong trinh Z=le
Cho ! == 1 ta duoc diém 3(3;_340)65.
x=3-2t
y =-3+5t

Vithé A ¢6 phuong trinh S
(Ma 103 - 2020 Léan 1) Trong khong gian Oxyz , cho ba diém A(L:2:0), B(1:1:2) va c(2 3;1).
Viét phuong trinh dudng thang di qua 4 va song song véi BC

Loi gidi

A(1;2;0)

Goi 9@ 1a phwong trinh dudng thing qua va song song voi BC

b — (}r'I— 1 _y- 2 Z
s BC=(2- )7 2 -1

Tac

(Nho Quan A - Ninh Binh - 2019) Trong khong gian vdi hé toa do Oxyz’ cho ba diém

it NETIE, T Aol o , ,
A(0; 0, 1),B(- ;- 2:0),c(2;1; I). Viét phuong trinh dudng thang A g qua Cva song song voi

AB
Loi giai
N TR T ..
AB(- 1= 2- 1) nén chon 1a véc to chi phuong cua A 1a H(l’z’l).
( x =2+t
y=1+2¢t(teR)
Do d6 phuong trinh ctia A 1a [z =141
(Ma 101 2018) Trong khong gian @97 cho diém A(1:2:3) va duong thing
P 3 _y-1 _z+7
2 I -2 Viét phuong trinh dudng thang di qua 4, vudéng goc véi d va cht truc
Ox

Loi gidi
Goi A 1a duong thang can tim.

Goi M =AN0x gyy ry M (@:0:0),

SN NN}

AM =(a-1:-2;-3)

v o=(21-2
d ¢6 vTCP: " =(2:1; “).

[NININ Ny N}

viALd pep AMu; =0 2g-2-246=0=a=-1

M (- 1:0:0 AM =(=2:-2:-3) = (2:2:
Vay A qua M CE00) o yrep AM =223 =- (523 A 6 Dhong trinh:



Cau 15.

Cau 16.

x=-1+2¢

y =2t
z =3t
d x=3 _y-3 z+2
3 , 1 = =
(Pé Tham Khao 2018) Trong khong gian Oxyz , cho hai duong thang -1 -2 L
x-5 y+l _z-2
dyi——=—7—= 7 S +dpe3z-S=0 ., q
-3 2 I va mat phing (P):x+2y+32-5 =0 . Viét phuong trinh duong thang

R oo \P) o d . d
vuong goc voi ,cat ! va

x=3-1¢, x=5- 3,
d:iy=3-2  d,:{y=-1+2,
. z=-24t =2+t
Phuong trinh 'va

Goi duong thang can tim 1a A,

Gia st duong thang A cit dudng thang 4 gy 4 1an luot tai 4, B
o AG-1:3- 20:-241) B(5-31,:- 1426,:241,)

G
AB =(2- 31, +14,;-4+ 26, + 214 +1,- )
Vecto phap tuyén cua (P) 12" :(];2;3),
2-3t,+t, -4+2t,+2 4+t,-1,
Do AB va n cing phuong nén | 2 3
(2-3t 4t -442t, + 2
- 1 2
4420421, _44t,-t, |02
S = 1(:-10) B(2-1:3)
2 3 L l.Dod(’)‘—J A T
J . AUL-1;0 =\1: 2
Phuong trinh duong thang A di qua (1:-1:0) va c6 vecto chi phuong n =(1;2:3) 1a
x-1 _y+l =z
1 2 3
p , Y Iy 7 3=
(Pé Tham Khao 2021) Trong khong gian Oxyz , cho mat phang (P):2x 42y~ 2-3=0 va hai
x-1 y z+l x-2 y _z+l
) ﬂrll—:—:— .ff:: = = . i
duong thang 2 1 -2 | 2 -1 . Viét phuong trinh duong thang vudng

o P) v L .
gbc voi , dong thoi cat ca d, va d,

Loi giai
Goi A 1a duong thing can tim.

3 A o =h2525= 1
Mat phang (P) 6 vecto phap tuyén 1a 1y =22 )_

M =And, = M{+2mm-1-2m) (meR)
Goi :

> 3



Cau 17.

Cau 18.

N =ANnd,= N(Q+n2n:-1- n) (neRr)

SN NN

, MN =(n- 2m+1:2n- m-n+2m)
Ta co

[N]N|NIN}

. oo P) ey . .
Vi A vudng goc véi nén MN ") cung phuong nén ta ¢6

-9 ST ) n=l1
n-2m+1l 2n-m _-n+2m -

2 2

m =0

s VG:2-2) My =(22-1)

Do d
" N3;2;-2 MN =(2;2:-
Vay dudng thang A di qua N(3:2:-2) co6 vecto chi phuong la vy =(2:2:-1) nén c6 phuong
x-3 y-2 =z+2
trinh chinh tic la 2 2 -1
x+l y  z+12
odi—=—= i
(Ma 103 2018) Trong khong gian Oxyz, cho duong thang 2 - 1 2 va mit phang
(P):x+y-z+1

=0 viét phuong trinh duong thing nim trong mit phang (P) ddng thoi cit va
vuong goc voi d
Loi gidi

x=-1+2t

R
[l
1

]
Il
1
| S
+
]
—_

d.l

GoiA 13 duong thing nam trong (P) vuong goc voi d.

L1 L uu

u, :[ud..;n,“] =(- :4;3)

Goi A 1a giao diém cia 9 va ©)Toa do A 12 nghiém ciia phuong trinh:

(= 1+2t)+(-t)- (-2+2t)+1 =0= t =2 = A(3;-2:2)

X =3+t
y=-2-4¢
.9 U, =(-1:4:3 z=2-
Phuong trinh A qua AB-22) ¢ vtcp uy = 1*4*3}06 dang: * 3
M(-1,13)

(Ma 123 2017) Trong khong gian Oxyz cho diém
x-1_y+3 _2-1 ﬁ,_x+1_y_ z

va hai duong thang

A

3 2 1 , 1 3 -2 viét phuong trinh dudng thang di qua M vz vuong
goc voi A va A,
Loi giai

AN u=(321  v=1:3-2) [uV] =(777)

+) VTICP cta lan luot 14



Cau 19.

Cau 20.

Cau 21.

[
) , =(-1:1:1
Hvid vudng goc voi A va A nén u, = )

x=-1-t
d:wy:1+t
4 d di qua M(-1L3) . [2=3+t
. A - T s AW-13)
(Kinh Mon - Hai Duwong 2019) Trong khong gian v6i hé toa d§ Oxyz cho diém va hai
- T} - _ _
7 u‘rlll 3:_1+._.:_ 1 d2:x 2:y+l:z 1 , 7
dudng thang 3 3 -1, 1 -1 1 Viét phuong trinh duong thang

d g qua 4, vudng goc v6i duong thang d, va cit thing d, .
Loi gidi

Goi MQ+¢:-1- .r.jI+.r:':a’r'm-’:w,yi rER

S| NN}

 AM =(+t1- - 241)  w, =(3:3;-1)
6 va

Tac la vecto chi phuong cua d,

(NIN{ NN NN

Vi = 1 () = .
Mait khéc AMay =0 o) 3140 +3.0-1) 1.(-2+¢)=0= ¢ =5

§ NN}

M o=(6:- 5
= AM =(6;- 5:3) 1a 1 vecto chi phuong cua 4 .
x-1 _y+l z-3
Vay phuong trinh duong thang d . o -5 3
A . . o Owz g o MQ-u2) o
(H6i 8 truong chuyén 2019) Trong khong gian > cho dieém va hai dudng thang
x =t
{'i'r: V== !'4{. flr.."- _1 _I _:+2
- — a.—-= = -, .
[z =0+t 2 | -3 Viét phuong trinh duong thang di qua M, vuong goc voi
d vy do

Loi giai
Puong thang d ¢ mot vecto chi phuong u=(1;-4 6).

, , o =(71 -5
Puong thang d ¢ mot vecto chi phuong u =21 )

Goi A 1a duong thing qua M, vuong goc voi d vad neénco mot vecto chi phuong la:

i Z[u.e_:"l =(14;17:9)

x-1 y+l z-2

Vay phuong trinh duong thang A: 14 17 9
A4(2:0;-1) (P):x+y-1=0

(Oxy)

Oxyz

Trong khong gian , cho diém va mit phang . Viét phuong

trinh duong thang di qua 4 ddng thoi song song voi (P) va mit phing
Loi giai

nion) =(11:0) neey =(0:0;1)
Ta co: , .

10



cd s as 2 . A ax - (P) < 12 Oxy C 1,
Goi “ 1a duong thang di qua < dong thoi song song voi va mdt phang . Khi do:

X =241
uy L d:{v=-t
= = Uy :[m.n].m.;,-,-.-]l :(l.j -1:0) g

id _”-‘-:.Ix:.- Z =- ]

. Vay

Cau 22. (Chuyén Lé Quy Pon Quang Tri 2019) Trong khong gian toa do Oxyz , viét phuong trinh chinh

A@G:-1:5)

taic ciia duong thing di qua diém va clng song song véi hai mit phing

(P)x-y+z-4=0 (Q)2x+y+z+4=0
Loi giai

n, =(1:- 1:1) Q)

Mit phang (P) c6 mdt vecto phap tuyén 1a ; mit phang

:;; =(2:1:1)

c6 mot vecto phap

tuyén 1a

Nhan thiy A¢(P) L (Q)'

Goi duong thing can lap 1a @ va % 1a mét vecto chi phuong cta no.
uu uu
u :[HFI;.H?IHI =(2:-1:- 3)
Ta chon - .

A@3:-1:5)

Mit khac, 4 qua nén c6 phuong trinh chinh tic 1a 2 - 1 -3,

Cau 23. (Chu Vin An - Ha Ngi - 2019) Trong khong gian voi hé truc toa @0 P*Y7 | cho hai mit phing
(r):x-2y4z-1=0 (f):2x+y-z= A(1;2;-1)

(a).(B)

va diém . Viét phuong trinh dudng thang

A di qua diém 4 va song song v&i ca hai mit phang
Loi gidi

n =(1;-2;1) (B)

a) . A o1x My - . A 1a
mp coO véc to phap tuyén la , mp coO véc to phap tuyén la

u 2[:r,;j::] =(1:3;5)

n, =(2:1:-1)

Puong thang A ¢6 véc to chi phuong 1a

A-XT 1 y-2 z+l]
Phuong trinh ctia duong thing | 3 3

A(1:0;0) B(0:2:0) c(0;0:3)

Cau 24. Trong khong gian Oxyz , cho ba diém . Viét phuong trinh

duong thing di qua tim dudng tron ngoai tiép tam giac 4BC | song song véi mit phing (Ox) \%

a vudng goc voi 4B .

Loi giai

Goi 1(*¥37:2) 13 tam duong tron ngoai tiép tam gidc 4BC | ta co:

AT =Bl (x- I): +y 4z =x" +(y- 3): +z’
Al =cI = {(x-1) +y 4+ ="+ +(z- 3)
Te(ABC) |x y =z
' —+—+_ =]

2 3
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Cau 25.

Cau 26.

13

(2x-4y =3 78
40 (13 40 135 ‘
= 12x sfr=-fe= i y=—=J| ——1—
5 49 |98 49 98 |

|Ox+3y +2z =0 135

"~ 98

m|N N}

Ta co: AB =(- I;E;D}.

Mat phéng (O)Q/) c6 1 véc to phap tuyén k :(001)

a[un}
o L 7 ‘ H;:[A.B.kl =(2:1:0)
Theo gia thiét duong thang A can tim ¢6 1 véc to chi phuong 1a .

13

r=—+2t
a8
40
1P =t
T49
135

98

Phuong trinh tham s ctia duong thang A !

Trong khong gian voi hé toa do Oxyz , viét phurong trinh tham s ciia dudng thang di qua diém
M(1:3;-2 A ; .. . . , Cy4p- 3=
(1:3; ), dong thoi song song véi giao tuyén cua hai mat phang (P)ix+y-3=0 va

(0): 2x- y+z-3=0
Loi gidi

(P):x+y-3=0 . (0):2x- y+z-3=0
va

Hai mit phing ¢ vecto phap tuyén lan luot la:

:;J =(1:1:0): :r,J =(2:-1:1)

ug
U :[Hl.ufﬁl:

) =(1:- 1:- 3).

Giao tuyén ctia hai mit phang P va c6 vecto chi phuong:
M(1:3;-2)

DPuong thing di qua diém , dong thoi song song véi giao tuyén ciia hai mit phang

N - — Yy T - =
(P):x+y-3=0 va (0): 2x- y+z-3=0 nhan vecto ¥ lam vecto chi phuong c6 phuong trinh

X =1+t
y=3-1
R ==-2-
tham sé 1a: © 27
x _y-1 z+2
i d :l =, = i
Trong khong gian véi hé toa d0 Oxyz, cho dudong thang | 2 2, mat phing

Ve byt § — 2 AW 1-2 Lz . \ 2 . ¥
(P):2x+y+2z- 3 DVédlém 1(:1 ).VletphuongtrlnhduongthangAdlquadlemAs

ong song v4i mit phang () va vuong gbc voi d
Loi gidi

x y-1 z+2
dir= R
| = 2 = d ¢ mot vecto chi phuong 1a

u(1;2;2)

12



Cau 27.

Cau 28.

(P):2x+y+2z-5=0 = (P) n(2:1;2)

c6 mot vecto phap tuyén la
Puong thing A song song v6i mit phiang (P) va vuodng goc v6i 4

v :[u.nl =(2;2:-3)

= A6 mot vecto chi phuong la , va dudng thing A di qua diém

x-1 _y-1_=z+2
A4(1;13-2) T WU S S
= Phuong trinh chinh tac cua duong thing A la: = = .
(SP Pong Nai - 2019) Trong khong gian véi hé toa do Oxyz’ cho mat phang
P, 3 _y-3 =z
x+y-z+9=0, . ' - e} 2 ;2= 1) s
(P):x+y-z+9=0 duong thang | 3 2 va diém A0:2;-1) Viét phuong trinh

duong thang A di qua diém 4 cat d vy song song v4i mat phang
Loi giai

Céch 1:
() ) . oon=1-1)
Ta co: c6 vecto phép tuyén la: .
=(1;3;2)  B(330)ed
d co vecto chi phuong la: ! - va .
u, =(ab;e)  AQ2:- DeA 2 LB g2
A ¢4 vecto chi phuong 1a: * va o (trong d6 @ +b+c” >0 ).

= Z,JE =(21:1):d ||I:F)-:::r :.:J‘J; == g+h-c=0=c=a+h = :.IJ‘ =(a:ba+h).

A(NlN] Ll

o ca
x-1_ y-2 =z+l]
ﬂ:—|:-h:2:-|:':|=t-ﬁ1':(—|.f1f|):t-l.j,; :-'} — _
Chon . 7 |
j,-'ﬁ"|__1'-3_:+l
Kétluan: | 2 |

(P& Tham Khao 2017) Trong khong gian véi hé toa do Oxyz  ¢ho duong thang
x-1 y+5 z-3
PR

2 - 1 4 vidt phuong trinh duong thang hinh chiéu vudng goc cua d trén mit

phéng x+3=09

Loi giai

. A (15 —(7:- 12
Cich 1: Puong thing ¢ di qua diém M(5=3:3) 33 c6 vrep M (2:-1,4)
. . (P)x+3=
Goi (Q) 1a mat phing chira 4 va vudng goc voi (P):x+3 D.
Suy ra mat phing @ di qua diém M55 U4 o vTPT 13 [ps0, | =0:41)

= (0):4y+z+17 =0

Phuong trinh hinh chiéu vuéng goc cua d trén mat phang P la

13



x=-3
4y +z+17 =0 y=-6-1t

I.‘l.'+3:[:| hay z =7 +4r

(P)ix+y+z-3=0

Ciu 29. (Pé Tham Khao 2019) Trong khong gian Oxyz, cho mat phiang va duong
x y+l z-2
2 d'|__ 3 __| . X s . £ n coo d eea (P)
thang - . Viét phuong trinh hinh chiéu vuong goc cua ¢ trén
Loi giai

Goi M 1a giao diém cia 4 vei F.
x4+ y+z-3=0 x4y+z=3  [x=l
x y+l z-2e {2x-y=l = {y=l

-=1 = M(:1:1)

ta

I
(S

1

A \ . T 2 -1 X+
Toa do cua M 14 nghiém cua hé: -

, ” o e
Léy diém w (0 |._Jed'

Mot vec to phap tuyén ctia mit phang (P) 1a: " =(L1; l).

n=(1;1;1)

Goi A 1a duong thang di qua N va nhan lam vec to chi phuong.

x
Ai—=—-=
Phuong trinh dudng thang l

Goi V' 1a giao diém cua A veéi

2
X =—
‘x+y+z-3=0 x+y+z=3 3|
1_1+|__—_‘}-:::r X-y= (=] ],:—E
11 x- z=-2 K
Toa do cua N’ la nghiém cua hé: 3
 n \
|3 3 3]
omo - 1 5)
MN' :‘ - I__:- i;l‘ =- l_ul:l.f4-.'- 5)
L 3 33 3
Puong thang can tim di qua diém M (51 va nhan u=(1;4-5) lam vec to chi phuong nén c6
x-1_y-1_=z-
phuong trinh | 4 -5

Dang 2. Xac dinh mdt s6 phwong trinh dwong thing dic biét (phén gidc, trung tuyén, giao
tuyen...)

Hai duong thang d.d, cit nhau tai diém A(xo; yizo)

:a, (a;:b:¢, ):: (a,:b,:c,)

va ¢6 vécto chi phuong |an lugt 1a

14



Cau 30.

Puong thang phéan gic ctia goc tao boi hai dudng thang nay cé vécto chi phuong duge xac dinh
theo cong thirc

- ]
— (b, ) e (ﬂ:;h:.flf‘:)

i, +
|”| |“ | -."ﬂ +."J +r: \"ﬂ +.'Er +|:'

Chi tiét c6 hai phan gidc:

0m = 1 0 ]

wu, =0=u = ,
Néu |“' | |”3 | la vécto chi phuong ctia phan

R 1 | @
u U,

giac tao boi goc nhon giira hai dudng thang va |“' | |”3 | la vécto chi phuong ctia phan
giac tao bai goc tu giira hai duong thang.

0 M - 1 10 I II

wu, >0= w =— u +—
Néu |“'| |” | la vécto chi phuong cua phan

-~ 10 o
u o= — Il
giac tao boi goc tu gitta hai dudng thang va |“'| |”3| la vécto chi phuong cua phan
giac tao bai goc nhon gitta hai dudng thang.
x =1+3¢
d:{y=-3
o n . Oxyz \ 2 }E’ =5+4¢ CA T \ 2
(Ma 102 2018) Trong khong gian , cho duong thang - . Goi A la duong thang
) g AW-3:5) ., , 1 2:- X \ . 2 \
di qua diém ( ) va c0 vecto chi phuong u(1:2:-2) . Viét phuong trinh duong thang duong
phén giac cuia géc nhon tao bdi d vy A
Loi gidi
. AU;-3; . AUL:-3; . 2
Ta c6 diém 4(1:-3:5) thudc duong thang d , nén 4(1:-3:5) la giao diém cua d vy A,
Mot vecto chi phuong ciia dudng thang diy’ (-3:0:-4) . Ta xét:
I _
u, =—.u 1 _' 1 2 2
l u‘ 27(122:-3)— T T
3 3 A al.,

" =Lesoen - Lo d

i —E(- J*D*'—i) . SD- 5

v, >0

Nhan thiy U , nén goc tao boi hai vecto BV a gbe nhon tao béi @ va A,

15



Cau 31.

Cau 32.

22

4“}—— :-2(2;'5;”)

L u U =

Taco ¥ —Hi+¥ L 1515 1 la vecto chi phuong cua duong phan giac

cua goc nhon tao boi d vy A hay duong phan gidc cua goc nhon tao boi d va A ¢ vecto chi

(x=-1+2
y=2-5t
O Lt it
phuong la w, =251l I). Do d6 c¢6 phuong trinh: '~ 6+1“.
0 . Az I},B(ﬁ;iﬁ} , 9
Trong khong gian ~*** cho hai diém 3 3 3 | Viét phuong trinh duong thang

duong phan giac trong cua tam giac O4B
Loi giai

0
B
E
A
Ta c6:
i i [A+4+1 00 mi ]
EFA =- ﬁ B =- A4+ : =- E.EE:E.BE
OB Jadr 16 64 4
+_+
9 9 9
"’—.T—E K+§‘
41 3) =0
ﬁ_z_lzi.l'—iﬁ 1:E
417 3 7
| 3 8] __12
T4l 5_‘ 7
0m 12 12
OF =‘c+—.:— = u =(0:1:1)
’J.‘j‘HﬂD_'_ v =0
A = Ay =t
FTCP u

(THPT Gang Thép Thai Nguyén -2019) Trong khong gian véi hé truc toa do Oxyz , cho 2

M(1;2;3), 4(2;4;4) (P):ix+y-2z+1=0 (Q):x-2y-z+4=0.

diém va hai mat phing
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Cau 33.

Viét phuong trinh dudng thingA di qua M | cit (P),(Q) lan luot tai B,C sao cho tam giac
ABC cantai 4 vanhan 4M 1am duong trung tuyén.

Loi giai
B (P) B(Qc- b- k)  M(1:2:3) BC
Diém thudc mat nén vi la trung diém nén
CQB-2c+bid-hi6-c) ¢ Q  3c-c-7=0ec=3b-7
. Do thudéc mat nén . Khi d6
B(3b-15:b:3b-T7) C(-3b+17:4- b:13- 3b) BC(-10b+32;-2b+4;-0b+20) 4pC

A

) : . can
4 BC.AM =0« 20b- 060 =0« b =3= B(0:32). A M(1;2;3)
tai  nén Puong thing  di qua va
x-1 _y-2 =z-3
B(0;3;2) | -1 |
c6 phuong trinh la
[.\' =1+3t
d:{y=-3
~ . Oxyz \ 2 13:5*'4? A 1 \ 2 . 2
Trong khong gian , cho duong thang - . Goi A la duong thang di qua diém
A(-35) : u(2;-2) (. L "
va c6 vecto chi phuong . Viét phuong trinh dudng thang duong phan giac

cua goc nhon tao bdi d va A

Loi giai

2 AU-3:5 . . B . AW-3:5) . . 2 \
Ta c6 diém ( ) thudc duong thang d nén ( ) la giao diém cua d vy A,
Mot vecto chi phuong cua duong thing ¢ 1a v(-3:0:- 4). Ta xét:
Eg =—u _|I (1.2 2]
L =—(1;2;-2) = —;—;-—‘

M 3 133 3.
I . .
bl :—.V_]. o Yo s :‘—E'U'—i

Vv —5( _'J..D.. —1‘) | 5-. b 5 .
Nhéan théy v > 0, nén goc tao boi hai vecto o , Y 1a gbc nhon tao boi dva A,

4 100 22 15
R R G |

Ta co b -0 i - la vecto chi phuong ctia duong phan giac

cua goc nhon tao bdi d va A hay duong phan giac cua goc nhon tao bdi d va A ¢6 vecto chi

x=-1+2
y=2- 5t
=(2:-5:11) z=-6+11t

phuong la Wi . Do d6 c6 phuong trinh: '
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Cau 34.

Cau 35.

(THPT Ninh Binh-Bac Liéu-2019) Trong khong gian Oxyz , cho mit phang
(x=-2+2¢
d:iy=l+t

z=1-1t

B T — ”
(P):2x- y+z-10 U, va duong thang - . Tim phuong trinh

. A(l;3:2
diém 1(153;2)

2 ’ P A . . 2R N N 4 N
duong thang A cat () va @ 1an luot tai hai diém M va N sao cho 4 14 trung diém cua doan
MN

Loi giai

’ I T ] T ;} _ '}. . _
Theo gia thiét: Ned= NQt- 2+l r)_

” NAAT I Ao Fi5_ -
Ma A 1 trung dim YV = M (- 205- 123 40),

: 24-12 - :;_ = = :_'}
Mit khic, M €(P)= 264-20-(5-1)+(G+1)-10=0 ¢ =-2.

= N(-6:- 1:3)= VA =(7:4:-1)

7 NG-6:-1:3) u=NA=(7:4:-1) .
Puong thing A di qua (-6:- 1:3) vaco mot VTCP la u=NA=(7:4; I:lnencophu?ong_y,rtrmh
x+0 y+l z-3
chinh tic la: 7 4 -1

(Chuyén Nguyén Trai Hai Dwong 2019) Viét phuong trinh duong thang A 1a giao ctia hai mat

phing X *2- 5=0 5 %" 2y-z+3=0
Loi gidi
(P):x+z-5=0 n, =(1:0:1)

c6 vecto phap tuyén

(0): x-2y-z+3=0

u
[”I 15

. , . n, =l;- 2:-1
c6 vecto phéap tuyén - ;- 2; ).

=(2;2:- 2)
Ta co: - .

u Uy
Goi % 1a mot vecto chi phuong cua A, thi uln, va ! Ln, )

uu

u
n.n, =1]1*1"=-
Suy ra ¥ cung phuong véi [ . } _Chon “ (1:1; 1).

M(2:1;3) (P) (Q)_

Lay thudc mit phang va

. .o M(2:13) ) =(1:1:-
Duong thing A di qua ( )co mot vécto chi phuong u =(L:1 1).

Vay phuong trinh A la: | ! -1
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Cau 36. (THPT Nghen - Ha Tinh - 2018) Trong khong gian v6i h¢ toa do OXVZ ¢ho hai duong thang
[1‘ =2-t

diyy=1+2t L x-4  y+l =

z=4-2t | d: 1 :-_'} :; X \ \ 2 n o 2 ,

- va =< <. Viét phuong trinh duong thang thudc mat phang chtra
d va d° ddng thoi cach déu hai duong thing do.

Loi gidi
.1 3 (-1
d di qua A(2’1’4)Vé c6 véc to chi phuong “ (- 12 “).
, a1 - —(1--7.9
d di qua 5(4-1:0) c6 véc to chi phuong uy =(1; “‘“J.
y o 2-4 1+1 4

Taco™ = %2 yy 1 -2 2pgnd/id

Puong thing A thudc mit phing chita 4 va 4 ddng thoi cach déu hai duong thing d6 khi va chi
Alldild’

(A d)=d(A,d’ . -0:
¢ (4,d)=d(A.d) hay A qua trung diém 1(3:0:2) va ¢6 mot véc to chi phuong la

x-3

khi

-- 7

.1.
=(1:-22 —
u=(t;-2 “). Khi d6 phuong trinh caa A: | -2 2

Dang 3. X4c dinh phwong trinh mit phing c6é yéu t6 dwong thing

Dang 1. Viét phwong trinh mdt phing (P) qua M va vuéng géc véi dwong théng d =4B.
0 Qua M(x:yv:z)

Npy =Wy =48 A,
0 VTPT :n,, =u, =AB

Dang 2. Viét phwong trinh mat phing qua M va chiva dwong thing d véi M & d,

(P):

Phuwong phap.

A uuuy o
. Aed Uy [AMI’H"]
= Bwéce 1: Chon diem va mot VTCP Tinh
qua M _
VIPT n Z[AM._H_I.]
Budc 2: Phuong trinh

Ciu 37. (Pé Minh Hoa 2020 Lan 1) Trong khong gian Oxyz , viét phuong trinh mat phang di qua diém
x+l y-2 =z-1
A=t S =

M(L:1:- 1) 5 5 ]

va vudng goc v6i dudng thang = -
Loi gidi

A - :-'} = 1 \ N , cu=(2;2:1)
2 - thi A ¢6 mot vec-to chi phuong la :
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Cau 38.

Cau 39.

Cau 40.

()

Goi 1a mit phang can tim.
Co A J_(oz), nén " =(2:2:1) 12 mot vec-to phap tuyén ciia
Mit phang (a) qua diém (1= 1) va ¢ mot vec-to phap tuyén u=(2; ?':'l).
Nén phuong trinh () ja 2x+2y+z-3=0
M(2;1;0)

(Pé Tham Khao 2020 Lan 2) Trong khong gian Oxyz, cho diém va duong thang

x-3 _y-1_=z+1

A = .
I 4 -2 Vit phuong trinh mit phang di qua M va vudng goc voi A
Loi giai
x-3 y-1 z+l
, A = T u(1;4:- 2)
Puong thang l 4 “< nhan véc to e la mét véc to chi phuong.

u(l;4;- 2)

Mit phing di qua M va vudng goc voi A nhan véc to chi phuong cua Alavéce to phéap

myén.
Vay phuong trinh mat phang phai tim 1a:

1.(x-2)+4(y-1)-2(z-0)=0= x+4y- 2z- 6 =0

. M(3-1;1 .
Oxyz cho diém (3-1 ).Viét phuong trinh
x-1_y+2 2z-3,

(Ma 123 2017) Trong khong gian véi hé toa do

A =
mdt phang di qua diém M i vuong goc voi duong thang 3 -2 1
Loi giai

L
. \ M(3-1:1 u, =(3-2;1
Mit phang can tim di qua ( ) vanhan VICP cia A 1a * ( ) lam VTPT nén c6
phuong trinh: 3x- 2y+z- 12=0.
(Bic Giang - 2018) Trong khong gian v&i hé toa do Oxyz , cho duong thing
x-1 y+2 =

d— = =— i ) . AM(2:0:-

| -1 2 . Viét phuong trinh mit phang (P) di qua diém M (2:0:-1) va vudng goc
voi d

Loi giai
W
d o6 VTCP “ (I; LH].
L __IJ _ . I '}

(P)Ld= (P) o6 VTpT " =Y =(; ]..,).

” IR = ol — PRI
Vay phuong trinh mit phing (P):x-2-(p-0)+2(z+1)=0= x- y+2z _D_
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Cau 41.

Cau 42.

Cau 43.

Cau 44.

(Chuyén Vinh Phuc - 2018) Trong khong gian Oxyz , cho duong thing
x+3 y-2 z-1

d: = =
1 -1 2 . Viét phuong trinh mit phing (P)

: M (2:0;- o
di qua diém M (2:0:- 1) va vudng
gdc voi d.

Loi giai

v ’7 a|u] :JJ. _ . I ‘}
Mat phang (P) vudng goc vai duong thang d nen (P) c6 vTpT "' T (i ]'“).

5 S ) = il = — e eV —
Nén phwrong trinh mt phing (P) (x-2)-G-0)+20GE+1)=0= x- y+2:z =0

(SGD&PT Pong Thap - 2018) Trong khong gian voi hé toa do Oxy , cho duong thang

c6 dang:

(d): x+2 y-2 =z+3
@ - -1 9 NPy ‘4(1;'2;3) -4 \ < 2 A oA A ,
= vadiém . Viét phuong trinh mat phang qua 4 va vuéng goc
v6i duong thang @)
Loi giai
u=(1;-12)

Puong thing d ¢6 vecto chi phuong:
Vi mit phang (P) di qua 4 va vudng goc véi dudng thing (@) nén (P) c6 vecto phap tuyén:
n=(1:-1:2)

, e 1 (e -- 3= e Ve O —

= Phuong trinh mat phang (P) la: G- 1D)- (y+2)+2(z-3)=0 & x y+2z-9 _U.

Dang 4. Bai toan lién quan diém (hinh chiéu) thudc dwong, giao diém dwong véi mit phing
" x =1+2¢

d:ipy=3-1t,

(Thpt Vinh Lic - Thanh Héa 2019) Trong khong gian @Y% cho duong thing =~ ¢

thi o o (P)ix+2y-3z+2=0.
va mit phang .
(P).

d

Tim toa d6 cua diém A1y giao diém cua duong
thang ¢ va mat phang
Loi giai

(P)

va mdt phang nén

viia giao diém cua duong thang d

+AEa‘ = A0 +26:3- 1;1- ¢).

LAe@)= (1+20)+2G-1)-3(1- )+2 =0= + =-2,

Vay toa do diém 4 ¢ 353
},I.r+3 v+l =z-3
a: = =

(Bén Tre 2019) Trong khong gian OxyZ | cho duong thang 2 1 I va mit phiang

(P):x+2y-z+5=0 (P)

. Tim toa d6 giao diém M ciia duong thing ¢ va mit phing
Loi giai
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Cau 45.

Cau 46.

Cau 47.

J_r =-3+2
p=- 1+t

z=3+¢

Phuong trinh tham s ctia duong thing ¢ : |

- 2w +2(- - 5 —
Xét phuong trinh ~ 3 F 2 +2C1#0-G+0+5 =0 3 3 4 =1

(P) M (-1;0:4)

= Puodng thing ¢ cit mat phing tai diém

(SGD Thii Binh - lin 1 - 2022 - 2023) Trong khong gian Y7 | cho duong thing (9) di qua
AR . (P):xX+3y+2z- 17=0

diem A235) va vudng goc voi mat phang P) ¥

M cua (d) va truc Oz

. Tim toa d¢ giao di€m

Loi giai
L alu}
u, =n, =(2:3:1)

(x =242¢
d:{y=3+3

I =5+¢

dCOz=M(GCz)

2+2t=0

pt=-1

P z=4

P M(GG4H

(SGD Hung Yén 22-23) Tim hinh chiéu cta diém M (2:0:1) (@)ix+y+z=0
Loi giai

trén mat phang

Goi A 1a duong thang di qua M va vudng goc véi

x =2+t
Ay =t
z=1+¢

Khi d6 phuong trinh

(P) (P)_

Goi M’ 1a giao diém cta A va ~ ° = M 13 hinh chiéu ctia M 1én mit phing

MeA= M Q+r6141)

Me(P)= 2+t+t+1+t=0=t=-1= M (1:-1:0)

Al"-1-_ SRR, DU T —
(SGD Hai Dwong - 2022 —2023) Cho (357 1) (P)ix2y- 2243 =0

. Goi 9@ 1a duong
thang di qua 4 va vudng goc voi (P) Tim toa d6 M thudc 9 sao cho OM = VG

Loi giai
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Cau 48.

Cau 49.

Cau 50.

y=1+2t
. . s gao o Azn-1) oo (P) . fz=-1- 2
Phuong trinh duong thang ¢ di qua va vudng goc voi la:
. M M2 +414286- 1- 2
bidm M1 dP M(2+u1+26- 1- 2)
OM = \J(2+¢) +(1+26) +(- 1- 2t) =43
chi do, O =A@+ 14207 +(- 1- 2] =5

b (2+:¢) +(14+2¢F +(- 1- 2¢) =3
- 1

é
U9 +12¢+3=0U0 %

Ladt | e

Vi =" 1 taco diém M (L= 1)

;
f=- ! ME;%;- é::
Véi 3 ta ¢6 diém 558

(SGD Bic Giang - Lan 2 - 2022 - 2023) Trong khong gian #Z | cho diém A4(3;5,0)

P, 3 _y- 1 _z-

thang 2 |

va duong

-2 Tim diém dbi xtmg cua diém 4 qua duong thang d
Loi giai

2t :7-2 . . .

HQ+261+67- 20) la hinh chiéu vuéng goc cta diém 4 trén duong thing d.

::,(2;];-2)

Goi

ms N

AH (Qtt- 4:7- 2¢)
, vtep

LIl Uy L g

Khi do: AH Lu, = AHu, =0 262 +(t- 4).1+(7- 20).(-2) =0 = ¢t =2= H(7:3;3)
ldO. o o

Goi 4’ 1a diém d6i xtmg ciia 4 qua @ thi H 1a trung diém 44" nén * (1L:L6).

(SGD Binh Thuin - Lan 01 - 2022 — 2023) Trong khong gian 0Nz cho dudng thing
x=12 y-9 z-1
d: == = Ca. - _ ,
4 3 I va mit phang (P):3x+5y-2-2=0 Ty t0a do giao diém cua duong
thang (@) ya mit phiang (P)

Loi giai

Toa dd giao diém ctia duong thiang (d) ya mit phiang (P13 nghi¢m cua hé phuong trinh:

(x-12 _y-9 z-1 [3x-4y=0 [x =0
4 3 1 o{x-42-8=0 o {y=0
I3.1'+5_1":'2:D 3_\.-+5_1'—_——2:|:| g ==2

(Chuyén Lam Son - Thanh Héa - Lin 2 - 2022 - 2023) Trong khong gian @7 | cho duong

7 f_(;'].:'T_I :_1'+l _Z- 9 ., 9
thang | 2 2 . Goi M la giao diém cua @) ysi mat phang
(Plix+y-z-1=0 yq4 dinh tong hoanh d9, tung d6 cta diém M

Loi gidi
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Cau 51.

Cau 52.

[x =1 +¢
(d):{y =-1+2t

z=3+2¢

Phuong trinh tham s ctia duong thang (@) 1a;
Goi MU*6= 142634 21) 43 5in0 didm caa (D) va (B).
Khidotaco: 1+t-1+2t-3-2t-1=0<=t=4

vay MO0 Téno hoanh d6 va tung d6 cia diém M bing 12.

(Chuyén KHTN - Ha Ngi - Lan 1B - 2022 - 2023) Trong khong gian véi hé toa do OxyZ ¢ho

. e Y -
. ﬂ':u:}_“:; , (P):x- y422- 8 =0 .
duong thang 2 -1 3 vamatphang ' o=y 422-8=0 1y toa do giao diém cua
dva (P).
Loi gidi

a=2t+1

b=-t+2

c =3t

Goi M(a,b,c) vi M thudc (d) nén suy ra:

Vi M thudc (P) nén:

2t +1- (-t +2)+234-8=0= ¢ =l

Vay toa d6 giao diém cta d va (P) 1a (3,1,3).

(SO GIAO DUC HA TINH-2022-2023) Trong khong gian @7 cho hai duong thing
J.".' =i

d:{y=1+2t

= = - =- : M (3;2;
U1, TG0 A 1 duong thing di qua v (G:231)

Oyz

, vudng gbc voi
d vacitd . Tim toa do giao diém cua A va mat phang
Loi giai

M|NEIN]

o L ANd =A@+ 262 1+8)= AM =(3- £21- 2:2- 1)
Gia su }

Puong théng d o 1 véc to chi phuong u, :(3:,1:_1).

Duong thang A vuong g0c voi d suy ra:
MW NN} u|u} SNNN) Uy

AM Lu, = AM .u, =0 = 3.3- )+1.0- 20)+1.(2- 1) =0 = -6 +12 =0 &= ¢ =2.

| N]N]

. AM =(1:- 3:0)

Khi do l1a 1 véc to chi phuong cua A
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Cau 53.

A:{y=2-3t
Phuong trinh dudng thang = =
Phuong trinh mit phang (Opz): x :D.
. An(oyz) =BG +132- 3¢; I)
Gia su
Khi do, BE(Oyz)= 3+1'=0« t'=-3= B(0:1:1)

Dang 5. Vi tri twong ddi clia hai dwong thing
Ta c6 dinh li sau:

Oxyz

Trong khong gian v6i hé toa do , cho hai dudng thang phén biét AnA, lan luot di qua cac

diém M,, M, va tuong ung co 1>t 13 hai vecto chi phuong. Khi do, ta co:

A, /A, o |tz APOPN TG (u JfllIIJJ .
ul,M Mzm«rrgungm—ng [ MM‘ ];tﬂ

. J *:u ;tD -

A, GBA, = ul : J]]JE% ingph g [UL 3 Mmoo
U, MM, Grgpiag | [tu,]- MM, =0

(SN N|N]NIN)

A, va A, cheo nhau ﬁ[u, ] -M M, 0.

(SGD Cin Tho - Lin 01 - 2022 - 2023) Trong khong gian @77 cho duong thing

r x+l _y z-2
=5 . x4 - 245 = = 1 . .
| 2 I mat phang (P)ix+y- 2245 =0 va diém Q- 1 2). Puong thang A di
qua diém 4, cit d vy (P) 1an luot tai M, N a0 cho 4 1a trung diém ctia doan thang MN  Biét
u =(a; b;4)

, tinh gié tri cua @+
Loi gidi

A ¢6 mot vecto chi phuong

=5
<
0l
[ ]
-

Ta c6 phuong trinh tham s ciia dudng thang

M=And= Med= ME1+t:2t:2+1¢)

Do
N 2 N == ¥ P D
Do AQ; 1’2)létrungdiémcﬁa MN nen NG-£-2-262 {).
Do .-"I.-":.-“_"I.I'_“I(P):“ .-"'.-"E(P):“ 3= 2-4+2t+5=0= -t +2 :CI='?{:2=?:W(|.:4; 4)
Ta o AM —(0:5; 2)= 240 =(0; 10; 4) = a =0, b=10= a+b=10
acohd
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Cau 54.

Cau 55.

Cau 56.

(THPT Kién Thuy — Hai Phong — 2022 - 2023) Trong khong gian véi hé toa do OXVZ cho mit
(x =-2+2¢

d:{y =1+t

(P):2x- p+2-10=0 42 I(1;3;2) Iz =1-

phang va duong thang . Tim phuong trinh

dudng thing A cit (P) vad 1an luot tai hai diém M va NV saocho ! 1a trung diém cua doan
thang MN
Loi giai

 Ned= .-"»"(-3““3"4"'"";'_ F)
Ta co ’

x, =2x,- x, =4- 2

=1y, =2y,-y, =5-t= M4-265-13+41)

I 1a trung diém cia MN [ 2w =7 - 2y =3

Me(P)e 2(4-20)-5-1)+(B+1)-10=0e -2t-4 =0 t =2

- N(-6-1:3) N7 =(7:4;- . N(-6;-1;3
Voi =2 taco (-6: ]'J), v =(7:4; I).Du(‘mgthéng A qua (-6 ]J)Vénhénvecto

uu r+0 __'|.'+|___'3
N1 =(7:4-1) lam vec to chi phuong nén A ¢6 phuong trinh a7 4 -1
x =142t [x =1- 25
d:{y=-2+tvad :{y=2-=5
z=4- 3t |z =5+3s

Oxyz

Trong khong gian , cho hai dudng thang:

a) Chirg minh rang dlld '.

b) Viét phuong trinh miat phing (P) chiaa d va d .

Loi giai

LiL

S M.1._ 1 — s U 5
uy =(21;-3) va M (-2-L13) 1a hai vecto cung phuong va diém
1- 25 =1

2-5=-2

5+3s =4

A(l;-2:4)

a) Ta co thudc

dudng thing d nhung hé * v6 nghiém nén diém 4 khong thudc duong thing d r. Do

a6 d//d'.

b) Taco B(1:25) thuge duong thang d suy ra: 18 =(0:41) v mat phing (P) chira hai duong
i1 Ll udg
, ‘ n, =\ u,, AB| =(13;-2:8 , ,
thang d vy d pen [ ' I ' } la mét vecto phép tuyén ciia mit phang (P ).
Phuong trinh mit phang (P) la:

13(x-1)- 2(y+2)+8(z- 4) =0 = 13- 2y +8z- 49 =0.

Cox=l-t
. x+2 y+l =z
d:{ yv=2+t vad ;—— == =
3 2 -1

. z=-342
Trong khong gian Oxyz , cho hai duong thang: '~ 3+
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Cau 57.

Xét vi tri twong ddi gitra hai dudng thang dyyd .

Loi giai

I:_.*L =(- 1:1;2) w, =(3:2:-1)

Ta co la mot vecto chi phuong cta d vy d la mot vecto chi phuong
cua 4 .
Puong thing d g qua A:2;-3) , duong thang d & qua B(-2:- ,0)
ud uud Ly
fwisu, | 4B =(-5:5-5) (-3-33) =-1520
il © o« nén hai duong thang ¢ va ¢ chéo nhau.

Xac dinh vi tri trong d6i clia hai dudng thang A4, trong mdi trudng hop sau:

x=-24+3 x=5-1,
Ay =d+or, A y=1-20,(t.1,
z=-1-12 z=3+4¢, ,
a) - : : : 14 tham s6)
&I:ﬁ:+3:}'—|::+4!£::.T—t|:}'+5 ::+5
b) 2 -1 3 5471,
| . x=-11+5¢
v+l - z
Ai— == = A y=-2+3
1 -2 3
z=3-2 \ £
¢) - (? 1a tham s0).

Loi giai

9 3 [} - '}' " - f— . " - '}
a) BPuong thang A di qua diém M\(-2:4-1) vaco (3:6,-12) la vecto chi phuong. Pudng
M.,(5:-1:3) ., u, =(-1-2:
. vaco

thang A, di qua diém 4) la vecto chi phuong.

u, ==3u

, U ,u,
Ta co: 2 suyra 7?2 cung phuong:
b b

3 6

WM EEE]N] [NyNYRYRINYN}

irfl‘rf: :f?. - 5 4} 5n HI,JMIJME

va !l -3 né khong cung phuong.

vay A/ /A

M (-3:1:-4)

u, =(2:-1:3)

b) Puong thang A, di qua diém va co 1a vecto chi phuong. Puong

th] {6«' 5;' 5} va cd “] :[

thang A, di qua diém =347 la vecto chi phuong.

2 -1

Taco: “5 4  suyra 51 khong cung phuong;

SN NNIN]E)

MM, =(9;-6:- 1),

= (]t o3P oz2l]2 -1
[u,._u:]:‘ PRt =(-19;-29;3).
--J_I-u-JJ i [ . =2 - 4=1)= LI:LLI:L | 5
Doluy,u, |- MM, =(-19) 94(-29) (- 0)+3 (- ) =0 . u,.u,, MM, dng phing. Vay M
: A,
cat —-.
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. \ 14 —(1 =
¢) buong thang A, di qua diém M,(- 1;4;0) vaco (1-2;3) la vecto chi phuong. Puong
, . M(-11:-2 =(5:3:-2
thang A, di qua diém M,(-15;-23) vaco (3:3;-2) la vecto chi phuong.

SN NN

Taco: MM =(-10:-6:3)

1 -2

1 2
: =(-517:13).
Sl (- 5:17:13)

*l5

-2’2 5

SN NN]N] UuUUUy

[, ] MM, =(-5) (- 10) 417 (-6)+13 3=-1320 oty MM, s ding

Do
phang. Vay A va A, chéo nhau.

Cau 58. Xac dinh vi tri twong ddi ctia hai duong thing Ay trong moi trudng hop sau:

x=-5-3t
T+ 7 vel 742 ﬂ.:: }':‘lﬂ‘*‘-f
A, g = 5 z=3+Tt \ £
a) 3 -7 -2 va - (! 1a tham s0);
v =-2+5¢
Ajy=l-t A x+2 _y-1_=z-1
z =3t \ ) o~ 24 5 -
b) - la tham s6 7 va 2
fil.I:l:}'+5 ::-I f_‘l.::'T- 1 :il'-?!::-'
©) 3 2 -3 va -0 -4 0

Loi giai
M (-T.1:-2)

t, =( 3

, . -7:-2
a) buong thang A di qua diém vaco ' - 73-2) la vecto chi phuong.

My(-5:-10:3) . cu, =

DPuong thang A, di qua diém “3-47) la vecto chi phuong.

5 -7

Tacd: =3 -4 suyra il khong cung phuong;

Ly

MM, =(2:-11.5),

- -7 -2[-2 5|5 -7
I:”|'.”'~] :| : ‘ :l.r_‘ 57:-29;.-41).
o4 T[T =33 -4
Do Lot ] MM, =(-57) 2+(-29) C1D+(AD S =0 o wuy, MM, gu s o
A

A .
I va 72 cat nhau.

M, (-2;1;,0) vaco =(5:-1;

b) Puong thing A di qua diém +3) la vecto chi phuong.

My(-ZL1) 4y g 12 =(H3:76) 13 vecto chi phuong.

DPuong thang A, di qua diém
-1
£

5
Taco: 4 3 ,suyra il khong cung phuong;
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Cau 59.

Ly

MM, =(0;0:1),

——

[”l'-”:] :| ‘-; _?;

LIy [A[{R]N (YN

(100, ] MM, =(-9)04420429.1 =29 20w u, MM,

305
-6 4

5 -1
: =(-9:42:29).
£ l|-enan

Do khong ddng phang.

Vay A, chéo nhau.

M(0;-5:1) o =(32:-3)

¢) Puong thang A di qua diém va co la vecto chi phuong.

Puong thang Ay i qua diém My(E31) (4 oo e =2 0:2%0) 14 Vecto chi phuong.

-2u, =u

. s U,y
Ta co: 2,suyra "2 cung phuong;

o 3 o~ 000N ‘
MM, =(1:8:0) va i ig nén u,, M M, khong cung phuong.

Vay A1NA3.
Xét vi tri tuong ddi giita hai duong thing dvad trong moi trudng hop sau:
[.1‘ =2+3t x =8+
d:{y=3+2t d:{y=T+0t
12:4+2I . z =8+0¢
a) - va -
d.-"_J'B_:'I d.-"S_J'S_:'B
by 4 3 2 vy 8 6 4 .
(x =5
dl.\'—E_}'—B_:—E d iy =T+2
' - N \ 1z =5-1

Loi giai

M(2:3:4)

a) Duong thang d di qua diém va nhan ¢ =(3:2:2) 1am vecto chi phuong.

Puong thing d g qua diém M (8:7:8) oy nhan ¢ =(%:6:6) 13m vecto chi phuong.
LU - LI
MM =(6:4:4),a =3a =—MM T #:;
Ta co 2 , suy ra ba vecto “% "™ cung phuong. Do dé

d=d

M(0;3;1)

b) Pudng thang d gi qua diém va nhan “ =(%:3:2) 1am vecto chi phuong.

M (5:5:3) a =(

Puong thing d g qua diém * 8:6:4) 1am vecto chi phuong.

AN NNN] , 4 #i

MM =(52;2 a,a

va nhan

Ta co ) Taco a =2a , suy ra cung phuong. Mat khac 5 2, suy ra

= uudud

a,MM khong cung phuong. Do d6 d//d'.
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Cau 60.

¢) Puong thing 9 di qua diém M (23D ya nhan @ =(0:2:- D jam vecto chi phuong.

M (4:1;5) =(3:4:5

Puong thang d g qua diém va nhan 9 ) lam vecto chi phuong.

uji NN{N] - S|EINE]N)

— :[2;-2;4},[a,a] =(14:- %:- 6) :.t[:l._[ﬂ._ﬂ ] MM =10 20

nhau.

, suy ra d va d chéo

M(2;3:2)

d) Puong thang d gi qua diém va nhan ¢ =(3:%3) 1am vecto chi phuong.

DPuong thang d g qua diém M (5:7:5) 3 nhan ¢ =(0:2:- 1) 13m vecto chi phuong.
MM =(3:4;3),| a, =(-10:3:0) =0,|a, MM =0 Cy
Ta co (3:4; }'[ﬂ'ﬂ] - 10;3,0) '[ﬂ'ﬂ ] ,suyrad va @ ¢t nhau.

Xét vi tri trong ddi gitra hai duong thang dyayd trong mdi trudng hop sau:

[.\' =t x=2+2t
cf:r =1+3t d:{y=T+0t
r=]- z==1-2t
2) z=1-t¢ .
S | - ; -
a: v - :1_ = ,,:f l:l —
b) 2 3 1y 4 6 2.
X =1+t
d:qy =1+t x-2 y-2 =z-1
z=2-t d: P -
c) va = 3 |
x =2
v-1 y-1 z-2 dujy=l+t
rﬂr: = = .-.-—?
d) 2 1 I va -~

Loi giai

a =(1;3;

a) Puong thang d g qua diém M (0;L:T) "D Jam vecto chi phuong. Puong

M (2:7:-1)

va nhan

2 C s .2 v 1A =(2:60-2) ., ,
thang d gi qua diém va nhan ¢ (2:6:-2) 1am vecto chi phuong.
- - TS == uuuuu

M = =7 =% = Ad A
Ta cb MM =(2:6:-2),a =2a =MM a,a MM

d=d

, suy ra ba vecto cung phuong. Do do

b) Puong thing ¢ di qua diém M (2:0,0)
M (0;0;0)

N[ N/NINN]

a, MM l —(0;-2:6) £0

va nhan ¢ =(2:3:D) 1am vecto chi phuong. Puong
a =(4;6;2

thang d g qua diém va nhan ) lam vecto chi phuong. Ta cé

AN AJuN] —-—_—

MM =(-2;0;0),a =2a,

, suy ra dlld

a =(LL-1) jam vecto chi phuong. Dudng

¢) Duong théng d & qua diém M(L12)
thang d g qua_diém M(Z2D nhan 9 =(2:3D 1am vecto chi phuong. Ta cé

SN NuiN) - SEN NN}

MM =(1:1:- I}._[a._a ] :[4.:—3.:”;&0._[9._3]..-w.-w =0

va nhan

, Suy ra d va d ¢t nhau.
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Cau 61.

d) Puong thing d gi qua diém M(L1;2) va nhan ¢ =(ZLD 13m vecto chi phuong. Duong

thang d g qua_ digm M (ZLT) oy nhan =(0:10) 1am vecto chi phuong. Ta co

8L A A 0 | § (NN 6}

— 5 — 2 = '
MM =(1:0; }[u n'l =(-1:0:2) =0 [a a ’H‘H‘ =9 =0 suyradvéld chéo nhau.

Dang 6. Bai toan lién quan khoang cach, goc

1. Khodng cdch tiv mt diém dén dwong thang — Khodng cdch giita hai dwong thang

U Khod Dt dime M A i Aved z oMo, : u
odng cach tir diem den mot duwong thang ¢ qua diéem co vécto chi phwong ~? dwoc

mlulnminl

H|H|E N|H]

[w Mo, H

|u |

Khodng cdch giita hai dwong thing song song la khodng cdch tir mot diém thuéc dwong thang
nay dén dwong thang kia.

dm,d) =L ="

xac dinh boi cong thure

U Khodng cdch giita hai dwong thing chéo nhau: d gi qua diem M va cé vécto chi phirong

|u u_] M M

|u._u |

d(d,d") =

U ya d° @i qua diém M va cé vécto chi phwong ¥ 1d

2. Géc giiva hai dwong thing

o d, d, u, =(a;;h:c) u, =(a,ib,ic,).
Goc giita hai dwong thang  va  co vécto chi phuong va

cos(d,:d,) =cosa =

Jﬂ,‘ +h™ +c; .\jﬂ:f +bh; +c;

0 <a <90,
VOl

3. Géc giiva dwong thing va mit phing

. d u, =(a;b;c) , (P

Goc giita duwong thang  co vécto chi phuwong va mdt phang co vecto phap
B, =(A:B:C)

tuyén duoc xdc dinh boi cong thiec:

—_—

- l_’ n, | |ad +bB +cC|

sin rf:||:|:|5f_ iy }|—
|”||” | a +.":r'+c"-fA'+B'+C'

0 <a<90°.
Vi

(Dé Tham Khiao 2017) Trong khong gian véi hé toa do Oxyz’ cho mat phéng

x-1 p+2 z-1
A = =
o RN, T = )
(P):2x-2y-z+1=0 va duong thang 2 1 2 . Tinh khoang cach d gitta A va
(P)
Loi giai
(P) n(2;- 2;- 1) U212 thoa man

¢6 vecto phap tuyén va duong thing A c6 vecto chi phuong

nu=0 pzn AJI(P) hoic A C(P)'
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Cau 62.

Cau 63.

Cau 64.

e o [21-2(-2)- 141
d(A(P)) =d(A;(P)) = N/ ry.es S

ta cO:

2
Do d6: lay A(L-2Dea :

Oxyz Px+y+1 =0

Trong khong gian , cho mit phang (P): ~ . Tinh goc tao badi (P) vOi truc

OX?

Loi giai
Mit phang (P) c6 VTPT " =(-/3:1:0)
Truc OX co vTcp ¢ =(1:0:0)

Goc tao boi (P) voi truc Ox

ni|  F3.1+1.040.0
sin((P):0x) =|cos((P):0x)|=—4 = —

nl.li N

td|ﬁj~|

Vay goc tao boi (P) véi truc OX bang 60°,

(Chuyén Ha Long - Lin 2 - 2022-2023) Trong khong gian 6 hé truc P97 | dudng thing ()
x=2-1
y =3+t
7= , A): x+2y-2z+3 = .
c6 phuong trinh: ‘= L+1 va mdt phang (A):x+ 2y-2z+3=0 . Goc gitra (@) va (a) bang

¢ Tinh SIna
Loi gidi

u=0-1:11)
g

Puong thang (d) cO vécto chi phuon , mit phang @) c6 vécto phap tuyén

—(1-2-.2
n=(1;2; '),khidé:

sin((d),(A)) =siner —M |(_I)'I+I'2+I'(_2] _\";?_’

1
[

(Chuyén Bién Hoa - Ha Nam - Lan 2 - 2022 - 2023) Trong hé toa do OX)Z, ¢ho hai mit phiang

x-2 y-1 z-4 _
(B)—=+ ——t == vy (@) +2y+3247 =0

= cos(u,n)|= - -
-J(-I)'+I:+I:.J|:+2:+(-3)' 7

. Tinh tang goc tao boi hai mat phang da
cho.

Loi giai
z-4

(r):2 “+'1'_|+ ? =l=(P):2x+3y- z- 9 =0
3 2 -0

: ; - =(2:3:- 1
~ Mat phang (P) c6 mot vecto phap tuyén la: ey =(2:3- 1)

(0)x+2y+3z+7=0= . =(1:2:3)

Goi ¢ 1a goc giita hai mat phang (P) va (Q)
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2.1+32+(- 13 5
COscr = = :E
n -~H” : ‘ .J23+3:+(-I):.JI3+2:+33 '
Ta c6 | e || "o
s 1 171 3419
tan- ot =———- | =——= tana =———
COos™ 25 5

Cau 65. (SGD Vinh Phiic - Lan 02 - Niam 2022 - 2023) Trong khong gian Oxyz , tinh khodng cach gitra
x-1 p+2 z-1

, A = =— , . 2x- 2y-z+1=
duong thang 2 1 2 va mat phang (P): 2x-2y-z+41=0

Loi giai

, . - 2 =2;1;2
Puong thang A di qua diém M (; 'l), c6 1 véc to chi phuong u=21 ).

x < =2-- 2
Mat phang (P)C(') 1 véc to phap tuyén " (2-2 ”'

. —F. -1 ==
Ta co: ¥-1=2.2 2.1-1.2=0 uln

:|3.|- 2.(-2)- |.|+|| 6,

Me(P)=d||(P)= d(a,(P))=d (. (P)) s - =
Y2 HE2 Gy 3

Ma

CAu 66. (THPT-Thi Xa Quéng Tri-Lin 1-2022 2023) Trong khong gian 7 cho mit phéng

(a):x+y-2z+2=0 A42:0:1) B(LL2) G

va hai diém d 1a duong thing nim trong (@) 3

cét dudng thing 4B , thoa man goc giita hai dudng thing 4B va 4 bing goc gitra duong thing

AB v3 mit phang (@) Tinh khoang céch tir diém 4 dén duong thang d
Loi giai

Goi A’ 13 hinh chiéu cta A2 0;l)lén (a)_

. Be(a).
co

Ta Goi d 13 duong thang nam trong (@) va cht duong thang 4B | thoa mén goc giita

hai duong thang 4B va d bang goc gitta duong thang AB va mit phang

Jo

2

Jo

()= d =AB= ke(A4,d) =ke(4,(a)) = =

3

Céu 67. Tinh goc gitra hai duong thang And, trong mdi trudng hop sau (lam tron két qua dén hang don vi
cua do néu can):

(x =342t [x =7 +t,
A iy =-2+1, A,y =-3-10.1
a) 1z = va 2 =2, 1a tham sd);
x =3+t
Ajriy=5-2 &.-"+4_1+'{:‘_ - 10
by Tt lathamséyva 0 2 2 -1 .
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Cau 68.

Loi giai

a) Hai duong thang A, va A, ¢6 vecto chi phuong lan luot 12 4 :(2:‘1;0), uy =(- 1;2}.

21+1(-1)+02] B0

cos(AA, )= =
Ta cb: NI -\{I:+|[—I}3+2: 30
(A,A,) =79
Suy ra - .
b) Hai duon than A, va A, c6 vecto chi phuong lan luot 1a t, =(1; _2':_2}, u, =(2:2:- ”.
g g
cos(A,A,) = 12402 2+(2) € V] = =0
Ta co: "“ '}} +(-2r "‘h +2 ()
(A,A,) =90
Suy ra - .
¢) Hai duong thang At va 8 ¢6 vecto chi phuong lan lugt 14 =CL2- 3}, w, =(2-L-1),
EDS(..‘_‘-. I.j )_ ||:'I}"}+'}'|{‘I}+'3} {‘I}| _ EI
1= S
Ta co: J( Iy +27+( \{'} (=17 4 .
(a.4,) =84
Suy ra - .

Tinh goc giita dudng thang A va mit phang (P) trong mdi truong hop sau (lam tron két qua dén
hang dorn vi cta dJ):

(x =18- f3t

Ay =11 (t

z=5 ) o .
a) ' o létthamsé)Va':‘ﬂ]"-'L \"r?:,l z-3=0.

3

b) B -3 3 Vé{F}:3.1'-4‘1'+5:-G:G.
Loi gidi

=(-3:0:1)

P)

a) Puong thang A ¢ mot vecto chi phuong 1a va mit phing ( cO6 mdt vecto

phap tuyén 1a 7 =53 1)

(V3 1+0(-B)+1 (-]  _15+5
JEBY +0 410 4By #1710

sin(A,(P)) =

Ta co:

Suy ra (&(P) =

2:-3:3)

b) Puong thing A c6 mot vecto chi phuong 1a # =( va mit phing () c6 mot vecto

php tuyén 1a 7 =(3:-4:3),
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Cau 69.

Cau 70.

Sin(A, (P)) = 12 34(-3)(-4)+3 5| _Wit

J2 (-3 43 ¥ +(-4)P+57 10

Ta co:

Suy ra (A-(P)) =84

Tinh goc giita hai mit phang (1am tron két qua dén hang don vi cia do):
(P):5x+12y-13z+14 =0 va (P,):3x+4y +5z- 6 =0.

Loi giai

Hai mat phéng (Pl )’(R") c6 vecto phap tuyén 1an luot 1a m =(312;- I?’}, ", :(3;4;5}.
7. , :
EDS((H),(P:H: - |5'?’+|“ 4":( I%} 5|ﬁ - :é
L "'}_ - =, < L L

Ta co: JS +12° +(-13) JB +4 +5 .
((5).(P) =89

Suy ra - .

Tinh goc & trong mdi truong hop sau:

a) @ la goc gitlra hai vecto a=(L2:-1) va b :(2:‘];9);

b) @ 1a goc giira hai dudng thang

P 1 _y- 4 _zZ- 5 vid :_1'+? _y- 9 _z- I.j

2 4 1 3 I 2

¢) @ la goc giira hai mit phing (P):Nf3x+2+9 =0 va (0):4/3x- :+4:D;

x+4 -7 =z-5
d: = = i
| 2 2 vamat phing (

d) ¢ 1a goc giira duong thang
Loi giai
a) Ta co:

. 3 - -
cusa—£b+ | 2+21-19 > = a=102,7.

la| |b| JI +27 4 -J'?' +1° +9° \fﬂlﬂ

n =( 7 4 =312
b) Ta c6 vecto chi phuong cta d va d lanluotla @ =(Z41),a _(3'-"-“]'.
o 2 2 2

coser = |** | [2-3+41+41 2] :“JE:- i =45,0

Khi d6: lalfa| V2+a+P JFera2 7

¢) Ta c6 vecto phéap tuyén cua (P) va (O 1in luot 1a " =(3:0:) N =(43:0:

| |BAB+00+14(-1)

Cosdr = =

1
—= =060
|| | | Y341 341 2

Khi do:

d) Ta c6 vecto chi phuong cua d va vecto phap tuyén cua (P)
a=(1:2;:2),n =(2;:2:- 1) Khi db:

P):2x+2y-z+11=0

_|],'

lan luot 1a
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Cau 71.

Cau 72.

_lan| 1242242 -1)]
9

sina = -
la| |n| J12+22+2° .

Trong khong  gian Oxyz , cho hinh lang try ding OBCOBC 4
0(0;0;0), B(3;0:0),C(0;2;0),0 (0:0:4)
a) Tinh goc @ giira hai duong thang BO v3 BC.

' . . (0BC
b) Tinh goc B gitra duong thang BC vy mat phang ( )

Loi giai

BF

‘(
'/
/"
o
.\/ 3

a) Ta co B (3;0;4). Hai duong thing BO va BC lan lugt co vecto chi phuong 1a

LI Ll

BO =(-%0:4) BC=(-32:-4) Suy ra:

BO -BC| | 1 (. o
COS ¢t —LJML_“ 3)(-3)+0-2+4 (-4)|

_‘BGHB C‘ SRR AR
7
5429

= a =749 .

LIl

b) Puong thang BC co vecto chi phuong la BC=(-32-4) .

X Vv bl
., (0oBC T+ =l v ate 17 —
Mt phang ( ) cophuongtrinhla 3 2 4 hay dr+0y+3z-12=0

(05¢) 1 =(4:6:3)

, suy ra mit phang

¢6 vecto phap tuyén 1a '

BC n
: ~ -3)4+20+(-4)3 12 .
Elllﬁ:L—l i) CH3 = fi=10,0

EC‘-| n| 32 Ji et 3t 1709

Ta co: ‘
Tinh goc ¢ trong mdi trudng hop sau:

a) @ 1a goc giira hai vecto ¢ =(LL-1) 4 b =(5:2:7).
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JT:I+I!I J.‘L':l'ﬁf
d:ly :E—ﬁf d iy =T+t

b) @ 1a goc giita hai duong thing | va

x_y =z
d:—=—=— L _
d) & la goc giita duong thang 2 -1 | va mit phang (P):x+y-z+39=0
Loi gidi
a b 1.5+1-2-1.7

Cosa =— =0 = @ =90

lal {B] JP+E+(-17 A5 +22+7

a) Taco

b) Vecto chi phuong cua ¢ va d 13n luot 1a @ =(L:-43:0).a =(-/3: L:0)

aa _[1{-)+(H)1+00] _fB

COS @ =—== = = o =30
. . 7
Khi do |a| |ﬂ‘| JI43+0 f3+1+0 2
¢) Ta co vecto phap tuyén cua (P) va (@) lan luot 1la " =(42- 1), :“'jl'jm. Khi do
n i T.g-1.
Cosar = |++ | = [4.1421-16] =0= a =90
|n| '|H| J4:+23+f_— 1) -JI:+I:+EJ:

d) Ta c6 vecto chi phuong cua d va vecto phap tuyén cua (P) lan luot 1a
a=(2:-1;1),n =(L;1;- 1)

. 2 0-11+1 -
siljrf:Lﬂ"”| _ |2:1-11+1+(-1)]

- =0= =0
Khi d6 lal{n] 22 +(- 1P +17 JP+P +(- 1)

Cau 73. Cho hinh chop S.ABCD ¢ day ABCD 13 hinh vuong canh bang 4. Mit bén SAB 13 tam giac can
tai S c6 chidu cao bang 6 va nam trong mit phing vudng goc voi day.
a) Tinh goc @ giita hai duong thang SD vy BC,

b) Tinh goc B gitia hai mit phang (S4D) y (SCD)

Loi giai
Goi O 1a trung diém cua 4B suy raSO L (ABCD) . Chon hé truc Oxyz nhu hinh bén. Ta co:
S(0;0;6) A(2:0:0), B(- 2:0:0),C(- 2:4:0), D(2:4:0)
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Cau 74.

|N]N]

a) Ta co SD =(2;4;-0),BC =(0:4.0)

, suy ra

W) SN N}

2 [20+44- 60
|SD|[BC| (J2* +4 +(-0) /4

J

=—= o =57.7.
2

Coscy =

D =(2:4:-6) 54 =(2:0:-6)

b) Mit phing (S4D) c6 cap vecto chi phuong la SD = nén cd vecto

= Lisp, 41 =(3:0:1)

phép tuyén .

Mit phiang (SCD) ¢ cap vecto chi phuong 1a SD =(2:4 -ﬁ}’ DC =(-4:0:0)
~ | 000 000

nén co vecto phap

nn . iy 2
cos i = o] _130+03+12] _ 2 = [ ~79,9

|m | '|H | _-J’_"'E +1° -J?;: + 2 _JIBU

Suy ra

Dang 7. Mot s6 ing dung ciia phwong trinh dwdong thiang trong thuc tién

Tuong tu nhu phuong trinh mét phang, phuong trinh dudng thang c6 nhidu tmg dung trong thuc
tién.

Oxyz (don vi trén mdi truc toa do 1a kilomét), mot may bay dang
B(3,.5:5,5:0

Trong khong gian vdi hé toa do

A(3,5:-2:0,4)

va s€ ha canh & vi tri ) trén duodng bang EG

O Vi tri

a) Lap phuong trinh duong thang 4B .
b) Hay cho biét goc trugt (goc gitra duong bay 4B va mit phang nim ngang (OW)) c6 ndm

trong pham vi cho phép tir 2,5 dén 3,5 hay khong.
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¢) CoO mot 16p may duoc md phong béi mot mit phing (a) di qua ba diém

M (5;0;0), N(;- 5,0), P(0;0;0, ”}.Timtoad(} cua diém € 1a vi trf ma may bay xuyén qua dam

may dé ha canh.

d) Tim toa do cta diém D trén doan thing 4B 14 vi tri ma may bay ¢ d6 cao 120 m.

e) Theo dinh : i phi ¢6 poopa Ao g e F(3.5:4.5:0) .
quy dinh an toan bay, ngudi phi cong phai nhin thay diém dau cua duong

bang & d6 cao t6i thiéu 14 120 m. Hoi sau khi ra khoi dam may, ngudi phi cong ¢ dat duge quy
dinh an toan d6 hay khéng? Biét rang tam nhin ctia ngudi phi cong sau khi ra khoi dam may 1a 900

m
Loi gii
a) Ta co: AB =(0:7.5:-0.4)
[x =3.5
.ll '}+ ? qlr
z=0,4-0,4¢

Phuong trinh dudng thing 4B la: | (1a tham s0).

b) Phuong trinh mit phang (Oxy) 1a =0 Ta co:
00+7,50+(-0,4)1] 04
JOE 47,5 +(-0,4)7 Ao +07 +17 56,41

sin{ AR, (Oxy)) = = (A,(P)) =3.

5 <3 <35

2 . . )
Vi =~ nén goc trugt cia may bay nam trong pham vi cho phép.

—+—+—=l= x- y+10z-5=0

)
¢) Phuong trinh mat phang (MNP) 1. 5 -5 05

Vi € thuge dudng thing AB nén C(3.5-2+7.5¢:0,4- 0.4c)(cER).

Q
G. (=" g Ao A-te 5 = =
NPy . 357 (247,50 +100,4-0,40)- 5=0 = =

Ma € thudc mit phang nén

7 43 28

Suyra |2 400 115

d) Vi D thuoc 4B nén D(3,5:-2+7.5d:0.4- 0,4d N d€R) .Ma D ¢6 cao do 1a 0,12 nén
0,4- 0.4d =0,12 = d =0,7 Viy D(3,5:3,25.0,12)

&) Tacé: DF =yJ(3,5- 3,5) +(4,5- 3,257 +(0- 0,12)] ~1,26(km)

Vi 900:m =0,94m <1,20km nén phi cong khong nhin théy diém E va khong dat dugc quy dinh
an toan bay.

Cau 75. Trong tinh hudng mé dau hay thuc hién cac bude sau va trd 101 cau hoi da duge néu ra.
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Cau 76.

Cau 77.

= _lrN

a) Viét phuong trinh tham sb cta dudng thang MN .

b) Tinh toa d¢ giao diém D cua duong thing MN véi mit phing O .

¢) Hoi diém D c¢6 nam giita hai diém M va NV hay khong?
Loi gidi

Ta c6 M(2:3:-4), N(- I.'D.'S}.

S NN}

a) Vi MN =(-3;- 312) =-3(LL;-4) | mot vecto chi phuong ctia duong thaing MN nén phuong

X =241
y =3+t
trinh tham s6 cua duong thang MN 3 i .
b) D 1a giao diém cua MN va (Oxy),taxét: z=-4-4=0=1t=-1Dpodo D(I;Z;O).

¢y vi DM =(L1-4). DN =(-2:-2:8) =-2DM a0 D pan gitra M va N

Tra 16i cau hoi duoc néu ra trong tinh hubng mé dau:
Taco OD =N1+4+0 =5 <3 nén tam bia che khuét tim nhin.

Tai mot nut giao thong ¢ hai con dudng. Trén thiét ké, trong khong gian Oxyz , hai con duong dé
tuong ung thudc hai duong thang:

x =2+t x=1-2s

Hoi hai con dudng trén c6 vudng gbéc véi nhau hay khong?
Loi giai

IJ{ai con Eu(‘mg thuoc hai uduu(zng thang 1an luot c6 vecto chi phuong 1a

t =(L10)uy =(-2:2:0) 1y o6 1 =0 1an hai con duong thudc hai duong thang da cho

vudng goc voi nhau.

Trong khong gian Oxy ZJ, c6 hai vat ﬁhé lan luot xuét phat tir AL 2:0) 3 BB:5:0) v van toc

A 2. v =(2:1:3), v, =(
khong d6i twong g 1a :
c6 va cham vao nhau hay khong?

+ 2 c A A A
L1 e trong qua trinh chuyén dong, hai vat thé trén
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Cau 78.

Cau 79.

7

Loi giai

Hai duong thang chira phuong chuyén dong ctia hai vat thé 1a hai duong thang chéo nhau vi
T Ly
[1-,._1;] AB =-1043+0=-T 20 __ o L .
. . Vay trong qua trinh dich chuyén hai vat thé khong bao gio
cham nhau.
Tai mot nit giao thong 6 hai con dudng. Trén thiét ké, trong khong gian Oxyz
thude hai duong thang lan lugt c6 phuong trinh:
x-1 o z4l x-3 y+l =
ri‘l.l:i—:jL :—ﬁ;&:““_‘t.ﬂ:‘L 2 =
2 -1 3 ©o-1 1 1

, hai con duong do

a) Hai con duong trén c6 vuong goc voi nhau hay khong?

b) Nut giao thong trén c6 phai la nat giao thong khac mirc hay khong?

Loi gidi
a) Hai con dudng thuéc hai duong thing lan lugt co6 vecto chi phuong la

— e 1 — 11 gy =
t =(2:- L3, =CLED= w16 =0 1 46 hai con duong thude hai duong vudng goc v6i

nhau.

b) Nut giao thong trong hinh v& 1a nut giao thong khac mirc vi hai duong thang tuong tmg chira
hai con duong 1a chéo nhau. B9 cao cta cac duong giao thong khac nhau dé tranh xung dot.

Oxyz , mot vién dan duoc bén ra tir diém A(L:3:4) va trong 3 gidy, dau dan di

=(2:L

Trong khong gian

v6i van toc khong ddi; vecto van tde (trén gidy) 1a ¥ ©) Hoi vién dan trén c6 ban trang muc
ti€u trong moi tinh huong sau hay khong?

M[ T;E;El
el

a) Muc tiéu dat tai diém ' <

b) Muc tiéu dit tai diém V(- 3:L-8)

Léi gidi
1111 [ R
AM :| 6517 ‘

a) Muc tiéu dit tai M | ta co ! khong cung phuong véi =(ZL6) nén
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Cau 80.

Cau 81.

vién dan ban khong trung muc tiéu.

AN =(-4:- 2- 12) =- 2(2 1:6) v =(216)

b) Muc tiéu dit tai V| ta c6 cung phuong voi nhung

ngugc chiéu voi ¥ =(Z1;6) . Trong trudng hop ndy vién dan bin ciing khong trang muc tiéu.

Trén mit dat phang, ngudi ta dung mot cay cot thang cao 67 vudng goc v6i mit dét, cd chan cot
dat tai vitri O trén mat dat. Tai mot thoi diém, dudi 4nh ndng mat trod, bong ctia dinh cot dudi mat
d4t cach chan cot 37 v& huéng S 60 E (hudng tao vo1 hudong nam goc 60 va tao vo1 hudng
dong goc 30 ). Chon hé tryc Oxyz 4 gbc toa do 1a O, tia OX chi hudng nam, tia Oy chi huéng
déng, tia OZ chira cay cot, don vido la mét. Hay viét phuong trinh dudng thang chira tia ning mat
troi di qua dinh ¢t tai thoi diém dang xét.

Loi giai

A(D;D;ﬁ}..f![ '£;D‘= A4 = %iﬁﬁ‘ =§(l;ﬁ;-4}

Ta co ' : ' : la mdt vecto chi phuong

bd | ted
.

ctia dudng thang A4 nen phuong trinh dudng thang chira tia nang tai thoi diém dang xét 1a
x _y _z-0

1 B -4

Mot mé hinh cau treo duge thiét ké trong khong gian nhu Hinh. Viét phuong trinh tham s
M (4:3;20) _; N(4:1000;20)

Oxyz

cua lan duong @ di qua hai diém

Loi giai

[N NIN]E]

Taco MV :{[};99?;0}'
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~ 1 00D
, . M.N a =——MN =(0:1:0)
Puong thang d g qua hai diém """ nén d ¢6 vecto chi phuong la 997 .
x =4
y =3+t
z =20.

Phuong trinh tham sé ctia duong thing ¢ 13

Cau 82. Trén mot may khoan ban da thiét 1ap s&n mot hé toa d6. Néu nhan xét vé vi tri gilra truc d ciia mii

khoan va tryc ¢ cua gi4 d& c6 phuong trinh 1an luot la:

x =1 [x =10
d:{y=l vad:{y=20

|z =]+t I::5+5E'.
d d’'

i |
] I
(] 1

1

Loi giai
Puong thing @ di qua didm M EED va c6 vecto chi phuong ¢ =(%0:1)
Puong thing ¢ " ¢6 vecto chi phuong ¢ =(0:0:5) =3a
1 =10
1 =20
NS VA e d 1=5+5¢ ., .
Thay toa d diém vao phuong trinh cua ¢ | ta dugc (khong thoa man).

Cau 83. Trén phan mém thiét ké chiéc cau treo, cho duong thing @ trén try cdu va duong thing d trén
san cau ¢ phuong trinh lan luot 1a:

x =0 [x =20
d:{y=0 vad :{y=t
=50+t z =50

Xét vi trf twong dbi gitta 4 va 4 .
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Cau 84.

“
TH B
=m -

(A

X

Loi gidi

d va d ¢6vecto chi phuong 1an luot 1a & =(0:0:1) vy @ =(0:1;0)

phuong. Vay d yyd ' hodc cat nhau hodc chéo nhau.

0 =20 (1)
0=t (2)
30+t =50. (3)

Xét hé phuong trinh
Ta thiy phuong trinh (1) v6 nghiém nén ¢ va d " chéo nhau.

Mot Rhﬁn mém md phong vén dong vién dang tap ban sung trong khong gian

d’
|

Oxyz

Cho biét truc ¢ ciia nong sung va coc d bia d ¢o phuong trinh 1an luot 1a:

x =t x =10
d:{y=20 d:{y=20
z=9 - =143
va

Xét vi tri twong ddi gitra ¢ va d chung c6 vuong goc vai nhau khong?
Loi giai

d va d ¢ vecto chi phuong lan lugt 1a ¢ =(1;0:0) va @ =(0:0:3)

Taco @ va @ khong cing phuong. Suy ra 4 va d hodc cét nhau hodc chéo nhau.

.Tacd 4 va @ khong cung
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M (10;20;9)

vidvad cung di qua diém nén 4 va d cét nhau.

Talaico @@ =0+0+0 =0 vay d vi d vusng goc véi nhau tai M (10:20:9),

Oxyz

Cau 85. Trong khong gian , mot xe tai co chidu cao bang 1 , di chuyén trén mit phang

(O%) va cin chui qua gdm cua mot cdy cau. Cdy cau d6 thudc duong thang
(x =1+t

Ay =-1+2¢

Héi chiéu cao ctia gdm cu c6 du dé xe tai chui qua hay khong?
Loi giai

4(1;- 1;2)

Puong thang A di qua diém - va duong thang song song voi mit phing (Ox) Khoang

cach giita duong thang A va mit phang (Oxy) bang khoang cach tir diém 4 dén mait phang
(Oxy)

d( A, (Oxy)) =

, = , ae s Y N . . X A
Ta co: ! , do do6 xe tai c6 chiéu cao bang 1 thi chui qua dugc gam cau.

OxyZ ' mot ngudi & trong mot can phong, mit ngudi dit tai vi tri

0(0;0;0)

Cau 86. Trong khong gian
A(12;3) , nhin ra ngoai khu vuon qua mot khung ctra s6 c6 dang hinh tron tam
béan kinh 2 va thudc mit phiang (@2) Hoi qua khung ctra s6, ngudi d6 cé nhin thiy bong
hoa & vi tri M (=211 hay khong?
Loi giai

Goi N 14 giao diém cta dudng thing 4M véi mit phang (Oyz) , toa d0 diém NV c6 dang
N(0:b;c)

Taco: AV =0 Lb-2ic=3) 3 AM =(-3:- L-2) 13 haj vecto ciing phuong nén
b-2 ¢-3 -3 :
= =— =3 b=-lc=-3= N(0;- ;- 3)

- 1 -2 -1 '

Nhu vay OV =V0+1+9 =10 >2 nén mat ngudi dit ¢ vi tri 4 khong thé nhin thiy bong hoa dat

G vitri M qua mot duong tron ¢ tam O ban kinh bang 2 nam trén mit phing (Oyz)
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