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A–1 Determine,with proof, the numberof orderedtriples���������	�
���
���
of setswhichhave thepropertythat

(i)
�������	�����
�
�������������������� ���!��#"$��%���&��'�)($*

, and

(ii)
� ��+ � ��+ � � �-,

.

Expressyour answer in the form
��.��0/� �1�"
2

, where3 �#45��67��8 arenonnegativeintegers.

A–2 Let 9 beanacutetriangle. Inscribea rectangle: in 9
with onesidealongasideof 9 . Theninscribearectan-
gle ; in the triangleformedby thesideof : opposite
thesideontheboundaryof 9 , andtheothertwo sidesof9 , with onesidealongthesideof : . For any polygon<

, let
�=� < �

denotetheareaof
<

. Find themaximum
value,or show thatno maximumexists,of >@?BADCFEG>@?IH0C>@?IJKC ,
where9 rangesoverall trianglesand : � ; overall rect-
anglesasabove.

A–3 Let
8

bea realnumber. For eachinteger LNM ( , define
asequence

� 3$O �BP$�#* , PQ�R(����
�#���'S�S'S by thecondition

3$O ��(0���T8�U7� O �
3 O �BPWVX�5���Y� 3 O �BP$��� � VZ� 3 O �BP$�[� P M (�S

Evaluate\I]I^`_�acb 3 _ �Fde� .
A–4 Definea sequence

� 30f * by 3 �g�h�
and 3$f E

�c�h��.[i
forj M �

. Which integersbetween00 and99 inclusiveoc-
cur as the last two digits in the decimalexpansionof
infinitely many 3$f ?

A–5 Let k O �ml ��noqpsr�t �Fuv� psr0t �w��ux�Dy'y'y psr0t � L uv��8
u . For
which integersL ,

�gz L z{��(
is k O}|�R( ?

A–6 If ~ �Fuv��� 3 o V 3 ��u�V�y�y'y�V 3$O u O is apolynomialwith
realcoefficients 3$f , thenset

� � ~ �Fuv����� 3
�o V 3 � � VTy'y�y)V 3 �O S

Let � �Fuv���-�7u � V�"5u�V�� . Find,with proof,a polyno-
mial � �Fuv� with realcoefficientssuchthat

(i) � ��(����Y�
, and

(ii)
� �w���Fuv� _ ��� � � � ��ux� _ �

for every integer
d M � .

B–1 Let � bethesmallestpositiveintegerfor whichthereex-
ist distinct integers L �5� L �
� L �7� L�� � L�� suchthat the
polynomial

~ ��ux���h�Fu�� L �s�s��u�� L �)�s��u�� L ���'�Fu�� L�� �'�Fu�� L�� �
hasexactly � nonzerocoefficients. Find, with proof, a
setof integersL �5� L �
� L �7� L�� � L�� for which thismin-
imum � is achieved.

B–2 Define polynomials
� _ �Fuv� for

d M (
by
� o ��ux���q�

,� _ ��(0���T( for
d M � , and

8
8�u � _ E

� ��ux���Y�Fd�VT�)��� _ ��u`VT�)�

for
d M ( . Find,with proof,theexplicit factorizationof�
� o�o ���)� into powersof distinctprimes.

B–3 Let

3 �[� � 3 �[� � 3 �#� �hS'S�S
3 �'� � 3 �'� � 3 �s� �hS'S�S
3 �'� � 3 �'� � 3 �s� �hS'S�S

...
...

...
...

bea doubly infinite arrayof positive integers,andsup-
poseeachpositive integer appearsexactly eight times
in the array. Prove that 3 O � _X� L d for somepair of
positive integers

� L ��de� .
B–4 Let � betheunit circle

u � VQ� � ���
. A point ~ is chosen

randomlyon the circumference� andanotherpoint �
is chosenrandomlyfrom theinteriorof � (thesepoints
arechosenindependentlyanduniformly over their do-
mains).Let : betherectanglewith sidesparallelto theu

and
�
-axeswith diagonal~x� . What is theprobability

thatnopointof : liesoutsideof � ?

B–5 Evaluate
l bo��#� �����'� � ����� � ?��FED�¡ 0¢�C 8 � . You may assume

that
l b
� b

� �x£)¤ 8
u��{¥ ¦ .

B–6 Let § be a finite set of real
d�¨Xd

matrices
��© f * ,��z j z«ª

, which form a groupundermatrix multi-
plication.Supposethat ¬X­fI® �x¯�° �w© f ���R( , wherē

�° �±�	�
denotesthetraceof thematrix

�
. Prove that ¬ ­fI® � © f

is the
d²¨�d

zeromatrix.


