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A-1 Determine,with proof, the numberof orderedtriples
(Aq, As, As) of setswhich have thepropertythat

(l) AL UA> U A3 = {1,2,3,4,5,6,7,8,9, 10},and
(i) Ay N Ay As = 0.

Expressyour answerin the form 2¢3°5°7¢, where
a, b, ¢, d arenonngyative integers.

A-2 LetT beanacutetriangle. InscribearectangleR in T’
with onesidealongasideof T'. Theninscribearectan-
gle S in thetriangleformedby the sideof R opposite
thesideontheboundaryof T', andtheothertwo sidesof
T, with onesidealongthe sideof R. For ary polygon
X, let A(X) denotetheareaof X. Find themaximum
value,or shav thatno maximumexists, of %,

whereT rangeoverall trianglesandR, S overall rect-

anglesasabove.

A-3 Letd bearealnumber For eachintegerm > 0, define
asequencéan(j)},7 =0,1,2,... by thecondition
am(0) = d/2"™,

am(j+1) :(am(j))2+2am(j)a j=>0.
Evaluatelim,,—, o a,(n).

A-4 Defineasequencga;} by a; = 3 anda;; = 3% for
i > 1. WhichintegersbetweerD0 and99 inclusive oc-
cur asthe last two digits in the decimalexpansionof
infinitely mary a;?

A-5Let I, = f027r cos(x) cos(2x) - - - cos(mx) dz. For
whichintegersm,1 <m < 10is I, # 0?

A-6 If p(x) = ag + a1z + - - - + apz™ is apolynomialwith
realcoeficientsa;, thenset

L(p(z)) = ag +ai +--- +ap,.

Let F(x) = 322 + 7z + 2. Find, with proof, a polyno-
mial g(z) with realcoeficientssuchthat

() g(0)=1,and
(i) T(f(x)") =T(g(x)")

for everyintegern > 1.

B-1 Letk bethesmallespositiveintegerfor whichthereex-
ist distinctintegersm; , ms, ms, m4, ms suchthatthe
polynomial

p(x) = (z —m1)(z —m2)(z —m3)(z — ma)(z —ms)

hasexactly ¥ nonzerocoeficients. Find, with proof, a
setof integersms , m2, ms, my, ms for which thismin-
imum k is achieved.

B-2 Define polynomialsf,,(z) forn > 0 by fo(z) = 1,
fn(0) =0forn >1,and

2 fra(@) = 0+ Dfale+ 1)

forn > 0. Find, with proof, theexplicit factorizatiorof
f100(1) into powersof distinctprimes.

B-3 Let

ai1 a2 41,3 ...
a1 a2 G233 ...
as1 az2 assz ---

be a doublyinfinite arrayof positive integers,andsup-
poseeachpositive integer appearsxactly eighttimes
in thearray Provethata,,, > mn for somepair of
positive integers(m, n).

B—4 LetC betheunitcirclexz®+y? = 1. A pointp is chosen
randomlyon the circumference” andanotherpoint ¢
is choserrandomlyfrom theinterior of C (thesepoints
arechosenindependenthanduniformly over their do-
mains).Let R betherectanglewith sidesparallelto the
x andy-axeswith diagonalpg. Whatis the probability
thatnopointof R lies outsideof C'?

B-5 Evaluate [[° t~1/2¢~1985(++¢™") d¢. You may assume
that [*° e~ dz = \/7.

B—6 Let G be a finite setof real n x n matrices{M;},
1 < ¢ < r, which form a group undermatrix multi-
plication. Supposehat)_;_, tr(M;) = 0, wheretr(A)
denoteghetraceof thematrix A. Provethat";_, M;
isthen x n zeromatrix.



