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CHU PE 7. TINH CHAT PUONG TRUNG TRUC
CUA MOT POAN THANG
I. TOM TAT LY THUYET

1. Pinh nghia duong trung truc:

d
buong trung truc cua mot doan M
thang l1a duong thang vudng géc ) )
Y
v6i doan thang &y tai trung diém .
> , A H B
clia né.

Trén hinh vé bén, d la duong trung
truc ctia doan thang AB. Ta ciing
noi: A déi ximg B qua d.

2. Pinh li 1: Piém nam trén duong trung truc cia mot doan thang thi cach déu
hai mut ctia doan thang do.

3. Pinh li 2: Piém cach déu hai mat cia mot doan thang thi ndm trén dudng
trung truc ctia doan thang dé.

MA = MB ¢ M thudc duong trung tryc cua AB.

4. Tap hop céac diém cach déu hai mit ctia mot doan thang 1a duong trung truc
ctia doan thdng do.

II. BAI TAP VA CAC DANG TOAN
Dang 1. Van dung tinh chat cia duong trung truc dé giai quyét bai toan
Phuong phdp gidi: St dung Pinh Ii 1.

1A. Cho hai diém A, B ndm trén duong trung truc cia doan thang MN, Chtmg
minh AMAB = ANAB.

1B. Cho AABC céan tai B. Lay diém D déi ximg véi diém B qua AC. Chimg minh
AABD = ACBD.

2A. Tam gidc ABC vuong tai A cé ¢ = 30°. Trén tia d6i ca tia AC lay diém D
sao cho AD = AC. Tinh s6 do goc Bpa

2B. Tam gidc ABC c6 diém A thudc duong trung truc ctua BC.

Biét B = 40°. Tinh sé do clia cac goc trong AABC

3A. Tam giac DEF c6 DE < DF. Goi d la duong trung truc cta EF. M la giao
diém cua d véi DF.

a) Ching minh DM + ME = DF.
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b) Lay bat ki diém P ndm trén duong thang d (P #M). Chimg minh DP + PE > DF.

¢) So sanh chu vi cua hai tam gidc DEM va DEP.

3B. Tam giac ABC cé B- € = 30° buong trung truc cta BC cat AC & K.

a) Chimg minh Ksc =l%cs

b) Tinh s6 do gobc Ypx

c) Biét AB = 3 cm, AC = 5 cm. Tinh chu vi tam gidc ABK.

4A. Cho tam gidc ABC. Cac duong trung truc cua AB va AC cat BC tai M va N.
a) Biét —B 30°, € = 45°. Tinh s6 do géc BAC vy Man

b) Chimg minh MAN = 2B4C_ 1g0°.

4B. Cho tam giac ABC can co % > 90°. Céc duong trung truc cua AB va AC cat
canh BC theo th tw & D va E va hai trung truc cat nhau & F.

a) Biét % = 110°. Tinh s6 do goc B4E .
b) Chiémg minh 284C = BAE +180°.

c) Tinh goc PrE .

5A. Cho goc vudng QOy' Trén céc tia Ox, Oy ldy hai diém A va B (khéng trung
v6i 0). Puong trung truc clia cac doan thdng OA va OB cat nhau & M. Chtmg
minh:

a) A, M, B thang hang.
b) M 1a trung diém cua AB.

5B. Cho AABC vuéng tai A. Puong trung truc clia doan thang AC cat AC tai H,
cat BC tai D. N6i A va D.

a) So sanh s6 do goc P4B vy PB4
b) Chimg minh D la trung di€ém ctia BC

Dang 2. Chung minh mot diém thudc duong trung truc. Chung minh mot
duong thang la duong trung truc cua mot doan thang

Phuong phdp gidi:

D€ chimg minh diém M thuoc trung truc ctia doan thdng AB, ta dung Pinh Ii 2
hoac Pinh nghia duong trung truc.

* D€ chling minh duong thang d la duong trung truc cta doan thang AB, ta ching
minh d chita hai diém cach déu A va B, hoac dung dinh nghia duong trung truc.

6A. Cho doan thdng AB = 5 cm. Vé duong tron tam A ban kinh 4 cm va duong
tron tam B ban kinh 3 cm. Hai duong tron nay cat nhau tai D, E. Chirng minh:
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a) biém A thudc duong trung truc ctua DE;
b) AB la duong trung truc cua DE;
c) DB = 90°.

6B. Cho doan thdng AB. Dung céc tam gidc cAn MAB, NAB lan luot tai M va N
(M, N nam khéac phia so véi AB). Chirng minh:

a) Piém M thudc duong trung truc cuia AB;
b) MN la duong trung truc cua AB.

7A. Cho ADEF c6 DE = DF. Lay diém K nam trong tam giac sao cho KE = KF.
Ké KP vuong géc véi DE (P € DE), KQ vudéng géc véi DF (QEDF). Chirng minh:

a) K thudc duong trung truc cua EF va PQ;
b) DK la duong trung truc cua EF va PQ. Tt d6 suy ra PQ//EF.
7B. Cho goc S0y khac gbc bet Oz la tia phan giac cua Qoy. Goi M la mot diém

bat ki thudc tia Oz. Qua M vé duong thang a vuong goc véi Ox tai A, cat Oy tai C
va vé duong thang b vuong goc véi Oy tai B, cat Ox tai D. Chirng minh.:

a) Piém O thudc duong trung truc ctia AB;

b) OM la duong trung truc cua AB;

c) Piém M thudc duong trung truc cia CD

Dang 3. Xac dinh vi tri cia diém théa man yéu cau dé bai

Phuong phdp gidi: St dung Dinh Ii 2 d€ x4ac dinh mét di€m nam trén duodng trung
truc ctia doan thang.

8A. Cho hai diém A, B nam cung phia véi duong thang d. Xac dinh vi tri diém M
trén duong thang d sao cho M cach déu hai diém A va B.

8B. Cho tam gidc ABC. M6t duong thang d di qua A va khéng cét doan thang
BC. Tim vi tri diém D trén duong thang d sao cho D cich déu hai diém B va C.

Dang 4. St dung tinh chat duong trung truc vao bai toan vé cuc tri (tim
gia tri nho nhat, gia tri 16n nhat)

Phuong phdp gidi:

* St dung tinh chat duong trung truc dé thay déi dé dai mot doan thang bang do
dai mot doan thadng khéac bang né.

« St dung bat ddng thirc tam gidc dé tim gié tri nhoé nhat, gia tri 16n nhat.

9A. Haidiém A, B cing ndm trén nra mat phang cé bd 1a duong thang d. Tim
vi tri diém C trén duong thang d sao cho gi tri ctia téng CA + CB 1a nho nhat.
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9B. Hainha méy duoc x4y dung tai hai dia di€ém A va B cuing nam vé moét phia
ctia khtc séng thang. Tim trén bo séng mot dia diém C dé xay tram bom sao cho
tong chiéu dai duwong 6ng dan nudc tir C dén A va dén B la nhd nhat.

III. BAI TAP VE NHA

10. Cho géc Roy _ 35°. Trén tia Ox lay diém A, trén tia Oy lay diém B. Goi C la
diém déi ximg véi A qua Oy.

a) Chimmg minh AOAB = AQCB.

b) Tinh s6 do géc Hoc

11. Cho tam gidc ABC vuodng tai A c6 géc ¢ = 60°. Lay diém D d6i ximg véi
diém C qua AB.

a) Chimg minh ABCD la tam giac déu.

b) Biét BC = 2\6. Tinh d6 dai cac canh AB, AC.

12. Cho AABC, duong phan gidc AD. Trén tia AC 1ay diém E sao cho AE = AB.
Chirng minh:

a) DB = DE;
b) AD la duwong trung truc cua BE.

13. Cho AABC céan tai A, M la trung diém ctia BC. ME vuéng géc v6i AB, MF
vuong goc véi AC. Chirng minh:

a) AM la trung tryc cua cua BC;
b) ME = MF va AM la trung truc cua EF;
c) EF// BC.

14. Cho tam gidc ABC c6 AB < AC. Trén canh AC ldy diém D sao cho CD = AB.
Hai duong trung truc ctia BD va AC cat nhau tai E. Chimg minh:

a) AABE = ACDE;
b) biém E céch déu hai canh AB va AC.

15. Cho tam giac ABC can tai A ( U< 90°). Puong trung tryc cua canh AC cat
tia CB tai diém D. Trén tia d6i cua tia AD 1ay diém E sao cho AE = BD. Chung
minh.:

a) Chiimg minh AADC can;

b) Chimg minh P4C =HBC

c) Chirng minh AD = CE;
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d) Lay F la trung diém ctia DE. Chimg minh CF la duong trung truc cua DE.

16. Cho AABC nhon, duong cao AH. Lay cac diém P va Q lan luot doi xtimg véi
H qua AB; AC.

a) Ching minh AP = AQ.
b) Cho BAC = 60°. Tinh s do géc Pao

c) Goi I, K lan luot 1a giao diém cua PQ véi AB, AC. Chimg minh Upr :QHfVé
Huk =Hok

d) Chimg minh HA la tia phéan gidc cta k.

17. Cho oy _ 90°. Trén tia Ox ldy diém A, trén tia Oy ldy diém B. Ké duong
trung truc HM ctia doan thdng OA (H € OA, M € AB). Ching minh M thudc
duong trung truc caa OB.

18. Cho tam gidc ABC c¢6 dinh, dudng phan gidc AI (I € BC ). Trén doan thang
IC 1ay diém H. Tr H ké duong thdng song song véi Al, cat AB kéo dai tai E va cét
AC tai F. Chirmng minh:

a) Puong trung tryc cua EF luon di qua dinh A ctua tam gidc ABC;

b) Khi H di déng trén doan thang IC thi dwong trung truc ctia doan thidng EF ludén
c6 dinh.

19. Cho tam gidc ABC c6 AB < AC. X4c dinh diém D trén AC sao cho DA + DB
= AC.

20. Cho géc Sy , Bva C la hai diém lan lwot thudc hai tia Ax va Ay. Tim mot
diém M céach déu hai canh ctia géc va cach déu hai diém B va C.

21. Chobéndiém A, B, C, D
tao thanh hinh c6 AB//CD
va BC//AD nhu hinh veé.

Giao diém cta AC va BD A o
la O. Tir O vé vudong goc
véi AC cat canh BC, AD
lan lwot tai M, N. Ching minh AC la trung truc caia MN va AM = MC = CN = NA

22. Cho AABC c6 AB = 10 cm, AC = 13 cm, Trén tia doi tia AC 14y diém E sao
cho AE = AB. Qua A ké dudong thdng d vuéng géc véi BE. M 1a diém bat ki trén
dudng théng d.
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a) Chimg minh MB + MC = EC.

b) Tim vi tri diém M trén duong thang d sao cho MB + MC dat gia tri nho nhat va
cho biét gia tri d6 la bao nhiéu.

23. Cho tam gidc ABC. Tim di€m E thudc duong phan gidc cua goc ngoai tai
dinh A sao cho tam gidc EBC c6 chu vi nhd nhat.

24*, Cho diém A nam trong géc nhon QOy.
a) Tim hai diém M, N thudc Ox va Oy sao cho AM + AN la nho nhat.
b) Tim hai di€ém B, C thudc Ox va Oy sao cho AABC c¢6 chu vi nhé nhat

HUONG DAN

1A. Do A, B nam trén duong trung truc
clia doan thang MN nén

AM = AN, BM = BN.

Suy ra AMAB = ANAB (c.c.c).

1B. Tuong tu 1A.

2A. AB la duong trung truc cua AC

B
=> BD = BC => ADBC can tai B L\
} A t C

—> BD4 = =30

2B. Tuong ty 2A

Tinh duoc: Hcp =407 B4c =100

3A. Do DE < DF nén M thuoc canh DF. .

a) Co M thudc duong trung truc cua N

EF nén ME = MF

—> DM + ME = DM + MF = DF. Ew/“ d
b) Vi P thudc duong trung truc cua g

EF nén PE = PF =>DP + PE = DP + PF.

Xét ADEF: DP + PF > DF.
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Vay DE + PE > DF.
c) Ty a) vayb) suy ra DP + PE > DM + ME.
Vay chu vi tam giac DEP 16n hon chu vi tam giac DEM.

3B. Do B¢ nén AC > AB va K thudc canh AC.
a) K thudc duong trung truc cua BC => KB = KC

—> ABKC cén tai K => RBC =KcB -

b) Ta cé: K

Uk =HBc- Kee =HBc- & =30°

c) Ta co: B 5

AK + BK = AK + KC = AC = 5cm.
=>AB + AK+ BK=3 + 5 =8 cm.
Vay chu vi tam giac ABK la 8 cm
4A. a) Tur gia thiét suy ra AB > AC va M nam giita B va N.
Ta c6 MA = MB, NA = NC.
B =0 =30°

&=0 =45 Nan ANL BC

Xét AABC: 4 = 105°.
Vay MAN =90°- BN + Bam =30°

b) Co: Mranv = (4 + %) =0- (B+&)=- (s0°- )

Vay v =24- 180°
4B. Tuong tw 4A. Co

BAE =a0° 3 BFE =70° x

5A. a) Goi Mi,M, lan luot 14 A

giao diém cua trung truc 4 M,

doan OA,OB véi AB. E at . —
b =8

MlA = M10 Ilél'l
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M,0O = M,B nén B =0, .

_. B +0, =B =00" = Mom, =0" = M, =M, =M
Vay A, B, M thang hang.
b) Tir két qua y a) va MA = MB nén M la trung diém ctia AB.

5B. a) Twr gia thiét suy ra DC = DA => € =4 c

L+ —o0°
2 1 :}gl :%
B+& =90° )

b) 4, =B => DA = DB.

Ma DC = DA => DC = DB.
=> DPCM

6A. a) Tu gia thiét suy ra AD = AE.
Suy ra diém A thudc duong trung

truc cua DE.

b) Tuong tu'y a), ta c6 diém diém B

thudc duong trung tryc cua DE.

Vay AB la duong trung truc cua DE.
c) Ta c6 AD? + DB? = 42 + 32 = 25.
Ma AB? = 25.

Vay AABD vuong tai D.
6B. Tuong tu 6A.

D
DE =DF
7A. a) Ta co: {KE =K nén X, D thuéce P Q
trung truc ciua EF. K
ADEK = ADFK (c.c.c) 5 .

=> b, =b, => DK la duong phan

giac géc BEF
8.Puong tuy gan khéng di sé khong dén-Viéc tuy nhé khong lam sé khéng nén




Toanhocsodo-DT:0945943199

=> ADPK = ADQK
=> KP = KQ va DP = DQ.
Tw d6 suy ra K, D thudc trung truc cua PQ.

b) Try a) ta cé DK la duong trung truc cua PQ va DK la duong trung truc cua EF.
Suy ra DK 1 PQ, DK 1 EF.

Vay PQ // EF.
7B. a) AOAM = AOEM (ch-gn)
{OA =OB
MA =MB
=> O thudc trung truc cua AB.
b) Ty a) ta c6 OM la trung truc
cua AB.

AOBD = AOQOAC (cgv-gn)
Tuong ty 7A, ta c6 OM la trung
truc cua DC.

8A. Vi diém M céch déu hai diém A B
va B nén M thu6c duong trung
truc clia doan thdng AB.

Vay diém M la giao diém cua J

duong thang d véi duong trung
truc cua AB.
Cht y: Néu A, B nam sao cho
AB L d thi khong ton tai diém can tim.
8B. Tuong ty 8A.
9A. L&y D la diém doi xing, v6i A A
qua d. Theo tinh chat duong trung
truc: CA = CD.
Do d6 CA + CB = CD + CB.

Goi M la giao diém cta BD va d.

Néu C khong trung v6i M thi xét D
9.Puong tuy gan khéng di sé khong dén-Viéc tuy nhé khong lam sé khéng nén
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ABCD, ta c6: CB + CD > BD hay

CA +CB>BD (1).

Neéu C trung vé6i M thi:

CA+CB =MA+ MB =MD + MB = BD (2).

So sanh (1) va (2) ta thdy diém C trung M hay C la giao diém cua BD va d thi gia
tri cua tong CA + CB la nho nhat.

Chu y: biém C tim dwoc & vi tri M nhw vay la di€ém duy nhat. That vay, néu lay E
doi ximg voi B qua d thi AE van cat d & M dang vi tri ma BD cat d.

9B. Tuong ty 9A.

10. a) Tw gia thiét suy ra OB la duong

trung truc cua AC.

=> OA = OC, BA = BC.

=> AQOAB = AQCB (c .c .c).

b) Tlry a) suy ra:
Hos =Boc =35° = Hoc =70°

11. a) Co6 AB la duong trung truc cta

CD nén BD = BC

—> ABCD can c¢6 € = 60°

=> ABCD deéu.
b) ABCD déu

Wi=ca=L-f
=>CD =BC = 2

Xét AABC vuong tai A, ta co:

AB = VBC? - AC* _ 5 4

12. AABD = AAED (c.g.c)
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=> DB = DE (1).

b) Theo gia thiét: AB = AE (2).

Tw (1) va (2) , suy ra AD la duong
trung truc cua BE.

13. a) Tw gia thiét suy ra AB = AC va MB = MC
=> AM la trung truc cua cua BC

b) AABC céan tai A nén B :FT.

ABEM = ACFM ( ch-gn) => ME = MF.
ABEM = ACFM (ch-gn) => BE = CF.
Ma AB = AC =>AE = AF.

Mat khdc, ME = MF. Do d6 AM la

trung truc cua EF.

c) Ta c6: AM la duong trung truc cta
BC va EF

=>AM 1 BC, AM 1 EF => EF // BC.
14. a) Vihai duong trung truc cua BD
va AC cat nhau tai E nén EA = EC,

EB = ED.

=> AABE = ACDE (c.c.c).

b) AABE = ACDE => 1 =€

Ma EA = EC => & =6, =4 =4,

=> AF la tia phan gidc cua géc Bac

=> diém E céch déu hai canh AB va AC.

15. a) Vi D thudc duong trung truc cua E

AC nén DA = DC.

=> AADC can.

b) AADC cén => PAC =Bc4.
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Vi AB = AC nén 18C =Hcp
—~ Bac=Uac
c) Taco:

Pac +Bac =bPsa+ Usc(=180")

Tur két qua y a), suy ra Eac=Hps
Ching minh dwoc AEAC = ADBA (c.g.c) => AD = CE.

d) Ta c6: AD = CE, AD = CD nén CE = CD.

=> CF la duong trung truc cua DE.

16. a) Tw gia thiét suy ra AP = AH va AQ = AH nén AP = AQ
b) Ta cé:

Bap =Fam +Hao

2(Bam +Ha0)
=240 =120°

c) AAPI = AAHI (c.c.c)

= Upr =Unr (1)
AAHK = AAQK ( c.c.c)

_> HHK =Hok

d) C6 AP = AQ => APAQ can tai A => Apr=Hok (3).
T (1),(2) va (3) c6: a1 =HHK

=> HA la tia phan giadc cua Frk .

17. TacéMA = MO => O =4 e
- \
— —ane ~ M
Mt khéc, J+B=b,+B =90 H_%\
_> 9 =8 __ Mo = B, g 3

Vay M thudc trung truc cua OB
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18. a) Vi HE // Al nén E :Ql (dong vi) va ELI :‘DIZ (so le trong).
Ma =t o a6 £ =F £

=> AE = AF B

=> Duong trung truc cua EF ludn NN p

di qua dinh A ctia tam giac ABC.
b) Vi EF//AI nén dudng trung truc

cua EF vudng goc véi Al

T két qua y a), suy ra duong trung
truc ctua EF ludn di qua diém A va
vudng géc véi Al cé dinh. VAy duong trung truc clia doan thang EF luén c6 dinh.

19. Tacé: AC = DA + DC. Suy ra:

DA + DB = AC
< DA + DB =AD + DC
< DB =DC

< D thudc duong trung truc cua BC.
Vay D la giao diém cta AC véi duong
trung truc cua BC thi

DA + DB = AC.

20. Vi M céch déu hai canh cua géc Sy 7

nén M thudc tia phén gidc cua Sy ) B M
Vi M céach déu B va C nén M thudc

duwong trung truc ctua BC.

Vay M la giao di€m cua tia phan giac
goéc Sy va duong trung tryc cua BC
Chu y: Néu B, C & vi tri ma AB = AC
thi sé tim duoc vo s6 diém M nam trén trung truc ctua BC.

21. Chtng minh duoc:
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ABAC = ADCA (g.c.g) nén BC = AD;
ABOC = ADOA (g.c.g) nén OC = AO

Do BC // AD nén ¥rco =N40 (so le trong)
AMOC = ANO A => OM = ON,

AC 1 MN tai trung diém cla MN nén AC la trung truc cia MN. Suy ra AM = AN
va CM = CN, va duoc MN cling la trung tryc cia AC nén AM = MC. Suy ra
bPCM.

22. a) Goi F la giao di€ém cua duong

thang d v6i AB nén AF L BE.

AAEF = AABF (ch-cgv). E
=> FE = FB => AF la duong trung

truc cua AB => ME = MB. F
=>MB + MC = ME + MC.

Néu diém M khéng trung diém A, B
xét AMEC c6 ME + MC > EC

nén MB + MC > EC (1).

Néu diém M trung di€m A, khi d6:

MB + MC = AB + AC = AE + AC = EC (2).

Tw (1) va (2) suy ra MB + MC = EC.

b) Tiry a) ta thay khi diém M trung diém A thi MB + MC dat gid tri nhé nhéat. Khi
do, ta co:

MB + MC = EC = AB + AC = 23cm.

23. L&y diém D déi xing véi

diém C qua duong thdng AE. D
=> AE la duong trung tryc

cua CD =>ED = EC A
=>EB + EC = EB + ED.

Tuong tu 9A. suy ra diém E

trung v6i di€ém A thi gid tri . C
cua téng EB + EC nho nhat.
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Khi d6, chu vi ctia tam giac
EBC ciing la nho nhat

24*, a) T Avé AM L Ox. boan AM nho hon cic doan tir A dén bat clt diém nao
trén Ox.

Twong tuw AN L1 Oy.

Suy ra AM + AN tim duwoc nhw
trén la c6 gia tri nho nhat.

b) Lay D d6i xtmg véi A qua Ox,
lay E do6i ximg véi A qua Oy.

buong DE cat Ox, Oy lan luot

tai B, C can tim.

That vay, lay bat ki diém B',C'

khac B,C thi ta luén cé:
BD+BC+CE<B'D+ B'C'+C'E.
Mat khac, ta c6: AB + BC + CA = BD + BC + CE,
AB'+ B'C'+ C'A+ B'D + B'C' + C'E.

Vay B, C la hai diém thda man yéu cau dé bai.

15.Puong tuy gan khong di sé khong dén-Viéc tuy nho khéng lam sé khong nén




