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A.DPAT VAN PE
I. Li do chon dé tai

1.1. Bét ding thic va cac bai toan quy vé bat ding thuc 1a mot trong
nhitng bai toan kho nhat trong cac ki thi hoc sinh gioi cac cap va ky thi THPT
Quéc Gia hién nay. biéu quan trong cua cac bai todn cuyc tri 1a tim ra dugc
ddu “=" cua dang thirc. Nhung khi thyc hién bai toan thi bat dang thuc lai
thudng nguoc chiéu, giy kho khin, bé tic cho bai toan.

1.2. Mot trong nhiing diéu mau chét cua bai toan cuc tri 1a tim duoc
mot bat dang thic phu dé bién biéu thic phirc tap thanh mot biéu thirc don
gian va co tir vé con lai hodc tir gia thiét. Cac bai toan nay khong nhiing chi o
dang toan ching minh bat dang thirc, tim GTNN, GTLN ma con & cac bai
toan giai phuong trinh, hé phuong trinh, bat phuong trinh va la cac bai toan
kho nhat trong cac dé thi ma ké ca nhitng em kha, gioi bai toan nay van con 1a
mot 4n sb rat 1on.

1.3. Khi hoc sinh di c¢6 dugc k¥ ning ty nghién ctu, khai thac kién
thtrc thi cac em con c6 thé tham khao duoc nhiéu tai lidu, sach gidao khoa va
trén mang Internet,... dé phuc vu cho viéc hoc tdt hon.

Trong qua trinh day hoc, 6n luyén thi hoc sinh gidi va Thi THPT Qudc Gia t6i
d3 day va khai thac rat nhidu dang bai toan vé cuc tri va mot trong nhiing
dang do t61 manh dan dua ra sang klen kinh nghiém vé mot dé tai nho do 1a:

? Ap dung phwong phap tiép tuyen vao mét so bai todn cuc tri.”- CHUYEN
PE BOI DUONG HOC SINH GIOI VA THPT QUOC GIA .

I1. Muc dich chon dé tai:

Thuc hién dé tai ” Ap dung phwong phdp tiép tuyén vao mot sé bai
todn cwec tri.”, t01 hudng td1 myc dich:

- Khi nhidm dugc diu “=" cua bat d:fmg thire, 6 thé st dung so sanh, don
bién tir mot biéu thirc phtrc tap, nhiéu 4n vé mot 4n bac thép hon.

- Pua ra ham s xac dinh trén mién D. Khao sat ham sb trén D va tim
cuc tri.

- Pic biét 1a ddi voi phuong trinh, hé phuong trinh va bat phuong trinh,
viéc so sanh, danh gia cho mot biéu thirc duong hodc am la rat quan
trong doi hoi cac em phai co cach nhin tong quat, siu rong vé so sanh
bat dang thurc.

- Do vay, néu hoc sinh c6 du kha nang nhin nhan, phan tich bai toan thi
s& tim ra hudng giai cho mdi bai toan tt hon.

II1. Poi twong, pham vi nghién ciu:
1. Sach gido khoa toan 10,11,12 (Nha Xuit Ban Gi4o Duc Viét Nam)
2. Tap chi bao toan hoc va tudi tré (Nha Xuit Ban Gi4o Duc Viét Nam- Bo
giao duc va dao tao)
3. Céac chuyén dé luyén thi hoc sinh giéi va THPT Quéc Gia.



~ B-GIAI QUYET VAN BE
I. Co s6 li ludn cia van de

1.1. Xét bai toan tong quat: “Cho @,,4,.4;,...4,€D thoa min
a,ta,ta;+..+ta,=na véi a€D, can chimg minh bat dang thuc
f@)+fa)+..+f(a)=nf(a),  ding thac  xdy ra  khi
a, =a, =a, =...=a, =a”,

Bai toan ndy co tinh chat ndi bat voi vé trai 1a biéu thirc d6i xtimg cua
cic bién 4,,4,,4;,....a, va viét duoc dudi dang téng ctia mot ham sb véi cac
bién s6 khac nhau. Dan dén suy nghi mot cach tu nhién dé giai quyét bai toan
nay 1a ta xét ham s§ » =/ (x), sau d6 chimg minh /' (x)=A4x+B v&i moi
x€D, trong d6 A, B théa man A(q+a,+..+a)+nB=nf(a) (hay
Aa +B =f(a)). D& thly y =4x+B chinh 14 tiép tuyén cua dd thi ham sb
y =/(x) tai diém x =a.

Nhu vy qua phén tich, ching ta c6 thé dua ra duoc 10 giai cho bai toan
tong quat trén nhu sau: Xét ham sé ¥y =/ (x), xeD, viét phuong trinh tiép
tuyén ctia dd thi ham sb tai ¥ =a 14 y =4x+ B Ta chimg minh f(x)=4x+B
v6imoi x€D, tir d6 suy ra: f(a)+ f(a,)+...+ f(a,) =nf (&) (dpcm).

1.2. Cho ham s6 ¥y =/ (x) x4c dinh va lién tuc trén D. Khi d6 tiép
tuyén tai mot diém x, € D ¢b phuong trinh y =/ (x,)x - x) + f(x,) luon
nam dudi do thi hoic trén do thi.

Néntaco: f ()= ()G - x) + 1(x,).
Hoic: [fG)=f GG —x) + f(x).

Viéc khao sat vé chi€u cua bat dang thuc thi ¢6 thé dung dao ham cap hai dé
x¢ét hodc do1 voi ham so don gidn thi c6 thé vé do thi ciia ham so6 trén D dé doi
chiéu.

Suy ra: f(x;) + f(x2) +...+ f(x4) =1 (X0).(X1 + X2 +...Xs) + nf(Xo)

Hoac nguoc lai: f(x:) + f(x2) +...+ f(Xn) = (X0).(X1 + X2 +...+X,) + nf(Xo)

1.3. Khi hoc sinh c6 dugc ki ndng ty nghién ctru, khai thac kién thire, thi
cac em con ¢6 thé tham khao duogc nhiéu tai lidu, sach gido khoa va trén mang
internet,... dé phuc vu cho viéc hoc tap tdt hon.

Vi thé, t6i ¢ manh dan dua ra sang kién kinh nghiém vé mot dé tai nho,
d6 13: “Adp dung phwong phdp tiép tuyén vio cdc bai todn cwe tri” — CHUYEN
PE BOI DUONG HOC SINH GIOI VA THPT QUOC GIA .



II. Thyc trang cia van deé: ’

2.1. Str dung phuong phap ti€p tuyén vao cac bai toan cyc tri gidip hoc sinh co
cach giai bai toan gon hon nhanh va don gian thong qua mot bat dang thuc
phu. Cai hay cia phuong phap nay & cho:

C6 thé danh gia mot biéu thirc thong qua mot biéu thirc bac nhat.

€69

C6 thé chon vi tri tiép tuyén tai diém sao cho bit dang thirc xay ra dau

Chéng han: Xét f(x) =[x’ +L2 , XE
X

. . . 1
Lap phuong trinh tiép tuyén cua do thi tai x =§ . Khi do6 ta chimmg minh dugc:

O;l
3

- 80 162

f(x)Z\/@x+3\/872; Vxe

Vay bai toan: “ Cho cac s thyc duong x,y,z thda min: x+y+z <I.

) 1 1 - X
Chung minh : ,/x2 +? + ,/yz +? + /22 +% >./82 ” duoc giai quyét.

2.2. Tuy cac dang toan nay rat khé nhung khi tim ra chia khoa cua bai toan thi
van dé duoc giai quyét rat don gian, nhanh gon. Diéu kho khin nhat 13 tim ra
chia khoa d6? Dang bai nao thi giai dugc bang phuong phap nay? Cau hoi do
tra 101 dugce nho sy tu duy cao va sang tao cia moi hoc sinh. O cac bai toan
c6 thé don vé mot an & mdi biéu thirc va tim ra diu “=" cta bat dang thuc thi
ta co thé thir giai quyét bang phuong phap nay.

III. Gii phap va to chirc thue hién:

3.1. Giai phap

Trwéc hét ta hiy nhin vao mot sé dé bai sau:

O;l
3

Bai 1: Giai phuong trinh:

(7 +3)4/x7 +3- 3(x% +3) +2(x% +3)WxP +3 +4x> +3- 6x- 2 =0
Bai 2: Giai céc h¢ phuong trinh:

rx-7\/x+1 3
6Vt +x+1=1- 2y +1 i+l

a) %)
2=Q2+x)(y+2+y+1) 164/y° +7 2\/_=i1 n.x




Bai 3: Cho a,b,c,d 1a céc sb thuc duongthdaman:a + b + ¢ +d =1.
Tim gié tri nho nhat cua biéu thuec:

P=6(a’+ b+ S+ d*)-(a>+ b+ &+ dY)

Bai 4: Cho X,7,2z >0 va thda man x +y +z =9 Ching minh rang:

3 3 3 3 3 3

Xy YAz zHx

xy+9  yz+9  xz+9

Bai 5: Cho X1,Xa,....X, 12 n 86 duong c6 tong bang 1. Chirng minh rang:

P =

S - S I neN,n =2
JI- % J1-x, J-x, Vn-1
Bai 6: cho céc sd thuc duong a,b,c thda man 4(a+b+c)- 9 =0. Tinh gia trj
16n nhat cua biéu thirc:
S =(a+~Na’ +1)(b+~b* +1) (c+c* +1)"

Bai 7: Cho a,b,c>0 théa méin a+ b+ ¢ =3. Tim gia tri nho nhat cia biéu
thure:

3 3 3

2 2 + b 2 + - 2
a’+ (b+c) b +(+c) F+(a+b)

Bai 8: Cho ba s6 thuc duong @,b,¢ thoa man a +b +c =1. Ching minh rang :

10’ +b° +¢*)-9(a° +b° +¢°) =1~

Cach dinh huéng va thuc hién cac bai toan:

Buéc 1: Huéng dan cho hoc sinh cach nhin dang, thir cAc phwong 4n gii: Dat
an phy, bién doi twong duong, dua vé ham sb, so sanh, sir dung phuong phap
tiép tuyén dé dua vé biéu thirc bac nht...

Bwéc 2: Nham nghiém cia bai toan (d6i v6i phuong trinh, hé phuong trinh)
va tim ddu “=" xdy ra (d6i véi bat ding thuc).

Buwéc 3: Pua ra cac cau hoi va phuong phap lam tir d& dén khé dé khai thac
kién thirc co trong bai toan va cach nhin dang ctia bai toan.

3.2. T6 chirc thue hién:

Buorc 1: Vi day la dang toan khé va nhin ra phuong phap giai cling kho khan
nén dé cac em dinh hudng, nhin nhan va cung nhau thao luan van dé. Gido
vién goi ¥ vé cach nhin an & mdi biéu thirc, don an va tim bién phu.

Buwdée 2: Phan tich cac dang bai tir van dung thép dén van dung cao va bién
d6i phire tap hon.

Dang 1: St dung phuong phap tiép tuyén vao giai phuong trinh, hé phuong
trinh:

Bai 1: Giai phuong trinh:



(x* + 3)%%— 3(x* +3)° +2(x7 +3)Wx7 +3 +4/x* +3- 6x- 2 =0(1)
Loi gidi

Xét f(t) =t - 36 + 20\t + 41,1 >1

Co: f(t) =t - 32 + 2t +4¢t >3- 4 Vi>1(%)

That vay (¥) = (Ve +1) +1)(V1 - 2)* =0 ding voi Vi >1

Dau “=" xay ra < ¢ =4

Ap dung () ta cé: (1) e 3(x* +3)- 4- 6x- 2<0= 3(x- 1)’ <0 e x =1
Thur lai x=1 thda man phuong trinh.

Vay nghiém ctia phuong trinh: S= {1}

Nhin xét: Dy doan nghiém cta phuong trinh x=1(c6 thé dung may tinh bam
nghiém).

Lap phuong trinh tiép tuyén cua dd thi ham sb: /(1) =°t - 36 + 20/t + 4t

tal t=1.
oNX +x+1=1-2y+1

Bai 2: Giai h¢ phuong trinh:
2=2+x)(y+2+y+1)

Huwoéng din gidi:
Diéu ki¢n: » =- 1
o +x+1=1- 2y +1
H¢ pt < 6
y+2+ [y +2
Cong theo vé:
6vx +x+1+ 6 =7+3x-2\/m

y+2+Jy+2

2 2' 1
oV +x+1+ ! :l(x+1)+— \,3y+

y+2+Jy+2 2
Str dung phuong phap tiép tuyén dy doan va chimg minh dugc:

=6+ 3x




VX +x+1 2%(x+1)
1 >2-«[y+1

y+2+\/y+2_ 3
= VT =VP

x =1
y=0
Thtr lai x=1,y=0 théa man hé¢ phuong trinh.

X- 7Vx+
Vx+1

164/ +7 f_il

Dau " =" xayra < {

Bai 3: Giai h¢ phuong trinh: | (D

Huwéng dén gidi:

bicu kién: x>0

X
Vx+1
hpt (I) = 1

= _3\2
4y +7 :Tlnx+

=3y+7

1

NA
, X 3\/5 1
cong theo vé ta duoc: 44/ V> +7 + = Inx+—+3y+7
e T T T Y

Dé dang chimg minh:
4y* +7 =3y +7

al 3\/5 Inx +
Jx+1 8 J2
vay: (x; ) =(1;3)

V

Nhdn xét: Dung phuong phép tiép tuyén c6 thé danh gia bat dang thirc va xét
nghiém ctia phuong trinh qua dau “=”
Phuong phap ndy con rat hay khi giai cc bai toan cuc tri trong bét dang thirc.
Bai tap deé xuat:
Giai cac hé phuong trinh:

2\/x4- x*+1 +4\/y2 +7 =18

x-S A - 1+ y+3 =

1.



(3x- 5)()(2 - 1) =y(x2 +3x- y- 6)

2.
J-v'-2y+1=y-3x+4
. x(xz _ yz)+x2 - /(x_ y2)3

76x* - 20y% +2 =3/4x(8x +1)

J-4x% +26x- 42 +2X2 - 13x+17 _(y+3)\/ﬁ
4 2x%- 13x+19 6

(- D" =(y+1)"

Dang 2: St dung phuong phap tiép tuyén vao cac bai toan cuyc tri:
Bai 1: Cho a,b,c.d 1a cac so thuc duong théa man : a + b + ¢ +d =>1.
Tim gié tri nho nhat cua biéu thuec:

P=6(a’+ b+ ¢+ d’)-(i*+ b+ S+ dY)
Loi gidi

T gia thiét ta c6 a,b,¢,d €(0;1) va bai toan duoc viét dudi dang tim tri nho
nhét cua biéu thuc:
P=f(a) +f(B) + f(c) + f(@) v6i f(x)=6x"- x’,
. : 1 £ A
Dang thuc xay ra khi a =b =c =d = Ta xét ham sb f(x) =6x"- x* trén

khoang (0;1), phuong trinh tiép tuyén cua do thi ham sb nay tai diém co

1 5 1
hoanh d6 = lay="x-—.
oanh do X, 1 ay 8x g
5 1)1

xét  f()- PRl =§(4x-1)2(3x+1)20, vxe(0;1), suy ra

f&) Z%x- %, Vxe(0;1),

Tir d6 ta c6 f(a)+f(b)+f(c)+f(d)2§(a+b+c+d)- 4.; 2;,
1

1
Vav MinP =— < a =b =c =d =— .
& 8 4

Nhin xét: Dé ap dung dugc ki thuat tiép tuyén chung ta phai dua bat dang
thire duoc vé dang tdng quat cia: P =f(a) + f(B) + f(c) + f(d)

Hay: P=6a’— a’+ 60— b>+ 6¢°— ¢+ 6d° - d°



1 1
Dy doan GTNN cua P :g khia =b =c =d ZZ.

3 iy C L 1
Xét f(x) =6x°— x° | 1ap phuong trinh tiép tuyén tai: x, :Z

Bai2: Cho X,),z>0 vi théa man X+ +2z =9 Chtrng minh rang:

P

3 3 3 3 3 3
_ Xty Yz oz +x 9
xy+9  yz+9  xz+9
Loi giai

N L 1 4
Dé dang chirng minh bat dang thic: véi a >0,6>0:—+— =
a b a+b

Ap dung ta co:
1 1
+
xy+9 xz+9

- 4x° 44X
Cxy+xz+18  x(9- x)+18

x3

Tuong tu cong lai ta co:
4x° 4y’ 4z°
+ +
Ox- x*+18 9y-y*+18 9z- z* +18
Bay gio ta s& danh gia bang tiép tuyén:
4¢°

P>

Xétham sb f (1) =————,1€(0;9
A Ot- 1> +18 0:3)
Ta viét phuong trinh ti€p tuyén vaéi f(t) tai diém t;=3. Vay ta co:
11 21
)y >—- —
@) YR
e (t-3)°(9r+14) =0
Diéu nay ding. Vay nén ta co:
pe M A4 M. B
O9x-x"+18 9y- y +18 9z-z +18 4 4

Viy ta ¢ diéu phai chirng minh va ddu dang thirc xay ra tai x=y=z=3.
Nhin xét: Cai hay cta bat dang thirc nay 1a ¢ chd:
- C6 thé danh gia mot biéu thic thong qua mot biéu thic bac nhat.

¢e_9

- C6 thé chon vj tri tiép tuyén tai diém sao cho bat dang thirc xay ra dau
Bai 3: cho cic so thuc duong a,b,c thda min 4(a+b+c¢)- 9 =0. Tinh gi4 tri
16n nhat cua biéu thirc

S =(a+Na’+1)’'(b+b> +1)(c+~c* +1)*

10



Huéng dén gidi:
Ta co: InS =bin(a+~Na* +1)+cln(b +~b* +1) +aln(c +~c’ +1)

Xét ham sb: f(x) =In(x ++/x> +1) , x>0 (1). Do dic thu cta bai toan nén ta
2 . . . . 3
c6 thé du doan gia tri 16n nhat ctia bai toan dat dugc khi a =b =c ZZ. Vi vay

~ ’ . ;o A . re o4t A A 5 ’ . < R 3
ta s€ so sanh vi tri cua do thi voi tiép tuyén cia no tai di€ém (Z;[n2) .

\ ' 1 Y3 4 A o aA 3. .1+ A
Pao ham f'(x) = m = f (Z) :g. Ti€p tuyén cua do thi tai ham so6 (1)
X

. 3 4 3
tai diém (Z;In2) c6 phuong trinh y ng +In2- 3

Pao ham cap hai suy ra do thi ham s6 (1) 16i trén khoang (0;). Do d6 tai diém
(Z;InZ) ti€p tuyen cua do thi ham so (1) ndm phia trén d6 thi ham so6 (1). Twr
d6 ta co : In(x ++/x* +1) S?x + In2 - %, Vx>0
Ap dung bt dang thirc ndy cho sd duong a ta duoc
4 3 ; A
In(a+~a’ +1) Sga +In2 - 3 Nhan hai v€ v4i s6 b>0 ta suy ra:
bIn(a++a’ +1) s%ab +(In2 - %)b.

Tuong ty ta co:

cln(b +b* +1) S%bc +(In2- %)c

aln(c +c* +1) S%ac +(In2- %)a
Cong vé ba bat dang thirc nay ta dugc:
InS S%(a +b+c)+(In2- %)(a +b+c)

. (e 1 .

Cuoi cung sir sung bat dang thirc (ab +bc + ac) Sg (a+b+c) vagia thiét

9 9
a+b+c :Z, rat gon thu duge nS SZInZ. T do S <4i/2.

8 . : 3 s .
Pang thtrc xay ra khi va chi khi a =b =c ZZ. Vay gia tri 16n nhat cua S 1a

442
Nhan xét: Doi khi gia thiét 161, I10m khong dugce thda man. Lac do ta sé so
sanh vi tri cda ti€p tuyén va do thi ham sé bang chung minh truc tiép.

11



Bai 4: Ching minh rang, v6i moi s6 thuc duong a,b,c thda méin a +b +c¢ =3
ta co:

a+l b+l c+1
+ + >3
b’+1 +1 a’+1
Huwoéng din gidi:

-2x
> 0. 5 fl(x) =
x2+1,x Ta co: f'(x) (x2+1)2

Xét ham sb: f(x) =

1,
= f'(1) =- 5 - Tiep

1
1;5 c6 phuong trinh 1a

tuyén ctia d thi ham sé tai diém
23x" -1 A L Loa A 11 A N A 1x R
-~ suy ra do thi ham s6 khong luén ludén 10m trén

(x +1)
khoang (0;3) . Tuy nhién ta van c6 BDT:

y = L) =

x> +1

(vi bat dang thiic ndy tuong duwong véi BBT: x(x- 1) =0)

>- %x +1, Vx >0(1)

. . 1
Ap dung BDT (1) cho s6 b>0 ta dugc >- Eb +1 (2). Via+1>0 nén

b* +1
a+1 1
2) & >(-=b+1).(a+1
()= = Sh+ D a+])
= c12+1 2—lab-lb+a+1
b* +1 2 2

Tuong tu cong lai ta dugc
a+l N b+l N c+1

b*+1 c*+1 a +1

>- %(ab+bc+ac)- %(b+c+a)+(a+b+c)+3

. . 1 .
Cudi cung su dung bat ding thic ab +bc +ac Sg(a +b+c)’ va gia thiét

a+b+c =3 ta thu duoc:
a+l b+1 c+1
+ + >3
bB’+1 +1 a’+1
Nhan xét: Trong ching minh cic BDT & trén, gia thiét atb+c=k
(=k;<k)
1a quan trong. Do vay, d6i voi cac BDT chua cho sin gia thiét ndy ma co tinh
dang cap, ta cling co thé tu tao ra cac diéu kién ciia bién (chuan hoa) rdi sir
dung phuong trén.
Bai 5: Cho ba s6 thyc duong @,b,¢ thoa min a +b +c =3. Chimg minh rang

1 1 2 2 2
—t— > :
s+t a +b +c

a b ¢

Huwoéng din gidi:

12



O;l

Ta c6 nhan xét, néu c6 mot trong ba s6 a,b,¢ thuoc khoang 3

9

, 1 I 1 1 :
chang han 0<a<§ thi ta ¢ —2+b—2+—2>9=(a+b+0)2 >a’ +b’ +¢” nén bai
a C

. Ta xét ham so

toan duwgc ching minh, do vay ta chi xét a,b,c€

——

| 1.7 £ £ , A - .
f(x)==- x* trén doan 330 phuong trinh tiép tuyén cta dd thi /(x) tai
X
diem ¢4 hoanh d0 x =1 la  y=-4x+4, Ta ¢6
-1 2- (x-1) 1.7
- can ey T CV] e LT Gy r0-ares,
X
Vx e l,z .
33

Tir d6 ta co: f(@)+f(B)+f(c)=-4(a+b+c+d)+16 =0 ding thic
xay ra khi a =b =c =1.
Bai 6: Cho ba so thuc duong a,b,¢ thoa méan a +b +c¢ =1. Chirng minh rang

10’ +0° +¢)- 9(a° +b° +¢°) =1~

Huwoéng din gidi:

Nhu céc bai toan trén, ta xét ham sé f (x) =10x’ - 9x” trén khoang (0;1),

e 4 2 . . « R y \ A 1 \

phuong trinh ti€p tuyén cta d6 thi tai diém cdé hoanh do x, =3 la

25 16

= X - .
9 27

Xét f(x)-

y

25 16
- =
9

27

=217(3x- 1) (-27x° - 18x* +21x +16), bay gio ta

25 16
x-

9

g(x) =-27x"- 18x* +21x+16 va xét ham sb g(x) trén khoang (0:1), ta thdy

g(x) khong luon duong trén (0;1), nén ta phai tim cach chia khoang xac dinh

chua thé khang dinh dugc f(x)> v6i moi x€(0;1), nén ta dit

clia X tot nhat c6 thé sao cho trén khoang d6 thi g (x)>0. Bang cach lap bang
bién thién cua ham sé g(x) trén khoang (0;1), ta suy ra g(x)>0 véi moi

25

9 16 . . .
x€ O;E ,trdotaco f(x) Z?x- >7 vO1 moi X € . Nhu vay bai toan

O;2
10

da chiing minh xong khi a,b,c€ va a+b+c =1. Bay gio ta xét truong

O;2
10
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hop ¢6 it nhat mot trong ba sd a,b,c thudc nira khoing

2-1] o
o’ gl su

9 1
ae E;l do a,b,c d&u duong va c6 tong bang 1 nén b,c€ 1 ] dé thay
Y A . s A A 9 \ A - A A 1
ham s6 /(x) nghich bién trén E;l va dong bién trén |O0; 1ol > Suy ra

f@>rW=t, f®)>£0)=0,(c)>0, fla)+fB)+f(c)>1

vay f(@)+ B+ f(c)=1 véi moi s§ thue duong a.b,c thoa man
, . 1
a+b+c =1.DPang thuc xay ra khi a =b =c =3
Thong qua bai toan nay, ta co thé thdy dugc khi nao pﬁn phan khoang
dang xet thanh hai hay nhi€u khoang d€ c6 nhitng budc di tiép theo ma khong
hé mat tu nhién!
Bai 7: Cho ba s6 thuc duong a,b,¢ thoa man a +b +c¢ =1. Chirng minh rang

1 1 1 27 .
+ + <=
1-ab 1-bc 1-ca &

Huwoéng din gidi: o ’
Nhin bai toan ta kho c6 thé thay dugc viéc st dung phuong phép ti€p
2 2
tuyén, tuy nhién d& y  mot chat ab s(a -;b) :(l _46) suy ra

! <
1-ab 3+42c- ¢’

nén ta da dua dugc bai toan da cho vé bai toan quen thudc:

\ 1 1 1 27 \
Chirng minh ran + + <— véi diéu kién
& & 3+42a-a* 3+2b-b* 342c-c¢° 32 ’

a,b,c duongva a+b+c =1.

Bay gio xét ham s6 f(x) = - trén khodng 0;1), phuong trinh

3+2x-x
-27 81
tiép tuyén cta dd thi ham sd tai diém c6 hoanh do bang la y—256 556
it 1) [ 22T s 8 1,27 8l (3x 1) (3-30)
© 2567 7256) 3+2x- 2 256" 256 256G42x- ) VO
moi x€(0;1), do d6 f (x) <- 27 ﬁ vOi moi x€(0;1), Tir d6 ta co
’ ’ 256 256
1 1 1 81 27
4+ _+ ( +b+c)+3.— =—-  ding thy
3+2a-a’ 3+2b- b 342c-c 256 0 256 3z aneHMe

. 1
xay ra khi a =b =c =3
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Bai 8: Cho ba sb thuc duong a@.,b,c thod man 4* +5* +¢* =3. Chimg minh
rang

1 1 1

+ + <l
4-ab 4-bc 4- ca

Huwoéng din gidi:

2 2

Ap dung bét dang thirc ab < ¢ ta co

LD SR S 2 N 2 N 2

4-ab 4-bc 4-ca 8- (a2 +0) 8-(p+c?) 8-(c*+a?)
Pat x =6 +¢ )2, y =(c +a2)2, z =(a* +b*) khi do
x+y+z=<dla*+b*+c) =12,

Bay giod bai toan tro thanh: Cho ba sé thuc duong *»Y>Z thda man
. 1 1 1 1
x+y+z<I12 ] i 3 + + <—
y . Chirng minh rang $-Jx 8-y 8-z

. 1 . .
Xét ham s6 f (x) = s Ja trén khoang (0;12) va phuong trinh tiép tuyén cia
= X

A . A . < R r \ A — \ 1 1
do6 thi ham so tai diém c6 hoanh d6 x, =4 1a y Zm(x- 4)+g.
X¢ét:

(x- 4)2(\/;- 4)

_4)- Lo x4 -l -a)= i
6 6(x/;+2)(8- J;) 144 144(\/} +2) (8- Jx)
Trén khoan "7 4 4 144
1 1 1 1

(x+y+z 12)+3. =1

O\\»—-

D"dogfs(g\f

Pang thirc xdy ra khi x =y =z =4 hay a=b=c=l.

Bai 9: Cho a, b, c 1a 6 dai ba canh cua mot tam giac. Tim gia tri 16n nhat
3a-b 3b-c¢ 3c-a
+ +
a*+ab b +bc *+ca

cua biéu thic P=(a+b+c)

Huwéng din gidi:
Gia st a+b+c=k>0, dat a =kx,b =ky,c =kz= x,y,2>0 y3 x+y+z =1,
., k(3x-y k(3y- z k(3z- x
Khi dg P k| £GT2) | kGy-2) | kGz-x) :
kK (x* +xy) k(» +yz) k(z +2x) e +X]/ Vi+yz i+
_4x-(x+y)+4y (y+z)+4z (z+x) 4 1 4 1 4 1

-+ -+ - _
x(x+y) Wy +2) Z(z+x)  x+y x y+z y z+x z

_ 3x-y 3v-z 3z-x
+
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4 1 4 1 4 I 5x-1 5y-1 5z-1
= + - —+ -—= + +
l-z x 1-x y 1-y z x-x> y-y z-2z"°

Do a, b, c 1a ba canh cua mot tam giac nén b+c>a= y+z>x=1-x>x

1 1
0;5] . Twong tu ta cling c6 ¥,z € [0;5]

0;1].
2

S5t-1 X
tt_ ol Lap phuong trinh tiép

1
= X<E,tl'IC la x€

~ 1 . S5t-1 , . .
Ta s€ chirng minh P <18¢- 3 (*) dung v61 mo1 1€

(Du doan dau “=" xay ra, xét ham so: f(t) =

7 X g1 s L. |
tuyén ctia d6 thi ham so tai ¢ =3 khi do: f(t) <18t-3),

- 3_ 2 _ ) )
That vay: () < % 18+3<0 o 1210 +8-1 _ (20 DO

1)?
t-t t(1- 1) =0(**)

0;1].
2

(**) hién nhién dung véi moi ¢ €
Ap dung (*) ta dugc P <I8x- 3+18y- 3+18z- 3=18(x+y+z)- 9 =9
. . 1

Dau “=" xay ra khi x =y =z =35 =b =c,

Viy P dat gia trj 16n nhit bang 9 khi a =b =c.

Bai tap deé xuat:

Bai 1: Cho *.»,z€[0;1]. Tim gia tri 16n nhét cta biéu thirc
0=2(x+1"+z*)- (*y+1y’z+2%x),

Bai 2: Ching minh rang néu a.,b,¢ 13 do dai ba canh ctia mot tam giac thi
a b c_3 1

>
b ¢ a 2 2

Bai 3: Cho ba so thuc khong 4m a,b,¢ théa man a+b+c =1.Ching minh
ang (@b + () +(ca) =

Bai4: Cho ba sb thuc duwong %Y-Z . Chirng minh rang
20 +9* +22) 30z 23(%y + 12z + 2%x) |

1 , , L. .
0;5] . Do do6 (*) dang v6i moi €

a ¢ b

c b a

Bai 5: Cho %2 1a nhiing s6 thuc duwong. Ching minh rang
X y z
+ + <l
xy+x+1l yz+y+1l zx+z+1
Bai 6: Cho ba s6 thyc duong @,b,¢ . Ching minh rang
20 +b +¢*)  9(a+b+c)
+ >33
abc (> +b* +¢?)
Bai 7: Cho a,b,¢ 1a cac sb thuc dwong. Chirng minh rang:
(a+b- c)2 N (a+c- b)2 . (c+b- a)2 >3
A+b+a) B +la+e) aF+B+c) 5
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IV. Kiém nghi¢m:

Vi chuyén dé nay ap dung vao chuyén dé day bdi dudng hoc sinh gioi va
thi THPT Qudc gia cho nhimg em kha gioi cua truong t61 va dac biét 1a cho
hoc sinh trong 16p t61 truc tlep giang day va bdi dudng. Cac em di c6 thém
mot phuong phap giai mot so bai toan vé cyc tri tuong d6i tich cuyc. Chuyen
hoa dugc mot bai toan dang rat kho vé mot bai toan dé hon nhy mot bt dang
thirc phu bac nhat.

Dic biét voi chuong trinh va dé thi hién nay nhitng cau khé duoc phan hoa rd
hon yéu cau cac em phai van dung tat ca cac k¥ ning, muac do tu duy sdu va
kho hon rat nhiéu. V&i phuong phap va cach 1am trén, toi thdy cé su chuyén
bién tich cuc vé chét luong hoc tip ciia hoc sinh trong nhém doi tuyén trudng
t61, nhat 1a d6i v6i cac em thi hoc sinh giodi va nhitng em du thi THPT Qudc
gia tu tin hon vé ki nang 1am bai, nhat 13 bai bat dang thuc. Két qua thuc té 1a
d3 gop phan tao nén chat lugng hoc sinh trong cac ki thi khé cao:

- Ki thi hoc sinh gi61 Tinh b m6én Toan cac nam hoc cia nha truong nhiing
nam to6i dam nhiém déu dat giai cao.

- Thi Pai hoc, Cao déng, THPT Quéc gia co nhiéu em dat diém 9-10 diém,
gop phan tao diéu kién cho nhiéu em thi dat tong diém 3 mén trén 27 diém.

C. PHAN KET LUAN
1. Bé tai ” Ap dung phwong phap tiép tuyen vao mgt so bai todn cuc
i.”- CHUYEN PE BOI DUONG HOC SINH GIOI VA THPT QUOC GIA ¢6
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¥ nghia thyc tién, dap ung duoc nhu cau hoc tip, on luyén phan cau hoi chdt
cua bai thi.

2. T6i sé tiép tuc phat trién chuyén dé 6n luyén dé tai nay & nhitng van
dé khac cua cac bai toan cuc tri dé hoan thién cho hoc sinh ki nang khai thac,
giai quyét bai toan cuc tri duge tdt hon nita. Hi vong dé tai nay s€ nhan dugc
su gop ¥ cuia dong nghiép trong Tinh dé chuyén dé nay duoc ap dung nhiéu
hon.

3. Kién nghi va dé xuat :

B6 mon Toan hoc c6 vai tro rat quan trong trong hoc tip & Nha truong
cling nhu ngoai thuc té cia hoc sinh, né tao tu duy klen thirc va méi lién hé
voi cac mon hoc khac. Vi thé, toi kién nghi va dé xut:

- Trong xdy dung phan phdi chuong trinh can cé nhiing tiét hoc danh riéng
dé gido vién hudng dan hoc sinh nghién ciru, khai thac kién thic sau mdi
phan, mdi chuwong hoc.

- Bo Giao duc nén giri vé cho céc truong phd thong cic trang 6n luyén
chuyén d& cap nhat hang nim dé gido vién va hoc sinh thudn loi hon trong
giang day, hoc tap va nghién cuiru.
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