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PHAN I: PHAN Li LICH
Ho tén tic gia: Pang Thi Mén
Chirc vu: Gido vién
Pon vi cong tac: Truong THPT chuyén Hung Yén
Tén dé tai sang Kién Kinh nghiém

“M0ot so rng dung cua so0 phirc trong dai so va toan to hgp”
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PHAN II: PHAN NOI DUNG
MO DAU
1- Pit van dé:
Thue trang ciia vin dé: S6 phirc va ing dung cta né déng vai tro nhu 1a mot cong
cu déc lyc nham giai quyét hiéu qua nhiéu bai toan cua hinh hoc, giai tich, dai s, sb
hoc va toan td hop. Ngoai ra, cac tinh chit co ban cua sb phic con duoc st dung

trong toan cao cap, toan tmg dung va trong nhiéu mé hinh thyc té.

Trong cac ky thi Olympic toan qudc gia va qudc té, Olympic toan khu vue, thi cac
bai toan lién quan dén s6 phirc thuong dugc dé cap dudi nhiéu dang phong phu thong
qua cac dic trung va cac bién d6i khac nhau ciia phuong phap gidi, vira mang tinh
tong hop cao, vira mang tinh dic thu sau sac. Trong chuong trinh Toan & bac trung
hoc, sb phtrc dugc dua vao chuong trinh gidi tich 12, ddi vai chuong trinh chuyén
toan s6 phitc dugc gidi thiéu dau 16p 11, tuy nhién con rat don gian. Vi nhiéu 1i do
khac nhau, rit nhiéu hoc sinh, thAm chi 14 hoc sinh kha, g161 sau khi hoc xong phﬁn )
phte ciing chi hiéu mot cach don so: st dung sb phirc, c6 thé giai dugc moi phuong
trinh bac hai, tinh mét vai tong dic biét, chimg minh mot sé cong thirc luong giac don
gian,.... Hién nay tai liéu vé sb phirc khong nhiéu va thuong tan man. Vi vy toi
manh dan chon dé tai: “M@t sé irng dung ciia sé phirc trong dai sé va todn t6 hop”,
v6i mong mudn giup hoc sinh, nhat 1 hoc sinh kha, gioi va gido vién cac 16p chuyén
toan, 1am quen st dung, tng dung sd phirc vao giai toan va cach tiép can dé giai cac
dang toan lién quan, dong thoi gitp cho nhiing hoc sinh c6 kha ning, c6 nguyén vong

va c6 dieu kién c6 thé tham gia tot cac ki thi hoc sinh gio1 trong nudc va quoc té.

Y nghia va tac dung cia dé tai: Nghién ciu dé tai “Mét sé irng dung ciia sé
phikc trong dgi sé va todn t6 hop” nham giup hoc sinh rén k¥ ning giai toan vé sd
phirc, nham phat trién tu duy logic cho hoc sinh déng thdi nang cao chat luong hoc
tap ctia hoc sinh, tao duoc hing thi hoc tip mon toan, gop phan d6i méi phuong phap

giang day bd mon theo hudng phat huy tinh tich cuc, tu giac, sang tao cia hoc sinh,
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gop phan nang cao chat lugng doi ngii hoc sinh khé, giéi vé mon toan, gép phan kich
thich sy dam mé, yéu thich mon toan, phat trién nang luc tu hoc, tu boi dudng kién

thirc cho hoc sinh.
Pham vi nghién ctru cua de tai:

Xac dinh co s& khoa hoc cta sb phtrc vo1 dang dai s6 va lugng gidc, can bac n
ctia s& phtrc phan ra mot s6 dang toan ung dung s phtc.

Tiép can mot sd ing dung ciia s6 phirc trong giai toan dai s6 va toan to hop.

Mot s6 dang tmg dung cta sd phiic trong giai cac bai toan dai s va toan to hop

danh cho hoc sinh kha, gi61 va hoc sinh cac 16p chuyén toan lop 11, 12.
2- Phwong phap tién hanh

a). Nghién ctru tai licu

b). Thuc nghiém (giang day), day 1a phuong phap chinh

Mot s6 Gmg dung cua sb phirc trong dai sb va toan t6 hop 1a kién thire twong ddi
khé. Do d6 ndi dung kién thirc ndy chu yéu nham phuc vu cho hoc sinh kha, gioi voi
muc dich phat huy nang luc toan hoc, nang cao tam hiéu biét ctia hoc sinh, 1a tién dé

dé cac em tham gia t6t cac ky thi hoc sinh gioi.

Do tinh da dang va pham vi sdu rong cua kién thirc trong chuyén dé ma né duoc
st dung linh hoat, uyén chuyén cho nhiéu loai ddi tuong hoc sinh kha gidi khac nhau
v6i thoi gian hoc khac nhau. Noi dung kién thire trong chuyén dé giang day cho hoc

sinh céc 16p chuyén, chon tir 16p11, sau khi cac em da hoc lugng giéc.

Néu d6i tuong hoc 1a hoc sinh cac 16p chuyén, chon khdi 11, thoi gian hoc co thé
tr 6 dén 8 tiét. Vi ddy la kién thirc bdi dudng hoc sinh gioi theo ké hoach thudng
xuyén va déu dan, do d6 can cung cép cho hoc sinh kién thirc mot cach hé théng ti mi,

giai thich va khéc sau cac vi du trong mdi phuong phap.

Véi hoc sinh 16p chuyén, chon khéi 12, noi dung kién thirc ndy dugc dung cho cac

tiét chuyén dé. Thoi gian tuy thudc vao sy phan bd sb tiét hoc cua timg chuyén dé da
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duoc quy dinh cho cac 16p chuyén, chon nhung ¢ thé goi gon tir 4 dén 6 tiét. Ngoai
vi du di c6, hoc sinh van dung cac phuong phap dugc hoc dé giai nhirng bai tdp ning

cao, tr nghién clru tim 101 giai cho cac bai toan tuong tu.

Néu hoc sinh tham gia d6i tuyén thi hoc sinh gioi cap tinh, thanh phd, doi tuyén
qudc gia hodc qudc té, thi can xac dinh thoi gian 1a cip tdc, nén dua ra nhitng phuong
phéap vai cac vi dy, bai tap chon loc van dung nhiéu kién thirc téng hop va cac dang

toan thuong gip. Thoi gian hoc c6 thé tir 2 dén 4 tiét.

Ngoai ra dbi v6i hoc sinh 16p 12, chuan bi thi dai hoc ta c6 thé danh tir 1-2 tiét dé

gidi thiéu tng dung s6 phirc dé giai phuong trinh, hé phuong trinh dai sb.
NOI DUNG
A - Muc tiéu: Dé tai sang kién kinh nghiém dam bao cc ndi dung sau
C6 56 Iy thuyét
Phan nay hé thdng lai cac kién thirc co ban cta sd phirc

MGt s6 irng dung ciia sé phirc
Phan nay dua ra mot sd vi du va phan tich ap dung kién thuec 1y thuyét
1. Céc bai toan vé phuong trinh, hé phuong trinh dai s6.
2. Rat gon mét s tong td hop, chimg minh cac dang thire td hop.
3. C4c bai todn dém
4. C4c bai toan vé da thirc
a. Xac dinh da thuc
b. Bai toan vé sy chia hét cua da thuc.
B - Giai phap ciia dé tai
I. COSO LY THUYET

1. S6 phirc
1.1 Mot biéu thtrc dang z = a + bi, trong d6 a va b 1a nhiing s thuc va i théa man

i =-1 duogc goi l1a mot s6 phirc.
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a duogc goi 12 phan thuc

b duoc goi 1a phan 4o

i duogc goi la don vi 4o.

Tap cac sb phuc dugc ki hiéu 1a C

S6 phuc c6 phan 4o bang 0 goi 1a sé thuc nén R<C.
S6 phuc c6 phan thue bang 0 goi 1a sd ao.

S6 0=0+0i virala sb thuc vira 1a sb ao.

1.2 Hai s6 phirc bing nhau

z =a+tbi (a, bER)

z’=a+b’i (a,b€ER)

z=z"— {2 =

1.3 Cong, trir hai s phirc

z =atbi (a, bER)

z’=a+b’i (a’,b’ER)

z+z’ = (ata’)y+H(b+b")

z-z'=(a-a)y+(b-b)i

S6 ddi cua sb phirc z = a + bi 1a s6 phirc - z=- a — bi.
Tacd z+ (-z) =0.

1.4 Nhan hai s6 phirc

z =atbi (a, bER)

z’=a+b’i (a’,b’€R)

zz'=aa’ — bb’+(ab’+a’b)i

1.5 Médun ciia s6 phirc, so6 phirc lién hop

z=a +bi (a, bER) thi médun cla z 14 |z |=Va> +5*
z=a +bi (a, PER) thi s6 phirc lién hop ctia z 1 z=a - bi. Ta co

zz =a® +b?

|ZZ'|:|Z z',

z+zZ'=z+2Z', zz'=zz', z =z.

z 1a s0 thyce khi va chi khi z =:
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1.6 Chia cho s6 phirc khac 0

Néu z = a + bi (a, bER) khac khong thi sb phirc nghich ddo ciazla = =

zz'

, , z -
Thuong ctia s0 phtic z cho s6 phircz'#01a: — ==(=D" = T

|z

; [i] :i; Vz'#0.

1.7 Biéu dién hinh hoc ciia sé phirc
S6 phtic z = a + bi (a, bER) duoc biéu dién bai M(a; b) trong mit phang toa do
Oxy hay con goi 1a mit phang phtc.
Truc Ox biéu dién céac sb thuc goi la truc thuc, truc Oy biéu dién céc sb 4o goi
1a truc ao
Sb phtic z = a + bi (a, bER) ciing dugc biéu dién boi vecto u =(a;b), do d6
M(a; b) 1a diém bidu didn ctia s phitc z=a + bi (a, bER) ciing c6 nghia 13 OM bidu
dién s phtrc 6.
Néu u,v theo thir ty biéu dién céac sb phirc z, z' thi
u+v biéu dién sé phirc z + 2/,
u- v biéu dién sb phic z - 2/,
ku (k€ R) biéu dién sb phic iz,
-u biéu dién s phirc —z,

uuuu

OM|=lu| =||, véi M 14 diém biéu dién s phirc .

2. Dang lwong gidc ciia s6 phirc
2.1 Acgumen ciia s6 phirc z #0

Cho sb phire z#0. Goi M 1a diém trong mit phiang phirc biéu dién sb phirc z. Khi
d6 s6 do (radian) ctia mdi goc lugng giac cb tia dau Ox, tia cudi OM duge goi 1a mot
acgumen cua z.
Chuy:

+ Néu? 13 acgumen cuia z thi moi acgumen cua z déu c¢6 dang ¢ + k27, k € Z.
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+ Acgumen cua z #0 xac dinh sai khac k27, k€ Z.
2.2 Dang lwgng giac ciia sé phirc
Cho sb phtc z = a+bi, (a, bER), voi r = Vo’ ++* 13 modun cta sé phic z va ¢ 1a
acgumen cta sd phirc z. Dang z = r (cos?+isin?) dugc goi 1a dang luong giac cua sd
phtrc z#0, con dang z = a + bi dugc goi la dang dai sb cua sb phtrc z.
2.3 Nhén va chia sé phirc dwéi dang lwong gidc
Néu z = r(cos?+isin?), z'=r' (cos?'+isin?") (r=0va ' 20) thi
zz' =rr'[cos(@p + @") +isin(ep + ¢')]
f =%[cos((p- @") +isin(gp- (p')] (khi 7' > 0).
2.4 Cong thirc Moa-Vro
[r(cos @ +isin qp)}" =r"(cos ng +isin ng)
[cos<p+isin¢}" =cosn@+isinng, V'ne N *.
3. Dang mii ciia s6 phirc
Ki hiéu cosp+ising =e" | goi 1a liiy thira ctia € v6i sé mil 4o.
Cho z =r(cosg+ising) khi dozcon biéu dién duéi dang z=re” dugc goi la dang mii
ctia sO phurc?.

Cac phép toan viét lai:

. - oion . Z _F iomoh
z :re“/; Z'=r'e’ = Z.Z':I"J"'.el((f+¢); - ——'e (Z'?f())
r

- -ip . n o __.n_ing

z=re'""; z" =r'e

ip +e- ip eiq' - e-iqr

Cong thic Ole (Euler): cosg =%; sing = >

4. Can bac 7z cua so phirc.

Cho s0 phuc z #0 va s6 nguyén » =2, s6 phtrc W dugc goi la cdn bac " cia Z néu w" =z

Ne¢u z =r(cosg +ising) >0 thi can bac n cua z gom n sO phan biét xac dinh béi:
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@+ k2w

w, =%r| cos

isin| 2+ K27
n

J;k =0;l;..n- 1
n

. Khi 7 =2, ¢6 hai can bac hai cuaz la

\/;(cos%ﬂ'sin%) ;- \/;(COS§+iSin§) =r

cos(% +77) + isin(% +7)|.

. Can bac n cua don vi:
Can bac n cua so phirc z =1 goi la can bac n cuia don vi. Tu dinh nghia ta cé cac can

.. k2w
+isin
n n

bac n cua don vi la: w, =cos sk =0:12..,n- 1.

W 1a mQt can bac »n cua don vi va dugc goi la can nguyén thily bac » cua don vi néu
moi s6 nguyén duongm<n ta cd w" #1.

Tinh chit cta cin nguyén thay bac n ctia don vi: Néuw1a mot cin nguyén thuy bic n
cua don vi thi 1+w" +w? +_ + W'D =0 vbi (k,n) =1

Pacbiét k=1 tacd 1+w+w’ +...+w""' =0.

II. MOT SO UNG DUNG SO PHUC

1. Cac bai toan vé phwong trinh, hé phwong trinh dai so.
Mt phwong trinh véi dn phive f(2) =0 va véi nghigm z=x+yi (x,y€R), c6 thé gidi
bang cdch tach phain thuwe va phan do ta luén cé thé dwa vé dang hé phwong trinh.

Fz2Cx, )Y —O
=z (x> —O

Chding han, dé fim cin bic ba ciia sé phirc 1+i, ta fim sé6 phirc z=x+Yi sao cho
2 =1+i. Bang cdch tdch phan thwc va phdn do trong ding thirc (x+yi)' =1+i ta dwoc

hé phwong trinh:

Gidi hé nay, ta tim dwoc (x;¥); tiv d6 ta sé tim dwoc 1. Tuy nhién, vé rang I c6 thé
tim dwoe bang cdch tim cin bic ba ciia 1+i, cu thé la:

J k27r }

9 9

1+i :\/E(cosz +sin 1) nen z :\/E(cos(z + k2—”) +i
4 4 4 3
T do, nguwoc lai ta tim dwoc nghiém cua hé phwong trinh la:

(x;y)e{ \Ecos(2+k2”) ¢/2 si (+/§Jr

kelolz}}
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Nhuw thé, mét s6 hé phwong trinh c6 thé cé “xudit xiv” tiv cdc phwong trinh nghiém
phirc. Bing cdch di ngwoc lai qud trinh tiv phwong trinh nghigm phirc vé hé
phwong trinh, tiwr hé¢ phwong trinh da cho ta thu dwoc phwong trinh nghiém phirc
goc. Gidi cic phwong trinh nghiém phirc nay, so sdnh phéin thwe va phan do, ta
dwoc nghiém cua hé phwong trinh.

Ta xét vi du sau:

Vi du 1. Gidi cic hé phuong trinh sau

m[l+\,_:_‘ =2
B e 2 =eva

>yYT s,y = 0
x -+

x + 732"( - Y —3
> - -+ v
b. x 4+ 3y

ax- v +3 1+ =0
C. = A+ +3)- 6J/1+x +1 =0

Giai:
a. Diéu kién *>0;y >0 dit « =vx;v ={» (u>0;v>0)
zz| 1 +

=Y
Hé dua vé: L[l_ T] s
2e? + > V7

Vi «* +v* 1a binh phuong modun cta sé phic z=u+iv, bing cach cong phuong trinh
thir nhat v6i phuong trinh tha hai (sau khi nhan véi i) ta dugc.

u-iv 2 4
= +

NS
PR AN

u+iv+

LU=y z z 1
Ma 4:—2 - =

w>+vt 22 zz oz

. X . 1 2 42
Nén (3) duoc viét dudi dang: z+—=—=+i—
(3) duc e
= z? - i+i4\/5 z+1=0
V37
Av_ L+2\/El 2_1__§+4\/5i—[ 2 v 2]2
3 V7 21 A7 21
1 2 242
Sz =—=tFt——+i i\/i
37721 |7
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Do dé, nghiém cua hé pt da cho la:

L wvy =| L4 2 2V,
Tur d6 suy ra (.v) [f TR V2.

(xoy) = [I f] fo A | 11+2A:ﬁ;22+78ﬁ]
b. Nhan hai vé cua phuong trinh tht hai véi i 10i cdng v6i phuong trinh thi nhat ta
duoc.
xt i+ 35 y- xiz- 3yi _s
x> 4y

. 3= yi)-i(x- yi) _
< x+yi+ x2+y2 =3 (4)

Giad st z=x+yi= z=x- yi;|z| =x> + )

. 3z-iz .
(4) duave 7+ = =3 o2+ 8070 o
| z] z
© 22-3z43-7=0, A=-3+4i =(1+2i)* < LS
J_3-1-20
2

Tt d6 suy ra nghiém cua hé ban dau 1a (x;») €{(2:1); (1;- D)

¢. bkxd: x=-Ly =-1

Pit @ =2Vx+1;6 =1+ thi hé tro thanh {3, 5.7 2725 ~°

Tir hé trén ta bién d6i vé dang sb phic nhu sau: (a” - b* +3b- 3) +(2ab- 3a +1)i =0

e (a+bi)’ - 3i(a+bi)+i- 3 =0

o 22 -3iz+i-3=0 (1), voi
z=a+bi,zeC.
Giai phuong trinh (1) ta dugc nghiém z =1+i hodc z =-1+2i

Do @ =0;6 =0 nén a =L;b6 =1

3
H¢ c6 nghiém (x;) Z[- Z;OJ-

10
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Trén thuc té, ta ciing co thé gidi hé trén bang cach dung bién doi dai s6, nhan x va
y thich hgp vao tirng vé cua cac phwong trinh roi triw vé voi vé thu dwoc quan hé
don gian hon giira cdc bién nay.

Mt s6 hé sau ciing c6 cdch gidi twong tu:

3x+10y
x+——— =1
1 xXT 4+ yo
10x - 3y

oo 2V

x? + )?l

(x,yveERrR)

» =2

x+2y
X+ — =2

x* + 7
2 - (x.yER)
. 2x- y
v+ = =

3 5
x? + 2

Llox-11y

x? + 32 ¢ < r)
X,V
3- _llx+16y _ 2

x> + 32

Huéng dan - dap sb

1. Nhan hai vé ctia phwong trinh tht 2 v6i i 10i cong véi phuong trinh thir nhit ta
duoc:

. (3+10i)z _

2P 1+2i yv&i z=x+yi
z

e z7- (1+2)z+3+10i =0

1423 25343 .
z = 5 + 5 1

>

1- 243 2433

2 2

273 +1 2-34/3
2 b

2

|

H¢ c6 nghi¢m (x;») € {

2. Pap s6 (x:3) € {(2:1):(0:- D
3. Pap sb (x:) €(2:-3):(5:2)

4. Dap s (x:3) € ((4- 243112 - 643); (4 + 243112 +643))
£ 1
5. Pap so (x;») :JLE;I}

6. Xét z° =1- 3i
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Gid su z =x+Jyi thay vao phuong trinh ta dugc (x:») 1a nghi¢m ctia hé da cho mazla

can bac ba cua 1- V3i.

C6 1- 3 =2 cos(%)+isin(%)] =z =2

a k2w T k2w
)+ = €10;1;2
cos( 5 3 ) +isin( 5 3 )] { }

k2 k2
Nghiém ctia hé di cho la: (x:) € { V2 cos(5 T+ =i T S0 |

ke {0;1;2}}

2. Rut gon mot sb tong to hop, chitng minh cac dang thire to hop.

GoiVla mgt can nguyén thuy bdc n cua don vi thi ta co

1+w* +w +  +w" Y =0; Vk ma (k,n) =1

Tinh chét trén cé irng dung khd hiéu qud trong vigc rit gon cdc tong hop, ta xét vi

du sau:

W_dlﬁ- Tinh tél’lg S, = chk

0Bk<n+l
Giat:
Xét da the P(v) =(1+x)" =} C)x"
k=0
Goi w =- 5+z£ la mdt can nguyén thiy bac ba ctia don vi ( ¢6 w’ +w+1=0) thi

w* +w* +1bang 0 néu k khong chia hét cho 3, bang 3 néu & chia hét cho 3.

Vi thé P(1) + P(w) + P(w?) ZC 1+w" +w)y =3 Y

03k<n+l

= S, :;(P(1)+P(w)+P(w2)) ma PA) =1 +1)" =2

na o .. RT
=cos——+isin——
3 3

P(H-’)z[l- éﬂ"g}” =[1 ‘E] :[Hi‘f]n

T .. T
=| cos— +isin —
3 3

2 2
1 \/gz 1 \E” T ) JT}” - niT . - nmw
Pw)=|1+|- —+i— =|—-1i =| cos(- —) +isin(- — =cos +isin
w7 > > |2 > - -3 ( ) ( )
= S, 2" +2cos—]

12
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Céng thirc Euler ¢ =cosp+ising ¢ thé dwa cdc téng lwong gidc thanh cdc cdp so
nhén hodiic céng thirc nhi thirc Niuton, cu thé xét vi du sau:

Vidu 3.
a. Tinh tong S, =) C¥ coskx
k=0

m-1

b. Chimg minh rang 2" cos™ x =3 C;, cos(2m - 2k)x +— CZH

k=0

Giai:
a. Xét T, =), Cisinkx | ta co
k=0

S, +iT, ZZC,’; (cos kx +isin kx) ZZCfeikY
k=0 k=0

=(1+e")" =(1+cosx +isinx)”
n n

X L. X
COS— +1S1n—

= 2005i
2

. X nx .. HNX
S, +iT, =2" cos" —| cos— +isin—
2 2 2

, A A s P nx
So sanh phan thyc, phan do ta dugc S, =2" cos 508~

, e” =cosx+isinx et +e ™
b. Taco o = cosx =
e " =cosx- isinx 2

Do do 22" cos™" x :(2COSx)2’” :(eix +e'ix)2”'

_Z sz (ei)C)k(e-L‘x)Zm-k

2m

2(k- m)ix
_Z C2m

2m

m-1
_ k 2(k-m)ix 2(k-m)ix
_Zc2m + ZCZm

k=0

k=m+1

m-

-2(m-k)ix 2m-t _2(m- t)lx m
_ZC2m + Zc2m C2m

— -2(n1 k)yix 2m-k 2(m k)ix m
Z C2m + Z C2m C

2m

13
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m-1 m-1

_ k -2(m- k)ix 2(m-k)ix m k m
=X (e +e )+C =23 Ch cos(2m- 2k)x + C
k=0 k=0

2m

m-1

1
= 22" cos® x ZZ Ch .cos(2m=- 2k)x + EC;” (dpcm)
k=0

Véi cach 1am twong tu nhu trén, ta ciing chimg minh duogc ding thire

2% cos™ x =) Ck . cos(2n +1- 2k)x
k=0

Str dung cong thurc 2isinx =e™ - ¢’ va bién do1 tuong tu trén, ta chirng minh dugc cac

dang thirc sau

n-1 - n
27 sin® x =(-1)"| Y (- ) C¥, cos(2n - 2k)x+( ;) cl,
k=0

27 sin® x =(-1)" Y (- D CL,, sin(2n +1- 2k)x
k=0

Bai tap tuwong tu

1. Tinh céc tong sau:

S, = M (-DCH

0=2k<n+l1

S4 — Z (_ l)k Cf/{+l

0=2k+1<n+1
S, = YcH
5 n
0Ak<n+l
S — C4k+l
6 Z n
O<4k+1<n+1

2. Ching minh dang thirc sau:

a3 (D'@k+DCH =n(N2)" cos(n- DT

0<2k+l<n+1

b. X D*2kC} =n(2)"sin(n- D7

0<2k<n+1

Huéng dan - dap sb

n

1. Xét (1+i)" = ﬁ(cos%ﬂ'sin%) 225(cos%+isin%)

14
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Ma (1+17)" :ZC’ji’( = Z (- DFC* + Z(_ k2,
k=0

0=Rk<n+l 0<2fk+l<n+l

N > nm
Twr do suy ra: §, =22 cos—-

n
S . N
S, =2%sin—

Lai ¢ 2" =(1+1)" = Y C!

0<k=<n

0 :(1_ 1)’7 — Z(_ 1)/\ C’/; Suy ra Z Cjk — chk+l :Zn—l

0<k<n 0=k <n+1 0<2k+l<n+l

1 SN U L onm
S; =8+ X =227 +27 cos )

0=2k<n+l
S, =18, + y c””):l(z"wzgsinﬂ)
6 2 4 n 2 4

0<2k+1<n+1
2.Xét (1+x)" =3 Cx"
k=0

Pao ham hai vé ta dugc n(1+x)"" =C) +2xC; +..+nx"'C;. Cho x =i so sanh phan thyc,
phan 4o hai vé ta duoc cac ding thirc can chimg minh.

3. C4c bai toan dém.

So6 phirc ¢é nhitng teng dung rit hiéu qud trong cdc bai todn dém va vai tro trung
tdm trong ky thudt teng dung sé phirc vao cdc bai todn dém tiép tuc lai la cin

nguyén thiy ciia don vi. Vi tinh chéatVla mét cin nguyén thiiy bic n ciia don vi thi

ta co:

l+w+w? +..+w"' =0

1+w* +w™ +.. + W' =0 vgi (k.n) =1
Vidu 4.

Tim s0 tat ca cac sO ¢ n chir sO 1ap tir cac chir s6 3, 4, 5, 6 va chia hét cho 3.
Giai:
Goi €, la s0 cac s0 co n chit s6 thoa man dé bai. Goi ¢ 1a mdt nghi€ém cua phuong

trinh z* +z+1=0.

15
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Khi d6 ¢’ =1 vae™ +a* +1=0 néukkhong chia hét cho 3 va «* +¢' +1=3 néu k3.

Xét da thirc P(x) =(x* +x* +x* +x°)" d& thay C, chinh bang tong cac hé so cua cac s6 mii

6n

chia hét cho 3 trong khai trién ctia P(x). N6i cach khac, néu P(x) =2 a,x" thi

k=0

C, Zia% .Ma P(l) + P(x) +P(a2) :S' a,(l +at +a2k) :i 3a,,
k=0 k=0 k=0

Do P() =0+1+1+1)" =4"

Pla)=(a’ +a'* +a’ +a®) =(1+a+a” +a’) =(1+a+a’ +1)" =1

P@)=(a®+a*+a" +a?) =(1+a’ +a+1)" =1" =1

= P(1)+P(a)+P(a’) =4" +2

2n

= Cn :Za3k :%(P(l) +P(a)+P(a2):4”_+2
k=0

3

Vi du 5.(IMO1995)

Cho p 1a mot s6 nguyén to 1&, tim sb cac tdp con 4 cia tip {1:2:3;...2 2 biét rang

a. A chtra dung p phan ti.

b. Tong céc phan tir cia A chia hét cho p.

Giai:

Xét da thitc P(x) =x"" +x”* +...+x+1. Pa thirc nay c6(r- D nghiém phirc phan biét.
Goi ¢ 1a mot nghiém bat ky ciia P(x). Chl ¥ rang @.a’...a”"' 1a -1 nghiém phan
biét cua P(x) va a” =1.

Theo dinh 1y Viet ¢6: (x- a@)(x- a®).(x- a”) =x"" +x"? +. . +x+1

Xét da thuc O(x) =(x- a)(x- a?)..(x- a®)

Goi H ={4<|1,2...2p}:| A|=p].

& _ S(4) _
Gid st 0(v) =3 a,x* khido® =" 2 @™ ygi S() =2 x
k=0

x€A

p-1 ] ,
Néu S(4) =j(mod p) thi ¢** =a¢’ nén a, ZZn,a’,trong do n;1a sO cac A€ H sao cho
Jj=0

S(A4) =j(mod p)

16
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p-1

Mit khic 0(x) =(x" - 1)* = a, =-2ngn Y n,a’ =2 (¥)
Jj=0

p-1 )
Xét da thue R(x) =) n,x’ +n,- 2. Do (*) nén ¢1a mot nghiém ciia R(x) ma

j=0
deg P(x) =deg R(x) va @13 mot nghiém bat ky ctia P(x), nén P(x)vaR(x) chi sai khac
nhau hang s6 nhan. T 6 #,-1 =n,., =..=n, =n, - 2

n_,+n,_,+..+n +n,-2 Cf -2 cr -2
:pl p-2 1 0 :2p =n0:2+ 2p
P P

Suyra n, -2

A s a " A ; ~ A Lxs 1s Cy -2
S6 céc tap con A cla tip hop {1:2:3....2 ) thoa man dé bai 1a: n, =2+ 2”2

4. Cac bai toan vé da thire

a. Xdac dinh da thirc

Nghiém cua da thirc dong vai tro quan trong trong viéc xdc dinh mot da thirc. Cu
thé néu da thivc P(x) bich c6"nghiém *..x;.....x, thi P(x) cé dang
P(x) =c(x - x)(x- x,)...(x- x,),

Tuy nhién, néu chi xét cdc nghiém thwc ciia da thirc thi trong nhiéu truong hop sé
khéng dii s6 nghiém, hon nita trong cdc bai todn phwong trinh ham da thirc, néu
chi xét cdc nghigm thwe thi 16i gidi sé khong hoan chinh. Dinh Iy co bdn ciia dai sé
vi vy déng mot vai tro hét sirc quan trong trong dang todn nay dé la: Mot da thive
v6i hé so phirc (bao gom cd 56 thwc) luén cé it nhit mot nghigm phirc (bao gom cd
nghiém thuc)
Vi du 6. Xac dinh tt ca cac da thic P(x) khac da thirc bang sao cho

P(x)P(x+1) =P(x* +x+1); VxR (1)
Giai: Gia st X la nghiém cua P(x) =0= P(x,” +x,+1)=0. Khi do x,’ +x,+1 cling la
nghiém cua P(x). Thay ¥ boi x-1 trong (1) ta dugcP(x- DP(x) =P(x* - x+1), Vi
P(x,) =0 nén x,’ - x, +1 ciing 1a nghiém ctia P(x) .
Chon @?1a nghiém c6 modun 16n nhat (néu tdn tai vai nghiém v41 modun 16n nhét, ta

chon mot trong s6 cac nghi¢m do)

17
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Tur cach chon ¢suy ra: |@” +a+1|da| va |a’ - a+l|da|vicd o’ +a+l Vi o’ - a+1 déu 1A
nghiém cua P(x),
Tacod a#0 va 2|a|d(a’ +a+)- (@’ - a- DIda’ +a+1]+|a’ - a+1]
dal+|al=2|a]

Vay phai xay ra ddu dang thirc nén @’ +a+1=-k(a’- a+1) véi k 1a hang s6 duong. Ma
|« 1a1én nhatnén |@” +a +1|3a’ - a+ljzal.
sk=loa’ +a+l=-(a’-a+)=> &’ +1=0= a =#nénx’ +1 13 thira sé cia P(x). Nhu vay
ta c¢6 thé viét: P(x) =(x* +1)"O(x); m€ N *  Trong d6 O(x)1a da thirc khong chia hét
cho »* +1. Thé nguoc tro lai vao (1) ta thdy Q) thoa man:
O(X)O(x +1) =0(x> +x +1); VxE R (2)
Néu phuong trinh O(x) =0 lai ¢6 nghiém thi 14p luan nhu trén ta suy ra nghiém co
modun 16n nhat ciia né phai 1a *i. Piéu nay khong thé xdy ra vi »* +1 khong chia hét
O(x),
O(x) 1a mot hing sb, gid st O(x) =c; VxR, thay vao (2) ta dugc ¢ =1. Vay cac da
thire thoa man dé bai 1a P(x) =(x* +D)", Yne N *,
Vi du 7. Tim tit ca cac da thic P(x) théa madn: P(x)P(x +1) =P(x*), VxE R,
Giai:
Gia st ¢la nghiém cua P(x) =0, Khi d6 tir phuong trinh suy ra «’,a*.a"...cling la
nghiém cua P(x) =0 Tu day suy ra |«[=0 hodc [« |=1, vi néu nguoc lai ta s€ thu dugc
day v6 han cac nghi€ém phan biét cia P(x). Tuong tu - 11a nghi€ém cua P(x) va lap
luan tuong tu, ta cling dugc |« - 11=0 hodc [« - 1|=1,

Gia str rangl@|=1 va |e-1|=1, Ta viét @ =cosp +isin5;f€[027].tlr day suy ra

cos 8 =% hay # =%h050/" :Sjﬂ-

o T o, . s A, A ~ s A
Giasu p =7, Xét a’ cling la nghiém cta P(x), nhu vay «’ - 1cling la nghi¢m cua P(x)

2
1 A X \ . ‘A , X .
+sin? = =3 miu thuan vi moi nghi¢m cua P(x) déu c6 modun

27T
cos—-1
3

va |a*-1|=

bang 0 hoac 1.
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A g \ 5 A A T A TeA < \
Tuong tu trén voi truong hop A =?ﬂ. Nhu vay co6 thé két ludn « =1 hodc a-1=1. Tu

day P(x) c6 dang P(x) =cx”(1- x)", cla hang s6 va m.n€ N, thay vao phuong trinh da
cho ta dé dang kiém tra duoc c=lva m=n._ Vay cac da thic thoa man:
P(x) =x"(-x)",meN |

b. Bai toan vé sw chia het cua da thirc

Ta biét rang, néu da thirc P(x) chia hét cho da thive O(x) thi mi nghiém ciia Q) déu
la nghiém ciia P(x). Tinh chét don gian nay la chia khéa dé gidi nghigm bai todn vé

sw chia hét ciia da thikc.

2n

Vi du 8. Vi gia tri nao ctiathix™ +x" +1chia hét cho da thircx* +x +1

, 1.3
Giai: Tacow =- 5 i17 =cos

27
i_

.. 27 . Cn )
+151n[ i?] la nghiém ctia O(x) =x* +x+1=0,

Pa thitc P(x) =x +x"+1 chia hét cho Q) khi va chi khi P(w) =0 diéu nay tuong

duong véi
dnm | . . dnr 2nm | .. 2nm 0s T+ cos T 41 =0 -
cos| +—— | +isin| +—— | +cos| =—— | +isin| *+ +1=0 P o = 2cos =2 +1=0
3 3 sin 3 +s 0
2 -1 2 n =1+3k
o cos =" —cos T = (ke 2)
3 2 3 n=3k+2

Vay v6i n =3k +1 hodc n =3k +2; (k€ Z)thi P(x) chia hét cho Q).
Vi du dwéi diay, mét lan niva, cin ciia don vi lai déng vai tro then chot.
Vi du 9.(USA MO 1976) Cho £(x),Q(x), R(x),S(x) la cac da thirc sao cho
P(x*)+x0(x )+ x°R(x") =(x* +x” +x* +x+1).5(x) (D).
Chung minh rang P(x) chia hét cho x- 1.
Giai:

2

Pit ,, .5

thi w° =1val+w+w? +w’ +w* =0 ™)
Thay*1an lugt bai w.w?.w*.w* vao (1) ta duoc phuong trinh

PO +wOM) +w’R1) =0  P(1)+wOl) +w>RA) =0 (2)
P() +w?O() +w*R() =0 o PO+ w?O) +w*R() =0 (3)
P +w'O)+w°R1) =0 PA)+w?*O()+wR() =0 (4)
P +w*O) +w*R() =0 P +w*O)+w’R(1) =0 (5)
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Nhén cac phuong trinh tir (2) dén (5) 1an luot voi - wi- w?i- w?i- w* ta duge

- wP(1)- wO1)- w’R(1) =0
- w2P1) - w*O(1)- wR(1) =0
- wP1) - wO(1)- w*R(1) =0
- w'P()- wO1)- w’R(A) =0

Cong vé voi vé cac dang thirc trén va ap dung (*) ta duge () + 0 + R() =0 (6)
Cong vé voi vé cua (2), (3), (4), (5), (6) suy ra 5P(1) =0 suy ra P(x) chia hét chox- 1.
Bai tap tuwong tu
1. Tim tit ca cac da thitc P(x) thoa man: (P(x)) - P(x>) =2x*; VxR
2. Tim tét ca cac da thitc P(x) thoa man: P(x> - 2) =(P(x)F - 2; Vx€R.
3. (VN 2006). Tim tit ca cac da thire P(x) véi hé sb thuc thoa man:
P(x*) + x@P(x) + P(- x)) =(P(x)} +2x%; Vx€R.
4. Tim tit ca cic da thire P(x)va hé sd thue thoa min: 2x°(P(x) =P(2x* +x); Vx € R.
Pap s6
1. P(x) =x" +1; P(x) =x’ +x; P(x) =2x7; P(x) =-x’
2. Ta dugc day nghiém: £, (x) =2:A(x) =x; P,,,(x) =xF,(x)- B,_,(x); Vn =1.

3. P(x) =x; P(x) =2x; P(x) =2x +1; P(x) =x>*"" + x; P(x) =x>* +2x;Vk € N,k =2.

4. P(x) =(x> +1)*; Vke N *.
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PHAN III: KET LUAN
KET QUA THUC HIEN PE TAI

Viéc hoc tap sang kién kinh nghiém sé& thu dugc két qua tot néu dam bao cac yéu

cau sau:

Hoc sinh phai c6 trinh d6 nhan thic va tu duy twong dbi tot. Nam viing céc kién
thirc co ban veé sb phtrc: dang dai 30, dang lugng giac, cong thirc Moavro, can bac n
k

cua don vi,... va cac kién thic dai so, to hop nhu: nghiém da thirc, tinh chat ctia s6 C,,

.... Hiéu va st dung chinh xéc thuat ngtr, ki hi€u toan hoc.

Xuat phat tir d6i twong hoc déu 1a hoc sinh kha, giéi, nén kha nang tiép thu kién
thtrc kha nhanh va chic chin. Do 1a tién dé rat tot dé co thé truyén thu mot khdi lugng
kién thtrc trong ciing mot don vi thoi gian nhiéu hon so v6i hoc sinh khac. Giao vién
can biét tan dung ¢6 hi¢u qua nhirng kha nang do, chéng han, béng cach dua tai liéu,
yéu cau hoc sinh ty nghién ctru trudc sau do trinh bay, dua ra nhan xét, két qua thu
duoc trong tiét hoc chuyén dé....Nhu vay s& giup hoc sinh linh hoi kién thirc sau sic

hon, tao di€u kién dé cac em budc dau tap dugt nghién ctru khoa hoc.

1. Két qua thuc tién

Qua thuc té, tryc tiép giang day sang kién kinh nghiém nay trong céc tiét chuyén dé
ctia 16p 11 Toan va boi dudng hoc sinh du thi hoc sinh gioi qudc gia moén Toan 12 tai

truong THPT chuyén Hung Yén tir nim hoc 2010 - 2011, v6i lugng kién thirc vira
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phai va hé thong vi du phu hop da giup hoc sinh tiép thu kha tét, kich thich va phat
huy khé ning tu duy, van dung tong hop kién thirc mot cach 16gic, say mé tu giac hoc

tap, goi m¢ Oc¢ tim to1 sdng tao khoa hoc.

Hoc sinh ddi tuyén 16p 12 dy thi hoc sinh gi6i qudc gia da tu tin hon khi gip cac

bai toan vé da thirc va to hop.
Két qua thi chon hoc sinh gidi qubc gia mén Toan 16p 12:
Nam hoc 2010 - 2011 ¢6 5/6 hoc sinh dat giai
Nam hoc 2011 - 2012 ¢6 6/6 hoc sinh dat giai
Nam hoc 2012 - 2013 ¢6 8/8 hoc sinh dat giai
Nam hoc 2013 - 2014 ¢6 5/8 hoc sinh dat giai
Két qua thi chon hoc sinh giéi khu vuc Duyén hai va dong bang Bic B mén Toan
16p 10, 16p 11:
Nam hoc 2010 - 2011 ¢6 6/6 hoc sinh dat gidi, trong d6 ¢6 2 giai nhi.
Nam hoc 2011 - 2012 c6 6/6 hoc sinh dat giai, trong do c6 1 gidi nhi.
Nam hoc 2012 - 2013 ¢6 6/6 hoc sinh dat giai.
Nam hoc 2013 — 2014 ¢6 5/6 hoc sinh dat giai, trong d6 c6 1 giai nhat.
Két qua thi chon hoc sinh giéi tinh Hung Yén mon Toan 16p 12:
Nam hoc 2010 - 2011 ¢6 9/10 hoc sinh dat giai
Nam hoc 2011 - 2012 ¢6 10/12 hoc sinh dat giai
Nam hoc 2012 - 2013 ¢6 10/10 hoc sinh dat giai

2. Bai hoc kinh nghiém

Khi day mét s6 ing dung cua so phtrc trong dai so va toan t6 hop, can nhan manh
két qua ap dung, khac sau vi du. Sau moi img dung, yéu cau hoc sinh nhan xét, 1y vi

du minh hoa, lién hé dén cac truong hop riéng, truong hop dac biét, nhin nhan, so
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sanh v&i cac cach giai khac da dugc hoc. Tu do tiét day dat hi€u qua cao hon, rén
dugc tinh cht dong Iinh hoi kién thuc cua hoc sinh, y thirc hoc tap nghiém tic, c6 kha

nang cam nhan toan hoc tot hon.

Sang kién kinh nghiém nay dugc giang day cho cac thé hé hoc sinh cac 16p chuyén
toan, nén can duoc thuong xuyén trao doi, cap nhat lién tuc, bo sung thém Ung dung
cia sé phuc trong chimg minh da thic bat kha quy, gidi phuong trinh nghiém

nguyén,... va biét van dung cac Gmg dung d6 dé giai cac bai toan tuong tu.
KET LUAN

Noi dung sang kién kinh nghiém nay duoc dung cho cac tiét hoc chuyén dé. Tuy
theo sy phan bd tiét hoc cua timg chuyén dé da duoc quy dinh, tuy theo kha ning tiép
thu ctia hoc sinh, gido vién can phai biét linh hoat két hop, 16ng ghép céc kién thirc vé
sd phirc, cac tinh chat ciia s6 C,.cong thirc khai trién nhi thic NiuTon, dinh 1y vé

nghiém da thtc.... dé viéc chimg minh cac bai toan trd 1én dé dang hon.

Do thoi gian nghién ctru han ché, sang kién kinh nghiém nay maéi chi dua ra mot s6
ung dung cua so phtrc trong dai s6 va toan té hop, ta c¢6 thé ti€p tuc nghién ctru ing

dung $6 phtrc trong hinh hoc, s6 hoc, ...

Pay 1a sang kién kinh nghiém cta ban than toi viét, khong sao chép ndi dung cia
nguoi khéc, vi vay vaoi kha nang va thoi gian nghién ctiru ¢6 han, nén muc d6 thanh
cong cua sang kién kinh nghiém con nhiéu han ché, toi rat mong nhan dugc su dong
vién va nhiing ¥ kién dong gop chan thanh ctia quy Thay cd, ban bé dong nghiép va

cac em hoc sinh.

Hung Yén, ngay 15 thang 3 nam 2014
Tac gia

Diing Thi Mén
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Muc

II

MUC LUC

Noi dung

Phin I: Phin li lich
Phan II: Phin ndi dung
Mé dau
Dit van dé
Thuec trang cua van dé
Y nghia va tac dung cua dé tai
Pham vi nghién ctru cua dé tai
Phuong phap tién hanh
Noi dung

A- Muc tiéu

B - Giai phép cua dé tai
Co so 1y thuyét.

Mot s6 ung dung cta sé phirc

1. Cac bai toan vé phuong trinh, hé phuong trinh dai sd.

Cac bai toan dém.

oW

Cac bai toan vé da thuc

Rat gon mot sb tong t6 hop, ching minh cac ding thuc t6 hop.

Trang

® o0 A A B B W W RN N U N

—_—
co O W
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a. Xac dinh da thuc
b. Bai toan vé su chia hét cua da thuc.
Phan III: Két luin
Két qua thyc hién cua dé tai
Két luan
Tai liéu tham khao
Muc luc
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