DUNG PHEP THE LUGNG GIAC TRONG BAT DANG THUC

I. Dung cac hé thirc lugng giac co ban

1
1—|—tg2x:—2; 1 + cotg %z = — 5 - sin® x4 cos®x = 1.

COS“ T Sl T

Vio bai todn cé cac biéu thitc dang 22 + a?, V22 £ a2, Va2 — 22

1. Chdng minh ring cdc bat dang thic sau ding véi moi a, b

(> — )1 —a2?)| 1
R R ) ‘\Z’

2a+b)(1—ab)|
v [ aarml <

HD: Dat a = tga, b =1tg03; o, B € (—5 5) Khi dé

(a? — b)(1 — a2b?)
2

1+ a2)2(1 + b2)? ‘ = | sin(a + B) sin(a — §) cos(a — ) cos(a + B)

= Lsinp(a + B)]sin2(a — §)] < i

4
2. Chdng minh rang néu |z| < 1va 2 <n €N, thi

14+z)"+(1—2)" < 2"

HD: Pat z = cosa, a € (0;7). Khi d6
(1+2)"+(1—2)"=(14cosa)"+ (1 —cosa)" =2"(cos" §) +sin" §)
< 2"(cos* ¢ +sin*g) = 2"

3. (Latvia-2002) Cho a, b, ¢, d la cac s6 thuc duong thoa man

1 N 1 N 1 N 1
1+a* 14064 144 14+d4

Chitng minh rang abed > 3

’Nguyén Van Nhiem
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HD: Dit a* = tga, b* = tgf, ¢ = tgy, d* = tgd, véi o, B, 7,6 € (0; g)-

Thi tr gia thiét ta c6
2 2 2 2¢
cos” o+ cos” 3+ cos”“y+cos®d =1

Ap dung bat dang thic gita trung binh nhan va trung binh cong, ta c6:

sin? v = 1 — cos® a = cos® 8 + cos® y + cos® & > 3+/(cos? B cos? y cos? §)2.

Chitng minh tuong tu ta co:

sin? 3 > 3+y/(cos? o cos? 7y cos? §)2; sin?y > 3+/(cos? acos? 3 cos? §)?;

sin? § > 3/(cos? acos? 3 cos? )2
Nhan timg vé& cic bat dang thifc trén, suy ra diéu phai chitng minh.
4. Cho a, b, c,d la cac so thuc thoa man
(1+a®)(1+b0*)(1+c*)(1+d*) = 16.

Chitng minh rang: —3 < ab+ +ac+ ad + be + bd + c¢d — abed < 5.

HD: bat a = tga, b = tgl,c = tgy,d = tgd, véi o, 3,7, € (_I E)_

272
P =ab+ ac+ ad + bc + bd + c¢d — abed — 1
= 4.cosacosFcosycosd =1
vi P=(b+c)(a+d)—(1—ad)(l—bc)=4sin(f+ v)sin(a + J)
—4cos(a+ ) cos(B+7) = —4cos(a+ B+ v+ ) = (dpcm).
5. (APMO-2004) Chiing minh rang v6i moi s6 thuc duong a, b, ¢ ta ¢6

(a® 4 2)(b* + 2)(c? + 2) > 9(ab + bc + ca).

HD: Dt a = v2tga, b= V2tgB, c=V2tgy; a,B,7 € (0; g)-

Diéu phai chiing minh tuong duong véi

4
9 > cos a cos (3 cosy(cos acos fcosy — cos(a+ B+ 7))

bat A = LM. Ap dung bat dang thic giita trung binh cong va trung
binh nhan, bat ding thic —— ;_ PV < cos S Y i z,y € (0; g) ta c6

cos a + cos 3 + cosy
3

3
cosacos Fcosy < < ) < cos® .
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Ta s& chitng minh bat dang thiic sau

4
3 > cos® A(cos® A — cos 3)).(3)

4
ma cos 3\ = 4 cos® A — 3cos A do d6 (3) & 57 2 cos? A(1 — cos? ).

Mat khdc theo bat ding thic gifta trung binh cong va trung binh nhan, ta c6

1
J— 2 [
+ (1 — cos )\)> 3

(0052 A cos? )\

1 (0082 A cos )\
2 2

(1 = cos? >§<_
(1 —cos® ) 25 + 5

Il. Bat dang thirc c6 diéu kién rang budc dang
a+b+c=abc, ab+bc+ca=1

1. Tim m&i quan hé dai s6 giita z, y, z trong cdc trudng hop sau biét rang:
a) tgxr.tgy +tgy.tgz + tgz.tgx = 1.

DS:x—i—y—l—z:g—i—lm, x,y,z%g—i—lm.

b) tgx +tgy +tgz = tgx.tgy.tgz.
bS: z+y+2=km, x,y,z;«ég—i—kﬂ.

2. Cho 0 < z,y,z < 1 va zy + yz + zz = 1. Ching minh rang:

T z 3v3
+ 4 5 3V
1—x22 1—92 1-—22 2

3. Cho céc s6 thuc duong z,vy, z thoa man zy + yz + zx = 1. Cmr:

T Y z 2z(1 —2%)  2y(1—9?)  22(1-—2?)
2 T 2 T 2 2 2 2 2
1+22 1+y* 14z (14 2) (1+y) (1+2)

HD: Dat a = tga, b =tg3, c =tgy; o, 3,7 € (O;g) = 2o+ 20 4+ 2y = 7.
Bit dang thitc phai chiing minh twong duong véi

sin 2a + sin 23 + sin 2y > (sin4a + sin4f + sin 4v).

4. (HKong-94) Cho cac s6 thuc duong z, y, z thoa man zy+yz+zx = 1. Cmr

W3

p(1=¢")(1=2) +y(1 =) (1 —2’) +2(1 - ") (1 - ¢") <
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™
2
sin 2a cos 23 cos 27 + sin 2 cos 2« cos 2y + sin 27 cos 2ac cos 25

HD: Dat a = tga, b=1tgfB, c=tgy; a,5,7 € (0;=) = 2a+ 20+ 2y = 7.

2.VT =
cos? a cos? 3 cos? ~y
_sin(2a + 20 +2y) + sin2asin2fsin2y Stgatafigy < 8v/3 |
cos? a cos? (3 cos? y 9

5. Cho cac s6 thuc duong z,y, z théa man x + y + z = xyz. Cmr:

xy+yz+ze>23+V1+22+V/1+y2+ V1422
™
2
sin a:sin (3 cos ¥ + sin 3 sin 7y cos a + sin 7y sin o cos (3

HD: Dit a = tga, b=1tgfB, c=tgy; a,8,v€ (0;=)=a+F+vy=m.

Taco VI = xy+yz+zx =

cos a cos 3 cosy
_czosozczosﬁcos”y—cos(oz—l—ﬂ-i—’y)_1+ 1
B cos a cos 3 cos 7y B cos a cos 3 cos 7y
1 1 1
VP =3+ + + . Vay bai toan tuong duong véi

cosa cos(3  cosvy

cos a cos 3 + cos 3 cosy + cosycos o + 2 cosacos B cosy < 1.
Bt dang thifc trén duoc suy ra tir hé thitc
cos® a + cos® B + cos®y + 2 cos aucos Bcosy = 1.
ll. Bat dﬁng thuc chira rang budc dang
a® 4+ b* 4+ + 2abc = 1

1. Tim moi quan hé dai s6 gilta x,y, z trong cac truong hgp sau. Biét cac

s ™ 2 ~
s6 duong z,y, z thuoc doan [0; 5] thdéa man:

cos? x + cos?y + cos? z +2cosx cosy cos z = 1. (1)
HD: (1)<:>4cosx+g+zcosx+32/_zcosx_g+zcosx_g_z = 0.

Todéosuyraz+y+z=m.
2. Ching minh rang:
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a) cos(x +y + z) = cosxcosycosz — cosTsinysinz — cosysinzsin z —
cos 2z sin x sin .
b) sin(x + y + z) = sinz cos y cos z + siny cos T cos z + sin z cos x cosy —

sin z sin y sin 2.

3. (USA-2001) Cho a,b, c 1a cac s6 thuc khong am thoa man
a® 4+ b* + ¢ + abc = 4.

Chiing minh rang: 0 < ab+ bc + ca — abe < 2.

HD: e Néu a,b,c > 1 thi a® + b*> + ¢ + abc > 4. Mau thuén.

e Néu a < 1 thi ab+ be+ ca — abe = be(l —a) > 0.

Bay gio ta s€ ching minh ab + bc+ ca — abc < 2. Dat a = 2p,b = 2q,c = 2r,
ta duogc p? +q*> + 12+ 2pgr = 1. Suyra a = 2cosa,b = 2cos 3,¢c = 2cosy
v6i o, 3,7y € [0; g] va a+ [+~ = 7. Diéu phai chiing minh tuong duong véi

cos acos 3 4 cos 3 cosy + cosycosa — 2 cos o cos 3 cosy <

| —

g J 2z 2 2 T T N ? A 2
Khong mat tong quat gia su 5 = oz 3 = 1 —2cosa > 0 va su dung két qua

3
cos f+cosy < 5 —Cosa, 2cos B cosy = cos(B—)+cos(B+7) < 1—cosa.

Ta ¢6 cos acos 3 + cos (3 cosy + cosycosa — 2cos o cos (3 oSy

= cos a(cos f + cosy) + cos fcosy(1 — 2 cos a)

3 (1—cosa

1
<coso¢(§—coso¢)+ 5 )(1—2COSO&)=§.

4. Cho a, b, c 1a cac so thuc duong cho truéc. Tim z,y, z duong thoa man:

r+y+z=a+b+c,
dzyz — (a’x + by + 22) = abe.

a2 b A2 abe a b C

HD: GT= —+—+—+— =4. Datz; =

yz zx XY TYZ JYz' Y= NEZH = Iy

= ity topz =4 (= 0<z,y1,5 <2) = A, = (4—af)(d—yi).
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bat 1 =2cos A, y; =2cos B,z =2cosC (0< A, B,C < g)

= A+B+C=m.

= a=2/yzcos A, b=2\/zxcos B, c =2, /rycosC =

= 2(sin Asin B — cos A cos B),/zy, thay vao = +y + z = a + b+ c. Suy ra:
(Vxsin B — /ysin A)* + (y/z cos B + \/ycos A — \/z)? = 0.

sinA sinB sinC sin A sin’b  sin?C sin? A +sin? B +sin?C

= — — &
VT NG NZ T Y 2 a+b+c

2 ~ A _mew - T \ gn nr 2. N g
IV. Su dung quan dong phai giira <7; 5) va tap s6 R, boi ham so tgz

1. Cho 6 s6 thuc phan biét. Chiing minh rang luon ton tai hai s6 x va y trong

chiing sao cho

r—1y < V3

142y = 3

Khong mat tinh téng quét ta gid st z; < x5 < ... < Tg, gia s x; = tgay, Vi

0<

—g <oy < g Khi d6

0< " —¢ i — Q).
1—|—£I3i3§’j Q(OZ Oé])

Boi vi 6 s6 duong ap — oy, a3 — Qua, ..., g — 5, T + p — g €O tong bang 7

N . ya 2 - > Tr N P ? P
cho nén ton tai mot trong chung nho hon hoac bang 3 va do do tg cua no

V3

nhd hon hodc bang tg% =3

Tong quat. Gia st n 13 s6 nguyén duong 16n hon 2. Hiy x4c dinh s6 duong
(', nho nhat véi tinh chat sau: Cho n s6 thuc khac nhau bat ki, ton tai hai s6
x va y trong sO ching sao cho

r—Y

0<
14+ 2y

~X
T
n
™ 9
Phép chon oy —ay = a3 —ae = ..., 0, — 1 = ™+ a1 — o, = — ching to
n
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sl T . A
gia tri C),, = tg— la tot nhat.
n

2. Ching minh rang néu z,y,z > 0 va arctgr + arctgy + arctgz < w thi
rT+y+z>rYz.

HD: bat arctgr = «, arctgy = 3, arctgz = . Ta c6

sin(a + 3 +7)

> 0
cos a cos 3 cos 7y

x+y+z—xyz =tga+tgl + tgy — tgatgPBtgy =

d00<a+ﬂ+’y<wvé—g<a,ﬁ,7<g.

lll. Bai tap
1. a) Cho 2% + y? = u® + v? = 1. Chitng minh ring
o(u+0) + y(u—v)] < V3

b) Chitng minh ring véi moi z, ta c6
5 _3+4a2% 432

PN < 3.
2 (1+ 22)?
2. Cho z,y, z 1a cac s6 thuc duong théa man = + y + z = xyz. Cmr
1 1 1 3
a) (Korea-1998 + + < -
)¢ ) Vi+a?2  J14+y2 V1422 2
x z 3vV3
b) 2 < f.
Vita? 1492 V1422 2
[z — |

3. a) Goi f(z;y) = . Ching minh rang:

VI +22)(1+y?)
f(x;y) + fly; 2) = f(z;2), Yoy, 2.

HD: bat x = tga, y = tgl, z = tgvy, va sut dung
[sin(a — )| < |sin(a — B)] + | sin(8 — 7))

b) Chitng minh ring bat dang thic sau ding véi moi a, b
(1 —ab)? — (a + b)?
(1+a?)(1+02) |
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4. Cho a, b, c 1a cic s6 thuc. Chling minh rang:
(a® + 1)(B* + 1) (> + 1) = (ab + bc + ca — 1),

HD: bit a = tga, b =tgB, ¢ = tgy. BDT can chiing minh tuong duong vdi:

1 S (—cos(a+ﬁ+7)>2
cos2 orcos? fcos?y ~ \ cosacosBcosy /

5. Cho céc s0 thuc a, b, ¢ thuoc khoang (0; 1) sao cho ab+bc+ ca = 1. Cmr:

> —
1—a2+1—62+1—c2/4

a b c 3/1—a®2 1—-0* 1-—¢2
()
a b &

HD: bat a = tga, b =tgl, c = tgy; «, 3,7 € (0; %) BDT can cm
& tga+tgB + tgy = 3(cotg v + cotg B+ cotg )

& (tga+tgB +tgy)® = 3(tgatgPB + tgBtgy + tgvtga)

6. Cho z,y, z 1a cdc s6 thuc duong théa man 2% + y? + 22 + 2xyz = 1.
Ching minh rang:
1

a) xyz < —.
) TY 3

b) zy +yz + zx <

3
o) i +yt+ 22> -

e~ W

N

1
d) xy—l—yz+zx<2xyz+§.
1

& (1+)(1 + 5)(1 Fo) o

7. Cho a,b,c > 0. Chlng minh rang:

2v/ab 4 be + ca > V33/(a + b)(b + ¢)(c + a).

HD:
b

bitt = +/ab+ be + ca; a; = %, by = 7 ] = % Suy ra a1b1+b1c1+ crap = 1.

Ta can ching minh: v/3+/(a; +b1)(by +c1)(e1 +a;) > 2. Tur gia thiét
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a1by + bicy + crap = 1, suy ra ton tai A, B, C 1a ba géc cua tam gidc nhon

sao cho; a1 = tg—, b = th c1 = tgg
2’ 2’ 2
cos &
Tacé a; + by = —23, tuong tu va thay vao bat dang thic can ching
cos % cos &

minh s€ tuong duong voéi

A C 3\f

cos 3 cos 5 cos 5 —— (dung)

Chu y. Néu dung bat ding thiic Bunhiacopkl md& rong thi c6 thé chitng minh

nhu sau:

Ta c6 (a+b)*(b+c)*(c+a)? = (a* + 2ab+ b*)(b* + 2bc + *) (c* + 2ca + a?).
T = a?, y; = 2ab, 2z, = b?,

Dat ¢ 29 = 2, yo = b?, 20 = 2bc, thi

T3 = 2ac, Ys = a27 <3 = 027

(z1+y1+21) (Tat+yat20) (T3+ys+23) < (VE10223+-/Y1Y2Y3++/212223)° = (dpem)

8. Cho a,b,c > 0;ab + bc + ca = 1. Chitng minh rang:

a)

2(1—a2>+1—b2+1—02<9
1+ a? 1+ 14¢ 8§
1 —a?

1 — b2 1 —¢? 11
0 (1) (i) <25 < 5
) 1+ a? + 14+ b2 + 14 ¢2 3

9. Cho a,b,c > 0;ab+bc+ca=1 a+ b+ c+ abc > 2. Ching minh rang:

1—a?2 1-0® 1-¢2
< V2.
1+a2+1—|—62+1+c2 V2

< , . A
HD: GT= ton tai cac géc A, B, C' cua tam gidc ABC' sao cho th = a,

B .
th =0, tg; = c¢. Cing tir gia thiét suy ra (1 —a)(1 = b)(1—¢) < 0=
1—a®>1-01-¢c?

= 2'1+b2'1+ 5 = cos Acos BcosC < 0 = cos A+cos B+ cosC < /2
a c

10. Gia st f(z) = v/1+ 22 — x. Hay tinh gia tri cua biéu thic
F@) fy) + fW)f(z) + f(2)f(z)
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néu z, vy, z 1a cdc so duong thay d6i théa man zy + yz + zz = 1.

Chu y. Néu bo gia thiét z, v, z > 0 thi gi4 tri biéu thic x4c dinh khong duy nhat.
11 a) Cmr, trong s6 7 s6 thuc x;, 9, ..., x7, ton tai hai s6 z; va z;, sao cho

0< Ty — Ty < 1
\1+xi1’j\\/§.

b) Cho 4 s6 duong. Chiing minh ring bao gi¢ ciing chon dugc 2 s6 a;, a;, @ # j

sao cho

0<———1 <23
2+ a; + a; + a;a;

HD: bit b; —1—|—al>1vaxet4sobl,vmchuytgﬁ—2—\/§

12. Vi nhitng gia tri nao ctia a hé sau cé nghiém:

? + y? = a?
ry(22® — a?) = 2005.

13. Xét a,b € R sao cho: /1 — z?|ax + b| < 1,V|z| <
Xéc dinh max |a|; max |b|; max |a + b|; max |az + b|.

| cost(asint + b)

. T T | <1,

HD: Pat x = sint;t € [——=; =] = cost > 0. GT=
272 |cost(asint — b)| < 1.
= 2 > cost(|asint 4+ b| + |asint — b|) > 2 cost|al| sint|.
Chot—z suy ra |a| < 2 = max|a| = 2 khi b = 0.
O gia thiét cho z = 0 = |b| él:max\b|:1khia:0.
1
— ==+ <

1
Cho z = +——, ta duoc V2 V2 :>|a\+\/§\b|<2
V2 L 12L <
V22T

= la+b| < a| + o] < |a| + V2[b| <2 = max|a+b| =2, khia =2,b=0.
max |ax + b| = max{|a + b|;|a — b|} = |a| + [b] < 2

= max|az +b =2,khia=2b=0,z = 1.

14. Xét a,b,c € R sao cho: /1 — 22|az? + bz + ¢| < 1,V|z| <
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a) Xac dinh max |a|, max |b|, max|c|, max|a + b+ ¢|.
b) Xac dinh max |az? + bz + ¢|, max |2ax + b|, v6i |z] < 1

HD:
Cho z =0 = |c¢| < 1 = max]|c| =1, khi khi a = b = 0.

V1 —22|az? +br + | <

Vizg| < 1= ,:> V1 —z2(Jaz?+c|+ [bz]) < 1 (%)
V1 —z2|ax? —bx +c| < 1.

X 2 V3 3a

Tu (*)= V1 — 22|az* 4+ ¢| < 1. chox:7=>|z—i—c\<2

=>|—\ 2+ |c] <3=la] <4= max]|a|] =4, khib=0,c=—1.

V3 3a, V3

\/g 3a
T *) th = —,tad — —b <2((1) = |— —1b| <
rong () thay & = 22, ta duge 20| + Y2 < 2 (1) = 152+
2+ <3

v

Suy ra —|a\ + —|b\ 1 (2), tir (1) va (2) cong lai ta duoc

3a V3 1 V3 3a 1 2
3> |2 V24 Zal 4+ X2 > 122 Za+b <——1>b.
\44w$+2|\+4MM+6\| \4+c+4a+\+ 7 |b]

> |a+b+c| = max |a+b+c| = 3, xdy ra ching hankhia = 4,b = 0,¢c = —1.
max |2az + b| = max{|2a + b|, |2a — b|} = 2|a| + |b|. Mat khac tix (2) suy ra
4v/3

2|a| + —\b| 8 = 2|a| + |b| < 8 = max |2ax + b| = 8, xdy ra chang han
khia=4,b=0,c=—-1,z=1.
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