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A-1 How mary primesamongthe positive integers,written
asusualin basel0, arealternatingl’s and0Q’s, begin-
ning andendingwith 1?

A-2 Evaluate/a /b emax{v*2.a°*} gy 4z wherea andb
areposit'mg. °
A-3 Provethatif
112'% +10i2° + 10iz — 11 = 0,

then|z| = 1. (Herez is a complex numberandi? =
-1.)

A4 If a is anirrationalnumber 0 < a < 1, is therea
finite gamewith an honestcoin suchthatthe probabil-
ity of one playerwinning the gameis a? (An honest
coin is onefor which the probability of headsandthe
probability of tails areboth % A gameis finite if with
probability 1 it mustendin afinite numberof moves.)

A-5 Let m be a positive integer and let G be a regular
(2m + 1)-goninscribedin the unit circle. Shaw that
thereis a positive constant4, independenbf m, with
thefollowing property For ary pointsp insideg there
aretwo distinctverticesv; andv, of G suchthat

=l —lp—esll < = — 5
—vi|—|p—v — — —.

p—l—ip— o m m3

Here|s — t| denoteghe distancebetweerthe points s

andt.

A-6 Leta = 1+ a1z + azx® + - - - beaformal powerseries
with coeficientsin thefield of two elementsLet

if every block of zerosin the binary

1 expansionof n hasanevennumber

an = of zerosin theblock
0 otherwise.

(For example,azg = 1 because36 = 100100» and
ag = 0 becaus@0 = 10100,.) Provethata® + za +
1=0.

B—-1 A dart,thrown atrandom hits a squargarget. Assum-
ing that ary two partsof the target of equalareaare
equallylikely to behit, find theprobabilitythatthepoint
hit is nearetto thecenterthanto arny edge.Express/our

a\/5—|—c

answetrin theform , Wherea, b, ¢, d areinte-

gers.

B-2 Let S be a non-emptysetwith an associatie opera-
tion thatis left andright cancellatve (zy = xz implies
y = z,andyx = zx impliesy = z). Assumethatfor
everya in S theset{a™ : n = 1,2,3,...} is finite.
Must .S beagroup?

B-3 Let f beafunctionon [0, 0o), differentiableandsatis-

fying
f(z) = =3f(z) +6f(22)

for z > 0. Assumethat|f(z)| < e~VZ forz > 0 (so
that f(x) tendsrapidly to 0 asz increases).For n a
non-ngjativeinteger, define

fn = /Oooxnf(m)dm

(sometimegalledthenth momentof f).

a) Expressu,, in termsof py.

b) Prove that the sequence{pn%} always con-
verges,andthatthelimit is 0 only if uo = 0.

B—4 Canacountablyinfinite sethave anuncountableollec-
tion of non-emptysubsetsuchthatthe intersectionof
ary two of themis finite?

B-5 Label the vertices of a trapezoid T (quadrilateral
with two parallel sides) inscribedin the unit circle
as A, B, C, D so that AB is parallel to CD and
A, B, C, D arein counterclockwis®rder Let sy, s2,
andd denotehelengthsof theline segmentsAB, CD,
andOE, wherekE is the point of intersectiorof the di-
agonalsof T', andO is the centerof thecircle. Deter
minetheleastupperboundof #=%2 overall suchT for
which d # 0, anddescribeall casesif ary, in whichit
is attained.

B-6 Let (z1, 2, ... z,,) beapointchoserat randomfrom
the n-dimensionakegion definedby 0 < 1 < 22 <
-+ <z, < 1. Let f beacontinuousfunctionon [0, 1]
with f(1) = 0. Setzo = 0 andz,,; = 1. Shav that
the expectedvalueof the Riemannsum

n

Z(wi+1 — i) f(Tiy1)

i=0

is fol f(@)P(¢) dt, whereP is apolynomialof degreen,
independenof f,with 0 < P(t) < 1for0 <t <1.



