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A–1 How many primesamongthepositive integers,written
asusualin base10, arealternating1’s and0’s, begin-
ningandendingwith 1?

A–2 Evaluate
���� ������	��

�	� ��������� ���
������������� where � and  

arepositive.

A–3 Provethatif!�!	"$# �&% !	'�()"+* % !	',()".-/!�!102'43
then 5 " 5 06!�7

(Here

"
is a complex numberand

()890-:!
.)

A–4 If ; is an irrational number,

'=< ; <>!
, is therea

finite gamewith anhonestcoin suchthat theprobabil-
ity of oneplayerwinning the gameis ; ? (An honest
coin is onefor which the probabilityof headsandthe
probabilityof tails areboth

#8
. A gameis finite if with

probability1 it mustendin a finite numberof moves.)

A–5 Let ? be a positive integer and let @ be a regularA�B ? % !�C
-gon inscribedin the unit circle. Show that

thereis a positive constantD , independentof ? , with
thefollowing property. For any pointsE inside @ there
aretwo distinctverticesF # and F 8 of @ suchthat

5	5 E - F # 5 - 5 E - F 8 5G5 <
!
?
- D?IH

7
Here 5 J -�K 5 denotesthedistancebetweenthepoints J
and

K
.

A–6 Let ; 0L! % � # � % � 8 � 8 %NMGM	M beaformalpowerseries
with coefficientsin thefield of two elements.Let

�PO 0RQSSST SSSU
!

if every block of zerosin thebinary
expansionof V hasanevennumber
of zerosin theblock'
otherwise.

(For example, � H
W
0X!

becauseY+Z 0[!	'�'4!	'+' 8
and� 8 � 0=' because

B '\0]!	'4!	'+' 8 7
) Prove that ; H % � ; %!^0_'`7

B–1 A dart,thrown at random,hits a squaretarget. Assum-
ing that any two partsof the target of equalareaare
equallylikely tobehit, find theprobabilitythatthepoint
hit is nearerto thecenterthanto any edge.Expressyour

answerin theform
�`a  %�b� , where � 3  3 b 3 � areinte-

gers.

B–2 Let c be a non-emptyset with an associative opera-
tion thatis left andright cancellative (

�d� 0 � "
implies� 0e"

, and
�P� 0e" �

implies
� 0]"

). Assumethat for
every � in c the set f�� O_g V 0h!�3 B 3 Y 3G7G7	7ji is finite.
Must c bea group?

B–3 Let k bea functionon l '`3�m�C , differentiableandsatis-
fying

kon A � Cp0q- Y+k A � C % Zrk A�B � C
for
�/s '

. Assumethat 5 k A � C 5ut ��v�w � for
�/x '

(so
that k A � C tendsrapidly to

'
as
�

increases).For V a
non-negativeinteger, define

y O 0 ��z� � O k A � C �+�
(sometimescalledthe V th momentof k ).

a) Expressy O in termsof y � .
b) Prove that the sequencef y O H
{O+|

i
always con-

verges,andthatthelimit is

'
only if y � 02' .

B–4 Canacountablyinfinite sethaveanuncountablecollec-
tion of non-emptysubsetssuchthat the intersectionof
any two of themis finite?

B–5 Label the vertices of a trapezoid } (quadrilateral
with two parallel sides) inscribed in the unit circle
as D 34~�3d�.34� so that D ~ is parallel to

���
andD 34~�3d�.3d� arein counterclockwiseorder. Let J # 3 J 8 ,

and
�

denotethelengthsof theline segmentsD ~�3d��� ,
and ��� , whereE is thepoint of intersectionof thedi-
agonalsof } , and � is thecenterof thecircle. Deter-
minetheleastupperboundof ��� v � �� overall such} for
which

�N�0q'
, anddescribeall cases,if any, in which it

is attained.

B–6 Let
A � # 3 � 8 3�7	7G7 � O C bea point chosenat randomfrom

the V -dimensionalregion definedby

'�< � # < � 8 <MGM	M < � O <q!�7 Let k bea continuousfunctionon l '43G!��
with k A !�C�0]' . Set

� � 0e' and
� O,� # 0�!

. Show that
theexpectedvalueof theRiemannsumO� ��� � A �

� � # - � � C k A � � � # C

is �
#
� k A K�C�� A K�C � K , where

�
is apolynomialof degreeV ,

independentof k , with

' t � A K�C t ! for

' t K t ! .


