TRUONG THPT CHUYEN PE THI PE XUAT
LUONG VAN TUY KI THI CHON HQC SINH GIOI KHU
VUC DUYEN HAI NAM 2023
MON: TOAN 11
Tho1t gian lam bai: 180 phut
(Dé thi gdom 05 bai trong 01 trang)

Bai 1 (4,0 diém). Cho ddy s6 (a,) xéc dinh béi O<a, =1 va a,, =a, +—,Vn>1.
a

n

Chimng minh rang lim(a, —n)=0.

Bai 2 (4,0 diém). Xac dinh tit ca cac da thire P(x) hé s thyc thoa man
2xP(x)+2yP(y)+2zP(z)=(x+y+z)[P(x—y)+ P(y—z)+ P(z—x)], (*)
voimoi x,y,zeR va x+ y+z =6xyz.

Bai 3 (4,0 diém). Cho tam gidc ABC nhon ndi tiép dudng tron (O) va céc duong cao
AD, BE, CF d6ng quy tai H. AO cit EF tai J.Pudng tron ngoai tiép tam giac
AJD cit (0) tai K khac 4. Goi M 1a trung diém BC.

a) V& duong kinh 4X cua duong tron (O), goi Y 1a hinh chiéu ctia H trén AM .
Chimg minh EF,HK va XY d6ng quy tai mot diém P.

b) Goi N latrung diém EF, O d6i xtng v6i P qua N. R 1a hinh chiéu cia H
trén AN . Trén PQ liy L sao cho HL 1 EF . Ching minh trung truc ctia HL
chia d6i BC.

Bai 4 (4,0 diém). Cho k 1a mot s6 nguyén duong va dat n=(2" 1. Ki hiéu o(n) la
téng cac udc nguyén duong cta 7. Ching minh ring a(n) c6 mot uGe nguyén td 16n
hon 2*.

Bai 5 (4,0 diém). Xét mot n —giac déu cing voi tim cua nd. Hai ngudi choi tro choi
nhu sau: ho 1an lugt chon mdt dinh cua da giac roi ndi v6i mot trong hai dinh ké hodc
nbi v6i tim cua hinh da giac d6 boi mot doan thang. Nguoi thang cude 1a nguoi choi ma
sau lugt choi cua anh ta thi ¢ bat ky dinh nao cua da giac déu c6 thé di chuyén dén moi

dinh con lai bang cac doan thang da ndi ¢ trén. V&1 moi n > 3, hay xac dinh xem ai la
nguoi co6 chién lugce thang cude.



TRUONG THPT CHUYEN HDC PE THI PE XUAT
LUONG VAN TUY KI THI CHON HQC SINH GIOI KHU VUC
DUYEN HAI NAM 2023
MON: TOAN 11
Thoi gian lam bai: 180 phut

(HDC gbm 08 trang)
Bai Huéng din pié
m
Cho diy s6 (a,) xdc dinh béi 0<a, %1 va a,, =a, +—,Vn>1. Chig minh
all
rang lim(a, —n)=0.
Ap dung bat dang thirc AM-GM ta c6 a, = a, + 1 >2 (do a, #1).
al
Ta co:
an+1—(n+1)=an+£—(n+1)=an—n+£—l 1,0
an ai’l
B a; —(n+1)a,+n B (a,—n)(a,-1)
- a}’l - a}’l .
(‘};0 Quy nap duoc a, >n,Vn=>2.
diém) —(n+1 _
Lai co: Zxt ( ): @y 1:1—L
a,—n a, a,
1,0
ea,,, —(n+1)=(a,-2) S (PRI I PEN )
a2 a3 an
{ i a, +—-1
Talaicod 1— T R G o (do an>n:>£<l).
an+l an+1 an+l an+l an
" 1,0
Suy ra H(l—ij<ﬂ.&...h:ﬂ. ’
i=2 a; a, a; 4, a,
a, a, , .
=a,,—-(n+1)<(a,-2).—L<(a,-2).= (vi @, >n).
a, n




=0<a,, —(n+1)<(a, -2). 2.
n

Ma lim™ =0 = lim(a, —2)2

n—»0 n n—»o0 n

=0.
1,0
Do d6 lim(a,,, —(n+1))=0 hay lim(a, —n)=0.

4,0
dieém)

Xac dinh tat ca cac da thire P(x) hé s6 thue théa min
2xP(x)+2yP(y)+2zP(z)=(x+ y+2)|[P(x—y)+ P(y —z)+ P(z—Xx)], (*)
voimoi x,y,zeR va x+ y+z=6xyz.

Thay y=-x,z=0 vao (*) ta co: xP(x)=xP(—x), VxeR.
Ma P(-0)= P(0), nén P(-x)=P(x), VxeR. Suyra P(x) chan.
Khi P(x)=c. Thay vao (*), tacd ¢ =0. Do d6 P(x)=0 la mot nghiém cua | 1,0

bai toan.

Khi degP=n>0,véin chan, dat

P(x)=ax"+a,_x"'+..+ax+a,, a,#0.

Thay yzi,z:x+L vao (*) ta co 1,0
3x 3x

(xz +l {P[x +Lj+ P[x—Lﬂ = lP(x) + sz(ij,Vx e R\ {0}
3 3x 3x 3 3x

Nhan hai vé vo1 x" ta duogc

x" (xz + lj P[x + Lj + P(x —Lj = lx”P(x) + x"+2P(L),Vx e R\ {0}
3) 3x 3x 3 3x 1,0

Bay gio ca hai vé 1a cac da thirc theo bién x va
degVT =2n,degVP =max{2n,n +2}.

Bay gid ca hai vé 13 cac da thuc theo bién x va

degVT =2n,degVP = max{2n,n +2}.

Néu deg P=n>4 thi degVP =2n.So sanh hé s6 cia x*" hai vé, ta dugc
23—nan zéan,(vé 1y) 1.0
Do d6 deg P =2. Dt P(x)=ax> +b(a#0). Thay vao (*)tacd b=a
Do d6 P(x)=ax’ +a(a #0).

Vay P(x) = ax® + a(ala hé sb thuc bat ky) 14 tat ca da thirc can tim.

Cho tam gisc ABC nhgn nji tiép duong tron (0) va cic duong cao AD, BE,
CF dong quy tai H. AO cat EF tai J. Puwong tron ngoai tiép tam giac
AJD cit (0) tai K khac A.Gei M 1a trung diém BC.

a) V€& duong kinh AX cua duwong tron (0) , 20i Y 13 hinh chiéu cia H




trén AM . Ching minh EF, HK va XY déng quy tai mot diém P.

b) Goi N la trung diém EF , Q d6ixing véi P qua N . R la hinh chiéu

cia H trén AN .Trén PQ lay L sao cho HL | EF . Chirng minh trung

trwe cia HL chia d6i BC.

(0]

K

L

a) V& duong kinh AX ciia dudng tron (0), goi ¥ 1a hinh chiéu cia
H trén AM .Ching minh EF, HK va XY déng quy tai mot diém P.

Goi G 1a giao diém thtr hai ctia (O) va XH. Khi d6 G thudc duong tron
(AH). Suy ra AG,EF,BC la c4c truc dang phuong cua céc cip dudng tron

. 0,5
(AH) va (O), (BC) va (AH), (O) va (BC). Do d6 AG,EF,BC dong
quy tai T.Dong thoi, theo két qua quen thudc thi M 13 trung diém HX .
Dé thady AO LEF nén J,D thujc duong tron duong kinh AT nén 05
ZAKT =90°. Piéu nay kéo theo 7, K, X thang hang. ’
Trong tam giac ATX , cac dudng cao AK,TJ,XG dong quy tai mot diém 0.5
1. ’
Suy ra
Y(IK,XT)=1(YK,XT)=1(YA,MT)=T(YA,MI)=T(HA,DE)=-1. Do
d6  néu  goi P=XYNEF va K'=PHNXY thi| 0,5

Y(IK',XT)=-1=Y(IK,XT), dan dén K=K', ta c6 diéu phai chimg

minh.

b) Goi N la trung diém EF, Q d6i xing v6i P qua N. R 1a hinh

4




chiéu cia H trén AN. Trén PQ liay L sao cho HL 1 EF . Chiing
minh trung truc cia HL chia doi BC

Ta théy R,Y,E,F nam trén duong tron duong kinh AH . Theo két qua

quen thudc thi AY 1a d6i trung ctia tam giac AEF , do do RY || EF . 0,5
Suy ra EFRY 1a hinh thang can, kéo theo R,Y d6i xtmg qua trung truc cia

EF 13 MN, dong thoi P,Q ciing ddi ximg qua MN . 0,5
Do HL V%l AX cing vudng goc EF , dong thoi H,X d6i xing qua M 0.5
nén HL doi ximg AX qua MN. ’ w ’
biéu nay dan dén, giao di€m cua NR va HL doi xing voi giao diém cua

AX va PY, tac L d6i xing véi X qua MN.Suyra MH=MX =ML.Tu| 0,5

d6 ta c6 diéu phai chirmg minh.

4. | Cho k 1a mjt s6 nguyén dwong va dit n = (2")!. Ki hi¢u o(n) 1a téng cc wéc
4,0 . .
di(ém) nguyén dwong cia n. Chirng minh rang a(n) c6 myt wéc nguyén to 16n hon
2k
Ta co
Ee) k
vz(n)=v2((2k)!)=ZL%J:2“ +2 12412201, 1,0
i=1
Do d6é n= 22k_1q , Vo1 g 1é. Suy ra
22k _126(22k_1)|0(22"—1)G(q):0(n)_ 1,()
Ma 27 +1]2 ~1nén 2* +1|o(n).
Goi p 1a mdt wdc nguyén t6 1é ciia 2% +1. Khi d6 p|2* —1. Do d6 néu
dit h=ord,(2) thi h|2", ddn dén h=2" v6i m<k. Néu m<k thi| 1,0
h|2" dodo —1=27" = 1(mod p). Dan dén p =2, mau thuan.
Do d6 h=2". Mit khac theo dinh li Fermat nho thi 2””' =1(mod p) thé Lo
nén 2" =h|p—1. Suyra p>2*. Tird6 ta co diéu phai chimg minh. ’
5. | Xeét mot n —giac déu cung véi tim cia no. Hai nguoi choi tro choi nhw sau: ho
(3,0 | 1an lugt chon m{t dinh cia da giac roi ndi véi mot trong hai dinh ké hodc noi
diém) | voi tam cta hinh da giac d6 béi mot doan thang. Ngwoi thiang cudc la nguwoi

choi ma sau lwot choi ciia anh ta thi ¢ bat ky dinh nao cia da giac déu c6 thé
di chuyén dén moi dinh con lai bang cac doan thang da noi & trén. Véi moi

n >3, hiy xdc dinh xem ai 13 nguoi ¢6 chién lwoc thing cudc.




Xét n chan.

TH1. Ngudi the nhat ndi dinh voi tim.

Nguoi thr hai ndi tAm vé6i dinh khac. Nhu vay, sau khi nguoi thir hai thuc
hién ludn c6 s6 1é dinh duoc két ndi. Do d6, ngudi thir nhat khong thé ndi
hai diém cudi cung. Khi d6, nguoi thtr hai chién thang.

TH2. Ngudi th nhat ndi hai dinh.

Ngudi thtr hai ndi mot doan thang d6i xing voi doan thang ngudi thir nhat
v€ qua tam. Sau mdi budc nhu vay co s6 diém duge ndi lai 1a sb 1é. Nguoti
thr hai tiép tuc thuc hién cac budce nhu thé dén khi nguoi thir nhat khong
thé di chuyén duoc nita.

Gia sir c6 mot luc nao d6 nguoi thur nhit c6 the chién thang néu nguoi thir
hai di trLrO’c Goi x 1a doan cudi cung dugc ndi boi nguoi thir nhat & bude
thar x va x* 1a doan d6i xtmg véi nd, z 1 doan ma ngudi thir nhat chién
thang néu nguoi thir hai v& x . Cha ¥ 1a néu x 1a doan di qua tam, khi d6
tuong tu truong hop 1.

Xét nhitng diém con lai truoc khi thuc hién bude x. Poan x ndi 2 diém
khac nhau 4 va B, doan x* ndi hai diém d6i xtng twong tmg khac 1a 4’
va B™. Xét O 1a tAm dudng tron.

Gia stt O 1a mét trong hai diém A hodc B, vand cling 1a 4". Diéu nay c6
nghia la 4= A" 1a d6i xtmg tAm va chira tim cta duong tron. Boi vy, sau
khi thuc hién bude x* s6 diém 1a 1 giébng nhu budc x. Do d6, budc z cd
thé khong chién thang.

Gia sir O khong thuéc 4 va B. Khi d6 co it nhat mot diém C, trong do6 co
tam duong tron. Pé thyc hién budc z chién thang, phai néi C véi mot
diém da co tir budc x va x’.

Sau khi thue hién cac budc x va x*, cac diém ndi lai khong bao gém tam,
B=A", A=B" vabudc x* khong lam giam sb diém. Vay nguoi thir hai co
thé chién théng béng viéc thuc hién budc z bao g@)m x.

1,0

Xét nlé. Ta chimg minh rang ngudi thu qhét c6 thé chién thépg néu néi
cac dinh tuy y v6i tdm dudng tron ¢ budc dau tién. Voi n =3 di€u nay hién
nhién.

Gia sir, voi n tir 3 dén 2k -1 thi dicu trén dung. Xét n=2k+1, danh so

cac dinh cua da giac theo chiéu kim dong ho: 4,, 4,, \Idots, 4,,,,. Nguoi

thtr nhat ndi A4, v6i tim O cua duong tron & bude dau tién clia minh. Xét
nguoi tht hai di dau tién:

e NG6i 2 dinh khac 4,. Gid st rang nguoi thit hai néi 4, véi A khi
2<i<k+1. Nguoi tha nhit ndi 4, v6i 4, khi d6 trd choi tro thanh
truong hop n=2k—1. Nghia 1a, cac dinh 4 ,, 4., 4
dinh dugc ndi tr 4, qua 4, tir 4,

i+2

.1» trong d6 c6 mot

qua AH, tir tdim qua A4, ngoai ra
c6 hai duong phu ndi tir tAm cua dudng tron khong dong bat cir vai tro
nao. Nguoi thir nhat s€ tao ra hai duong d6 néu nguoi thr hai cling lam

vay.

1,0




eNbi 4, voi dinh lién ké. Gia sir ring ngudi thir hai ndi 4, v6i 4,. Nguoi
thtt nhit néi A4, véi 4,,,, trod choi trér vé truong hop n =2k —1. Nghia 13,
cac dinh 4,,,,, A,, 4, c6 mot dinh (ndi tr O & bude thir nhét ciia nguoi
thl:I nhat) tuong tu tl"u’(‘mg hop trén. ,

eNO1 O v61 dinh lién ké cua 4,. Gia sit nguoi ther hai nd1 4, vé1 O.
Nguoi thir nhat ndi 4,,,, v6i O, trd choi tré vé truong hop n=2k 1.
Nghia 13, cac dinh 4,,,,, 4,, 4,, mot trong cac dinh do tuong tu tru(‘)‘ng
hop trudc. Diéu khac biét duy nhat & day bao gdm hai diém phu ndi t6i
O, diém A4, va A,,,, c6 hai duong phu ndi toi 4,.

eNGi O véi cac dinh khong lién ké voi A,. Khong mat tinh tong quét, gia
str nguoi thir hai ndi 4,, v6i O. Nguoi thir nhat ndi 4, véi O, sau d6 tro
choi tré vé truong hop n =2k —2i+1. Nghia 13, xét cac dinh & giita 4,
va 4,, c6 mot dinh nbi véi O & lan di chuyén dau tién ciia nguoi choi
dau tién. Néu nguoi choi thir hai v& mot doan thér,lg nam trong mot trong
cac mién sau OA4 A4, va OA.A,,, nguoi choi thir nhat s€ vé mot doan thang
dbi xing voi O4.. Co mot s6 chan budc phu khong dong bat cir vai tro gi,
do do tr6 choi giam tinh chinh xac voi sO luong it hon. ’

Trong moi truong hop, tro choi duge giam xudng twong dwong voi so it va

s0 1¢ dinh. Vay ngudi thir nhat ¢6 chién lugce chién thang véi moi so6 1€

nx3.
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