Chuong 1: ’ . )
AP DUNG HAM SO NGUQC
DE GIAI PHUONG TRINH

I. M6t s6 kién thirc chuan bi:
1. Pinh nghia ham s0 ngwoc:

Chohamsé6 f:D— D' (v6i D, D’ < D)
x[ y=f(x)
Néu f 12 song anh thi ton tai ham sb nguoc
ft:D'—- D
yl  x=f(y)

2. Céach tim ham s nguoc:
- Tim mién xac dinh D cta f néu dé bai chua cho.
- Tim mién gia tri D' cua f.
- Ching minh f: D = D' 12 mot song anh. Khi d6 f c6 ham s6 nguoc 1a
f-': D'= D
yl x=f"(y)
Trong thue hanh, dé tim ham sé nguoc ciia ham s f(x) ta giai phuong trinh y =

f(x) v6i an 14 x, ta duoc x = g(y), sau d6 d6i vai tro ctia x va y.
x-1

Vi du:[4] Tim ham nguoc cia ham sé f{(x) = s
X

Trude hét ta giai phuong trinh voi dn x lay = 1 voi x # -1.
X
: I+y
Tacoxy+ty=x-1 <:>X(1—y):y+1<:>X:E.
I+x

Nhu vy ham sé nguoc ctia ham sd di cho 1a 7! (x) = <
3. Tinh chat:
- Ham s6 g 1a ham nguoc cua f khi va chi khi f 1a ham nguoc cia g.
- Ham nguoc (néu ) ciia mot ham sd 1 duy nht.
- Ham nguoc 1a mgt don anh.
- Moi ham s6 don anh déu c6 ham nguoc. Moi ham s6 don diéu nghiém ngat
déu c6 ham sb nguoc.

4. Po thi ciia ham s6 ngwoc:
Néu ham s6 g(x) 1a ham ngugc cua ham so f(x) thi hai d6 thi cua hai ham s6 y = f(x)

vay = g(x) d6i xtmg nhau qua dudng phan giac ctia goc phan tu thi I va thi 1L

I1. N§i dung:



1. Vi du mé dau:|[5]
Gidi phuong trinh x° +1=232x-1 (1)
Giai:
Hau hét cac sach vé toan so cap déu gidi nhu sau
Piat J2x- 1=y e y +1=2x.
x’+1=2y (2)
Vay ta c6 hé phuong trinh ;
y +1=2x 3)

Lay (2) — (3) ta duge x* — y°*=2(y — X)
e xX-y)(xX*+xy+y*+2)=0

X =y
(=
X’ +xy+y’ +2 =0
X =y
2 2
< x+Z +3L+2:0
2 4
@X:y
Thay vao (2) ta dugc x> +1 =2x < (x— 1)(x*+x—-1)=0
x =1
| o145
X =
2
Vay phuong trinh da cho c6 3 nghiém: x =1, x:_lj\/g.

3
ANhin xét: (1) < al 2” =3/2x- 1 (4)

X +1

Dé thdy y = f(x) = vay =g(x) = 3J2x- 1 la 2 ham nguoc nhau, hay g(x) =
[ ®).Dodé (3) = ftx) = [ ().
Ta xét phuwong trinh dang nay.
2. Phwong trinh dang f(x) = ' (x) (*)
Tinh chit: Xét f{x) la ham dong bién, khi d6 phwong trinh
f) = ®efx) =x
Chung minh:
Piéu kién can:
Gia st x < f(x) =1 (x).
Vi f(x) dong bién = f(x) < f(f ' (x)) = x < f(x) (mAu thuin).
Giasux>f(x)= ' (x) = f(x) > f(f ' (x)) = x > f(x) (mau thuan).
Vay f(x) = x.




Piéu kién du:
Vi f(x) = x nén A(x,f(x)) thudc dudng thang (d) : y =x.
Do d6 diém d6i xting cua A qua duong thang (d) cling 1a A.
Suy ra A ciing thudc d6 thi him sé6 y = £ '(x) = f(x) ="' (x). [

Tré lai vi du mo dau, (4) c6 dang f(x) =f' (x), trong do f(x) = la ham déng
bién trén R.

3
Dodé (4) & flx)=x o X F1

=X

e x’-2x+1=0.

Vay voi nhitng ham f{x) dong bién cu thé thi ta sé dwoc nhitng phwong trinh cu thé
ma ta goi la phwong trinh chira hai ham nguoc nhau. Khi gap phuwong trinh nhu vay,
ta tim cdch bién doi vé dang trén.

Xét mdt s6 vi du sau:
Vidu 1: [1]

Giai phuong trinh (8cos’x + 1)° = 162cosx —27 (1)

Giai:
(2cosx)’ +1 3

(D)=

bat 2cosx =t,t € [ -2,2].

=3(2cosx)- 1 (2)

1 =33t-1 (3)

‘ ()
Phuong trinh (2) tré thanh . =3t -

3
Ham sd y = f(t) = o+

dong bién va c¢6 ham s6 nguoc lay = £7'(t) =3/3t- 1.

Dod6 (3) e f(t)=f'(t) véi f(t) dong bién
< ft)=t

2 +1
c} =

ot -3t+1=0

Vay (1) © (2cosx)’ — 3(2cosx) +1 =0
& 8cos’x — 6cosx +1 =0
= 2(4cos’x —3cosx) +1 =0
< 2cos3x +1 =0

< cos3x= - —
2

@3x=i2?n+k2n keZ)




@X21%+k2?n ke )

2 2
Vay phuong trinh ¢6 nghiém x = i?n + k?n keZ).
AR A . .
=i/3t- 1. Tu phuwong trinh

ANhén xét: O vi du trén, phwong trinh goc van la

nay ta thay t = 2cosx va bién doi sé dwoc phirong trinh ban dau.

& Tong qudt: Co thé tong quat lén dang (f(x))" + b = ailaf (x)- b (*¥), trong dé a
> 0, n la sé tw nhién 1é. ‘
baty =1(x),y € D’ (D’ 1a mién gid tri cua f(x)).

Khi do (*%) & L F0 —tfav- b
a

n

y" +b
a

n n
Xét g(y) = .Tacd g'(y) = gy“'l >0, 'yeD.

= g(y) dong bién trén D’.
Do d6 g(y) c6 ham s6 ngugc 1a g '(y) =tfay- b.
Vay (%) o y' +b

a

=y

eoy'—ay+b=0 4)
Tuy nhién, viéc gidi phuong trinh (4) 1a khong don gian. Nguoi ta thuong cho n = 3.

ANhin xét: O (*%), néu ta thay hang sé b bang mét biéu thirc theo x thi van gidi
duoc.
Vidu 2:[8]

Gidai phvong trinh sau ~ 7x° — 13x + 8 = 2x’ {/x(l +3x- 3x°) (1)

Giai:

Nhén xét rang phuong trinh trén chua c6 dang nhu trén, nhung c6 thé bién d6i dé
dua vé dang trén. ’

Ta thay x = 0 khong 1a nghiém cta phuong trinh. Chia hai vé phuong trinh cho x° ta

duogc : 7. %+§3=2,3f%+§- 3. (2
X X X X~ X

1 .
bat — =t, t € 0*. Khi d6 (2) duoc viét lai:
X

8t — 13t* + 7t = 23/t> +3t- 3
o Qt-1P - (F—t—1)=2322t- H+t*- t- 1 (3)
baty=2t—1,y # -1.




(3) duge vibt lai y* — (P —t—1)= 232y +t*- t- 1

3_ 2_ _
o 7 (tz U0 hyre- o1 @)

3 2
. - - t-1 \ s
Ham s6 f(y) = y-( 5 t- 1) la ham dong bién trén I\{-1} va c6 ham nguoc la

£ (y) =32y +t- t- 1.
Do dd (4) = f(y)=1f'(y)

e iy)=y
3 2
v - (- t- 1)
= =
5 y

8- 132 +3t+2=0
= (-1t -5t+2)=0
g-1=o
= 8t'- 5t- 2=0
L1
5+4/89

§= 16
& =1

Suyra € _ 16
uyra & _

g 5++/89

Thir lai ta thay ba nghiém nay thoa phuong trinh (1).

16
Vay phuong trinh c6 ba nghitmx=1; x= .
ay p g ghiem X X 5 i\/@

DD

(=4

O phé théng con ¢é hai ham ngwoc nhau ma ta thiwong gdp la ham mi va ham
logarit.
Vidu 3:[1]

Gidi phwong trinh sau  In(sinx + 1) =™ — 1. (1)

Giai:
biéu kién: sinx +1 >0 < sinx > — 1

< sinx # —1 @x¢-§+k2p (ki Z)

bat sinx=t, -1 <t<1.

Khi d6 (1) tro thanh  In(t+1) = ¢t —1 )

Ham f(t) = In(t+1) dong bién trén (=1,1] va c¢6 ham nguoc 1a £ '(t)=¢'—1.
Dod6 (2) = fit)=f'(t)




< ft) =t
< In(t+1) =t
& In(t+1) -t =0.
Xétham sé g(t) = In(t+1)— t, t€ (- 1,1]
-t

Taco o'(t) = ——- 1=——
acog(V="77 t+1
BBT

T 1 0 1

2 (0) n 0 -

¢ 0
g(t) —
A\

Theo BBT ta suy ra phuong trinh c6 nghiém duy nhatlat=0 € (- 1,1].
Dodé (1) e sinx=0 < x=kn, (k€Z).
Vay phuong trinh ¢6 nghiém x =kn, (k € Z).

ANhdn xét: O vi du nay ta dp dung phwong trinh (*) cho f{t) = In(t+1) la ham dong
bién trén tdp xac dinh cua no. Nhung phuwong trinh kho hon mét ti vi da thuc hién
phép déi bién la t = sinx.

Vi du 4:[5]

Gidi phwong trinh sau: 7" ' =6log,(6x- 5)+1 (1)

Giai:
5
PK:6x-5>0e x> g

baty=x-1,y> p . Khi @6 (1) tré thanh 7° = 6log.(6y +1) +1

7 -1

o loogoy+) @
Yo \ s 1 g -1
Ham f(y) = la ham déng bién trén §6’+¥ é va ¢6 ham nguogc 1a f (y)=
log.(6y +1).
Do do (2) = fly)=1f'(y) & fly)=y
7 -1 751
= ‘ =y © =x-1

o 77 6x+5=0.



NlLIO:

Xétham s g(x)=7"'- 6x+5, x € §,+¥
Tacog’(x)=7""In7- 6
g’x)=7"In"7>0 VxE §,+¥

RLIO: QLLIO:

Suy ra g’(x) 1a ham dong bién trén g, +¥

[ BNTeH

Theo dinh 1y Rolle phuong trinh g(x) = 0 c6 khong qua 2 nghi¢m trén g, +¥

Mit khéc dé thdy x = 1 va x = 2 1 hai nghiém cua g(x).
Vay phuong trinh c6 2 nghi¢ém x =1 va x = 2.

ANhdn xét: O vi du nay ta con dp dung thém dinh Ii Rolle dé gidi. Ta sé xét phwong
phdp nay o chuong sau!
aTong quat: TAt ca phwong trinh & cac vi du trén déu cé dang
g(f(x)) +b =ag '(af(x)- b)
trong d6 g 1a ham ddng bién trén tap xac dinh ciia n6, a > 0.
3.Chuy:

Tat ca nhimg phuong trinh trén déu c6 cach giai khac ma khong can ding tinh
chét ctia ham sé nguoc.

Va phuong phap dung tinh chat cia ham sb nguoc nay c6 han ché 1a khong ap
dung dugc cho nhitng phuong trinh dang (f(x))" + b = a{/af(x) - b véi n chan.

Vi du:[5]
Giai phuong trinh x° - Jx+5=35 (1)
Giai:
Cach 1:
bK: x>-5

() x*- 5=4x+5

bat yx+5=t,t>0.

- x=5 (2

x*- t=5  (3)

Liy(2)—(3)= —x>—x+t=0
< (,t—x)(t+x+1)=0

=X

Khi d6 ta co hé

(=4
=-x-1

DD




Ix3 0 ¥x3 0 /
+THI t=x= S B ®x=1+ 21
VX +5=x X' - x-5=0 2
Ix+1£0 - 1- </
+TH2 t= x—-1=¢ , < x=—1 17-
x +x- 4=0 2

Thir lai ta thdy 2 nghiém nay thoa phuong trinh.

14321 - 1- 17
; LI Ly

Vay phuong trinh da cho ¢6 2 nghiém la x =

2
Cach 2:
g J5
@5£x£ J5
(1) ox+5=K"-5" eox+5=x"-2x25+5
5 -2x+1D)5+x'-x=0 4)
biat 5 = t. Khi d6 (4) duoc viét lai * — 2x* + Dt +x* —x=0
e_1+\/—
g=t=xz- X g(_
= o €
§=t=x"+x+1 g{_- 1+\/_
So véi diéu kién ta duge x = +;/i va x-#lé hai nghiém cua phuong

trinh da cho.
Cach 2 da thay doi vai tro cua hang so va an. Do do cach nay goi la phwong phdp
hang so bién thién. Pady la mot phuwong phap doc ddo va thu vi.

I11. Bai tap dé nghi:
Giai cac phuong trinh sau:
1. [8]4x>+7x +1=2/x+2.
2.x° +3x%-333x +5 =1 — 3x (d8 thi Olympic 30-4, l4n thir 15-2009).
3.1 +(3-a)a=333x+(a’- 3)a véia€ (-2,2).
4. [5]/ax +b =c(dx +e)’ +ax +b trongddd=ac+a,e=bc+ b.
5. [5]s*"*=clog(dx +e)+ ax+Db trongddd=ac+a,e=bc+ b, s>1.

Chuong 2:
AP DUNG DINH LY LAGRANGE VA DINH LY ROLLE

8



DE GIAI PHUONG TRINH

I. Mot s6 kién thire chuan bi:
1. Dinh ly Lagrange: ‘
Cho ham s0 f(x) xac dinh lién tuc trén [a,b], kha vi trén (a,b). Khi d6 ton tai ¢ € (a,b)

f(b)- f
sao cho f’(c) = M.
b- a
2.'Y nghia hinh hoc cua dinh ly:
A s ,
Cho mét cung ndi hai di€ém A, B c6 tinh chat:
f(b) - Cung lién tur A dén B.

- Cung tron (c6 tiép tuyen) tai moi diém trén cung trir tai
A, B thi ton tai mot diém M trén cung khac A, B sao cho

f(a) tiép tuyén tai M voi cung AB song song véi AB.

O

3. Mot s6 hé qua:
Heé qua 1: (Pinh ly Rolle)
Cho ham sd f(x) xac dinh, lién tuc trén [a,b], kha vi trén (a,b) va f(a) = f(b).
Thé thi tdn tai ¢ € (a,b) sao cho f'(c) = 0.
Hé qua 2: Cho ham f(x) lién tyuc trén [a,b] va c6 dao ham trén (a,b). Néu phuong
trinh £(x) = 0 c6 n nghiém trén (a,b) thi phuong trinh f(x) = 0 c6 khong quéa (n+1)
nghiém trong khoang do.

I1. NOi dung:
1. Ung dung dinh 1y Lagrange chirng minh sw ton tai nghiém ciia
phwong trinh:
a. Phuong phap chung:
N X Cox f(b)- f(a)
Tu dinh ly Lagrange, néu f(a) = f(b) thi ton tai ¢ € (a,b) sao cho f’(¢c) = BV

=0 < f'(x) = 0 co nghiém thudc (a,b). ‘

Nhu vay, dé ching minh phuong trinh f(x) = 0 c6 nghiém trong (a,b) bang cach st
dung dinh ly Lagrange di€u quan trong nhat la nhan ra dugc nguyén ham cua f(x). Cu
thé ta thyc hién theo cac budce sau:

Budoc 1: Xdc dinh ham so F(x) kha vi lién tuc trén [a,b] va thoa man

i. F'(x) = f{x), tirc la F(x) = O.f(x)dx.
ii. F(b) — F(a) = 0.



F(b)- F(a)
b- a '

Buée 2: Khi d6 ton tai xy € (a,b) sao cho F'(x,)=

< f{xg) = 0.
< phuong trinh f(x) = 0 c6 nghiém xo € (a,b).
b. Mt s6 vi du:
Vi du 1:]2]

b .
Gia sw %+§ +c=0. Chitng minh rang phuong trinh a2” + b2* + ¢ = 0 (1) luén

co nghiém.

Giai:
Dat 2*=t, t> 0. Ta duoc at*+ bt +c = 0.

. | |
Xét ham so F(t) = ga‘[3 + Eb‘t2 + ct kha vi va lién tuc trén (0,+o0) va thoéa man
i) F’(t) = at*+ bt +¢
b
iDHD—H®=%+§+c=Q

F(l)- F(0)
-0

Khi d6 ton tai t, € (0,1) sao cho F’(t) = 0

<:>a'[02“‘bto‘|‘C:O
< phuong trinh at*+ bt + ¢ = 0 ¢6 nghiém t, € (0,1).
Vit € (0,1) ta cé 2* =ty = x = logyto. Tlrc 1a phuong trinh (1) ludn c6 nghi¢m.

Vi du 2:[2]
b .
Gia suw 20(103 + 2002 + 20001 =0. Chirng minh rang phuong trinh alg’x + blgx + c
=0 (1) luon co nghiém.
Giai:
bK: x> 0.

bit 1gx = t, ta dugc at*+ bt + ¢ = 0.
i at2003 bt2002 Ct2001
Xét ham so F(t) = + + kha vi va lién tuc trén R, théa man
2003 2002 2001

i) F)(t) — at2002+ thOOI + Ct2000 — t2000(at2+ bt +C).

a b c
ii) F(1) — F(0) = + =
W =FO = 7503 72002 T 2001
. F(1)- F(0
Khi dé ton tai to € (0,1) sao cho F’(to) = (1—0() =0

= t02000(8t02 + bto + C) =0
e at’ +bto+c=0
Do d6 phuong trinh at* +bt +¢ = 0 ¢6 nghiém t, € (0,1).

10




Voito € (0,1)tacdlgx=to=x=10".
Viéy phuong trinh (1) lu6n c¢6 nghiém.
ATong quat: Qua 2 vi du trén, ta c6 thé gidi bai todn tong qudt sau:
iz on A b _ . Lo . 2
Gia su 12 + 1 m 0. Chirng minh riang phwong trinh a(f(x))* +
bf(x) + ¢ = 0 ludn cé nghiém trong mién xac dinh cia f(x)”
Céch giai cling tuong tu nhu trén.
Vi du 3:

Chitng 16 rang véi a + 3b = 27 thi phwong trinh 2(6x — b)\Jx +1 = a (1) luén 6 it
nhdt mét nghiém.

Giai:

bK: x > -1.

* a=0, b=9 thi phuong trinh (1) ludn c6 it nhit mot nghiém x = -1.
* a# 0 = x = -1 khong phai nghiém cua (1).

a
Do d6 (1) & -6x + b + ——=0.
0do (1) = -6x 2Jx +1

Xét ham s F(x) = ay/x +1- 3x* +bx lién tuc, kha vi trén [0,+ o).

a
TaCéF’(X)Zﬁm -6x+b. VaF(3)-F0)=a+3b-27=0.

a
Khi d6 $x0 € [0,3] sao cho F’(x) =0 < 1 6x0+b=0.
0

2
Ttrc 1a (1) ludén c6 nghiém x, € [0,3].

Vay phuong trinh luén c6 nghiém.

Vi du 4:

Chitng 16 rang véi a + b - ¢ = 0 thi phwong trinh
a3x + 1 4 3b\x = 4cxJx(3x + 1) (1)

luon co nghiém thuoc (0,1).

Giai:

bK:x > 0.

Truong hgp a=0, b =c thi (1) ¢c6 nghiém la x = 0.

Truong hop a # 0 hodc b # ¢ : x = 0 khong 1a nghiém cua (1).

Khi dé6 (1 a + 3b 2cx =0
o - =
o) = T B
Xét F(x) = avx +by/3x +1- ¢x’ lién tuc, kha vi trén (0,1), va F(1) - F(0)=a+b—c
=0.
Theo dinh l}’f Rolle, ton tai xo € (0,1) sao cho F’(x0) = 0
3b - 2¢x,=0

2\/7 2.3x, +

11




Ttrc 1a phuong trinh (1) luoén ¢6 nghi¢m thuoc (0,1).
Vi du 5:[3]

Cho ay, ay, ... ,a, €l thoa

—ata+22+S 24+ % o
2 3 n+l 3 4 nt

Chitng minh rang phieong trinh a, + 2ax +3ax’ + ... + nax™ = 0 (*) ¢é it nhat 1
nghiém thuoc (0,2).

Giai:

1 1 1
Xét ham sb flx)=axt+—-ax’+-ax +..+ a x"",
2 3 n+1

Ta co: + f(x) kha vi cdp 2 trén R
+1(0)=0

a
i) =apt 2Ly 4 I g
() =a0t -+ n+1

+f(2)—a2+ 2+ 2+ 32V + ..+ n2“+1
2 3 4 n+1

—o(a, e + 224824 45 oy
3 4 n+1
Theo dinh 1y Rolle, $¢i € (0,1), ¢c2 € (1,2) sao cho £(c;) = °(¢2) = 0.
Khi d6 lai theo dinh 1y Rolle, $¢; € (c1,¢2) sao cho £°(¢c3) = 0.
= a; + 2a,¢; T3a3¢3° + ... + na,c,” = 0.
Hay phuong trinh a; + 2a,x +3a;x> + ... + na,x"" = 0 ¢ nghiém c; € (c1,¢c2) < (0,2).
Vay (*) c6 it nhat mot nghiém thudc (0,2).
Nhdn xét:

Qua cac vi du 3,4,5 ta thdy viéc van dung dinh ly Lagrange khong phai luc nao
cling tién hanh truc tiép, ma phai qua cac phép bién d6i sao cho phu hop, va ta van
dung dinh 1y Lagrange hay hé qua cta né (dinh 1y Rolle) 1a tiiy thudc vao su bién doi
do.

Pé két thuc noi dung nay, ta xét 2 vi du sau:
Vidu 6:]6]

Phuwong trinh x* = 100°™ c6 bao nhiéu nghiém trén (2r,3r).

Giai:
V6i x> 0tacox*= 100" & x = 10°™ < Igx = sinx.
Xeét ham so f(x) = 1gx — sinx v&i 2n < x <3n

Tacod f°(x) = 10

£(x) =0 < xcosxInl0 = 1.
Xét ham s6 g(x) = xcosx, X € (2m,3m).
Ta c6 g’(X) = cosx — Xsinx.

- COSX.

12




. ) 3
Phuong trinh g’(x) = 0 c6 duy nhat nghiém x, € (2n,3m) va ta c6 2p <X, <7p (vi

&
g(2m). g%é <0).

Ham sb g(x) dong bién trén (27,x,) va nghich bién trén (xo, 37).

Hon nita ta c6 g(2n) =2n> ——
In10

g(3p) =-3p < 0 nén phuong trinh f'(x) = 0 c6 ding 1 nghiém trén (
2p,3p).
Theo dinh 1y Rolle suy ra f(x) c¢6 khong qua 2 nghiém trén (2P,3P).

. pQ pQ
Mit khac, ta co f(2p) = 1g(2p) > 0, f%; 1g§2%. 1<0,f(3p)=1g(3p) > 0.

5p¢
Suy ra phuong trinh f(x) = 0 c6 dung 1 nghi¢m thudc ?p,%oé:va ding 1 nghiém

\ gp C
,3P=.
thudc > pe

Vay phuong trinh da cho c6 dung 2 nghi¢m thudc (27,37).
Vidu 7:[3]

Cho p(x) la da thirc bic n (n\ [) véi hé so thuc. Biét rang p(x) khéng cé nghiém
thwe. Chitng minh rang da thirc
qx) =pix) +tap’(x) +a’p’’(x) + ... +a'p™(x)véial 7, nl 7
ciing khong co nghiém thuec.

Giai:
* V&1 a = 0: hién nhién.
*Vora#0:

Do p(x) 1a da thirc bac n (n ! 0) voi hé s6 thuc va p(x) khong c6 nghiém thyc nén n
chan. Suy ra q(x) la da thirc bac chﬁq véi hé sd thuc.
Gia str q(x) cé nghiém thyc lam | R = q(x) = (x — m)r(x), v6i r(x) 1a da thirc bac
1é v6i hé s6 thyc. )
= r(x) cé nghiém thuc lat | R = q(x) ¢6 2 nghiém thyc la m va t.
* Néum =t = q(x) = (x — m)>.h(x), voi h(x) 1a da thirc bac n — 2.
Taco q’(x)=2(x—m)h(x) + (x — m)*h’(x).
Khi d6 q’(x) co nghiémx =m | R = q(x) —aq’(x) ¢6 nghiém x = m.
Mit khéc q(x) — aq’(x) = (p(x) + ap’(x) + a'p”(x) + % + a’p™'(x)) - a

(p'(x) + ap"(x) + ¥4 + a"'p™(x)) = p(x).
Suy ra p(x) c6 nghiém x =m | R, tri v&i gia thiét.
*Néum<t Doa* 0néntaxétham sb g(x) = aq(x) eg thi g(x) lién tuc trén [m,t]
va g(m) = g(t) = 0.
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Theo dinh 1y Rolle, $c| (m,t)saochog'(c)=0.

Mit khac g°(x) = [aq’(x) — q(X)] g+ = - P(X). ¢

Do vay — p(c). e§ =0 « p(c) =0 hay c la nghiém cua p(x), trai gia thiét.
Vay q(x), khong c6 nghiém thyec.
* Mot s0 két qua thu dwgre tir bai toan:

+ Tir tinh lién tuc ciia p(x) va q(x), ta c¢é néu p(x) vo nghiém trén [ thi p(x) giir
nguyén mot ddu trén [ = q(x) ciing giir nguyen mét ddu trén [l

Mt khac lim p(x)= lzm 9(X). Do dé néu p(x) > 0 thi g(x) > 0 va p(x) < 0 thi

x®x¥
q(x) < 0. )

+ Vi gid thiét p(x) > 0 "x| [, cho a =1, ta phdi chitng minh p(x) + p’(x) + p’’(x)
+ . +pPx)>0"x1 [

+ Cho p(x) =x" + ax’ + bix’ + cix + d, véi a, by, ¢, d; thuge [l Khi do néu p(x) >

0, "x1 Jthi F(x) = p(x) +p'(x) + p"'(x) +p"""(x) + p?(x) > 0 "x1| 1]

Trén day la mot so bai toan van dung dinh ly Lagrange dé chtrng minh sy ton tai
nghiém cia phuong trinh. Ta nhan thdy ring viéc van dung dinh 1y Lagrange co
nhirng vu thé nhét dinh trong vin dé chimg minh ton tai nghiém, c6 nghiém duy nhat,
udc luong s6 nghiém cia phuong trinh. Pidu ndy vo cling quan trong trong viéc giai
phuong trinh ma chung toi dé cap sau day.

2. Ung dung dinh ly Lagrange giii phwong trinh mi — logarit:

Phuong trinh mii va phuong trinh logarit 1a 2 loai phuong trinh quan trong va
kho, thuong xuit hién trong cdc ki thi tuyén sinh, dudi ddy chung toi s& gidi thiéu dén
cac ban 1 cong cy twong ddi hiéu qua dé giai bai toan phuong trinh mil va phuong
trinh logarit, d6 1a sir dung dinh 1y Lagrange va dinh ly Rolle.

Vi du 1:[3]

Cho 3 56 thuc dwong a, b, ¢, b > a va f{x) la ham s6 xdc dinh trén R. Chitng minh
rang nghiém ciia phwong trinh
(@+ ) + bW =g + (h+ ) (I
néu c6 ciing la nghiém ciia phwong trinh f{x) = 0 hodc f(x) = 1.

Giai:
Gia st xo la mot nghiém cua phuong trinh (1), nghia la
(a +c )f(xO) bf(xo) — af(xo) +(b +c )f(xO)
( +C) f(xg) _ af(xo) =(b+c)f(Xo _ bf(xo)
Xét ham sb g(t) = (t+¢)' - t' ¢ 1 [a,b],
Ta co6 g(t) lién tuc trén [a,b] va kha vi trén (a,b), g(a) = g(b).
Theo dinh 1y Rolle, ton tai m | (a,b) sao cho g’(m) =0
& f(x,)((m+c)™" "= m™"") =,
Q(Xo) 0 e‘(X )= i
gm+c)f(x(,) om0l = g( 0) =1 ( pCm).

14




Vi du 2:

Gidi phwong trinh: a* +b*=(a+b—2)x +2,véia, b1 ¥ (1)

Giai:
Taco a*+b*=(a+b-2)x+2 ®a*+b*-(a+b-2)x—-2=0.
Xét ham s f(x) =a*+b* - (a+ b —2)x — 2 lién tyc, kha vi trén R.
Taco f(x) =a'lna+blnb—-(a+b-2)
’(x)=a‘lna+bln’b>0 "xI R
Theo dinh 1y Rolle, phuong trinh f(x) = 0 c¢6 khong qué 2 nghiém.
D& thay x = 0, x = 1 1a hai nghiém ctia phuong trinh.
Vay (1) c6 2 nghiémlax=0vax=1.
ATong quat: Ta cé phiong trinh sau:
S r(x) — .2 : —
a ¢, éjai n%v+n, a,>0,i=1,n,

i=1

Viéc giai phuwong trinh trén hoan toan twong tu nhuw cdc vi du trén.

Vi du 3:

+b6 ~ *
Giai phuong trinh  a* + b* = 2%; ,voia, bl ¥

Giai:

5 5 5
Ta co a"+b"=2?b: cg 2b =-2=0
+bﬂ' +bo

(5 6
Xét ham s6 f(x) = §2a 2b =- 2 lién tuc, kha vi trén R.
+bF
Taco £(x) = gZa =1 g
+bd a+b +bﬁ' a+b
P’(X)=§2a Q) 2 Q. >0, "xI R.
+bﬁ' a+b +bd  a+

Theo dinh ly Rolle phuong trinh f(x) = 0 c6 khong qué 2 nghiém.
Dé thay x = 0 va x = 1 13 2 nghiém ctia phuong trinh.
Vay phuong trinh da cho c6 2 nghiémlax=0vax=1.

ATong quat: 7ir vi du trén ta c6 dang tong qudt sau:

e (x)

Q
_

~.
|
~

, a,>0,i=1,n.

STRNERRNNTSH

Vi du 4:

Gidi phuwong trinha* +b*=c"+d* voia+b=c+d a b, c, d>0.
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Giai:
Vi a +b = ¢ + d nén khong mat tinh tong quat, ta gia sira>c vad>b.
fa=c+m
Khid6 a—c=d-b=m>0«
d=b+m
Tacoa*+b*=c*+d" @a*"—c*=d"-b* @ (c+m)*—c*=(b+m)* —b"
Piéu kién can:
Gia st y 1a nghiém cua phuong trinh =(c + m)” — ¢’ = (b + m)* — b”".
Xétham s f(t) =(t+m ) —t',t = 1.
Khi d6 f(t) lién tuc trén [1,+% ), kha vi trén (1, +¥ ).
Do y 1a nghiém ctia phuong trinh nén ta c6 f(c) = f(b). Gia stt b > c.
Theo dinh 1y Rolle, ton tai xo | (b,c) sao cho f(x¢) =0
=( Xy = 0
Sylxotm)y ! —x"]=0e gxo +m)" - x, =0 §=1
Piéu kién du:
D& thdy x = 0, x = 1 14 2 nghiém ctia phwong trinh di cho.
Vay phuong trinh da cho c6 2 nghiémlax=0vax=1.

Vi du 5:[2]

Gidi phuong trinh (1 +x)(2 + 4°) = 3.4

Giai:
X

3.4
Taco (1 +x)(2+4Y)=34" o
aco( x)( ) >+ 4

—- X- 1=0

. 3.4
Xét ham so6 f(x) = YT x - 1lién tuc va kha vi trén R.
Taco P = Sy p6)= 0 o 6.nd.dr = 2+ 4
= Q- =0 6.ln4.4*= .
aco (X) (2 +4x)2 9 (X) n ( )

Day 1a phuong trinh bac 2 dbi véi an 4* nén c6 khong qua 2 nghiém. Do d6 theo hé

qua 2, phuong trinh f(x) = 0 c6 khong qué 3 nghiém.

x s 1
Mait khéc, dé thay x =0, x = 5 x = 1 1a 3 nghiém cua phuong trinh f(x) = 0.

1
Vay phuong trinh da cho c6 3 nghiém lax =0, x = 5 vax=1.

& Tong qudt: Ta co thé tong qudt vi du trén lén bai todn sau:

1
“Cho a,b,c,d | Dthéaa(+1)=d, (a+1)(b+c)=dc, (a+ E)(b +Jc)=d+c.

Giai phwong trinh sau (a + f(x))(b + ¢'™) = d.c™~,
Vi du 6:[2]

Giai phuong trinh log:(x + 1) + log;(2x + 1) —2x = 0.
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Giai:

\

DK']X+1>O 0 x>- 1
12x+1>0 2
, 1 ¢
Xeét ham s6 f(x) = loga(x + 1) +logs(2x + 1) — 2x lién tuc va kha vi trén §5,+¥ é
, 2
Taed £0)=  yhm2 T 2x+1)n3
’ -1 4 . 1
0= A ) m2 ax40ms - X775

Theo dinh ly Rolle thi f(x) c6 khong qua 2 nghiém
Dé thay rang x =0 va x = 1 1a 2 nghiém cua f(x).
Vay phuong trinh da cho c6 2 nghiémlax=0vax=1.
2Tong qudt: Vi dy trén co thé tong quat lén nhur sau:
3 .
“ Giai phwong trinh @ log  (ix+1)=nx"
i=1

Cdch giai twong tu nhuw vi du trén.
Vidu 7:[3]

Giai phuong trinh 3* +37 =0" 4 4*

Giai:

DPiéu kién can:

Gia str y 12 nghiém ctia phuong trinh d3 cho =3¥ - 2V =4 - 37,
Xét ham sé f(t) = (t +1)" - t' véit> 1.

Ta c6 f(t) lién tuc, kha vi trén [1,+¥ )

Do y la nghiém cua phuong trinh nén f(2) = f(3).

Theo dinh 1y Rolle, ton tai ¢ | (2,3) sao cho £(c) =0

o yg(c +1)7 - cy'l\H:O
g=0
c> 2
St =c ()
Ta giai (*):

Véiy>1,tacd y(c+1) '>(c+1) '>c >
O<y<l,tacé y(c+1)'<(c+1)'<c ' <!
0=y, taco y(c+1)y2‘l =0<c”!
l=y, taco y(c+1) '=1=¢""

Vay chi co y = 1 thoa (*)
Dieu kién du:
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D& thdy x = 0 va x = 1 14 2 nghiém ctia phuong trinh da cho.
Vay phuong trinh da cho c6 2 nghiémlax=0vax=1.

ATéng quit:

“Gidi phwong trinh q” " + b’ =’ 44" véi a + b = c + d va f(x) la ham
s6 xdc dinh trén R”

Két hop vi du 4 va vi du trén sé& giai dugc bai toan nay.

Vi du 8:[2]
Giai phuwong trinh 3* =1 +x + logs(1 + 2x) (1)
Giai:
DbK: x> - l .
2
(1)e 3*+x=1+2x+1logy(1+2x) (2)

Xét ham sb f(t) =t + logst, t > 0 13 ham ddng bién.
Khi d6 (2) duoc viét lai f(3*) = f(2x + 1)
©3=2x+1 ©3-2x-1=0 (3)
Giai (3):
Cdach 1: Ap dung bat dang thirc Bernulli, d& dang suy ra phuong trinh c¢6 2 nghiém
lax=0vax=1.

,+¥

A.LIO:

. 1
Cdch 2: Xét ham s0 g(x) = 3* - 2x — 1 1a ham lién tuc va kha vi trén g 5

-2 o
Mitkhic g'(x)=3"In3-2, g”’(x)=3"1n3>0 "x| §§,+¥ 3

1 C
Theo dinh 1y Rolle suy ra g(x) c6 khong qua 2 nghiém trén g 5 +¥ é

Nhan thay rang x = 0, x = 1 14 2 nghiém ctia g(x).
Vay phuong trinh da cho c6 2 nghiémlax=0vax=1.

* Nhdn xét:

Vi du trén c6 thé gidi bang cdch dp dung tinh chdt cia ham sé nguoc (dd dwoc trinh
bay & chiong triedc). Thong qua viéc gidi vi du trén, ta cé thé gidi phwong trinh tong
quat sau:

s"* =clog(dx +e)+ ax+b trongdod=ac+a,e=bc+ b.

I11. Bai tap dé nghi:
1.12]
b ‘
Gid sir % + +¢ =0.Chiing minh ring phuong trinh

alogy’x +b.logx +¢=0
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ludn ¢6 nghiém thudc khoang (1,2).
2.[3]

Cho ab,c | R,n | 0"sao cho ¢ = -

3a.sin"x + 2b.cos"x + c.cosx = 0 c6 nghiém thudc

3.[6]

6(3a +2b)
5(n+2) °

Chung minh rang phuong trinh

Tén tai hay khong céc sb thuc a,b,c dé phuong trinh sau ¢6 4 nghiém thyc phan biét:

5 1
X+ — =aeX+be*+cef——e™
6 4

4.12]
Giai cac phuong trinh
a. 2V 4127 =27
b. 2x2+1 — 3)(2 +1
5.12]
Giai cac phuong trinh sau:
a. 2009°™ —2008°™ = sinx
b. (1 + sinx)(2 + 45™) = 3 45i™
6.[2]
Giai phuong trinh x = 27'
7.12]
Giai phuong trinh 3*"' — 2x.3* =3,
8.12]
Giai phuong trinh :
-1
a. 3 1+2) - %n(n +1)x- n=0,

i=0

b g 1 nx n=0
=i+t n+l
9.[6]
Giai phuong trinh:

a. logx(cosx + 1) =2cosx.

b. logy[3log,(3x—1)—-1]=x.

c. 2009*+ 2007 =4014x + 2.
10.]3]

Giai phuong trinh 10gnos(2003%5™ + 41050 - 4) = 57(3(2003% 440X 5) )

11.
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Giai phuong trinh 2t 4 pf®) =) 4 47 véia+b=c + d va f(x) la ham sb

xac dinh trén [.
12.
Giai phuong trinh (a + f(x))(b + ¢™) = d.c™.

Chuong 3: i L ) i )
MOT SO UNG DUNG KHAC CUA PINH LY

LAGRANGE VA ROLLE

Trong chwong nay, ching t6i s& gidi thiéu so qua véi cac ban mot sd tng dung khac
cua dinh ly Lagrange va dinh 1y Rolle.

I. Ung dung gii bat phwong trinh:
Phuong phap:
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Trudc hét ta tim nghiém ciia fix) = 0 trén D. Qud trinh tim nghiém ndy cé thé vin
dung dinh ly Lagrange va hé qua cua dinh [y.

Gia sw nghiém cua phuwong trinh f(x) = 0 trén D la x,, x,, ..., X, (nE€L) va gia st x; <
X2 < ... < Xn. Duwa vao tinh lién tuc cia f(x) trén D dé suy ra ddu ciia f{x) trén khodng,
doan, nita khoang, mira doan ma f(x) khong co nghi¢m. Bang cdch kiém tra ddu cia
f(x) tai diém cu thé nao dé trong khodang, doan, nira khoang, nwa doan ké trén. Néu
tai mot diém ma f{x) c¢é dau dwong (hay am) thi trén toan bo khoang, doan, nira
khodng, nira doan tirong vmg f(x) cé dau la dcong (hay ém).

Vidu:

Gidi bdt phwong trinh 3* + 5 < 6x + 2 (1)

Giai:

(1H)e 3F+5-6x-2<0.
Xét ham sd fi(x) = 3* + 5 — 6x — 2 v6i x€ [,
Taco £(x) =3"In3 +5In5-6

°(x) =3 In*3 + 5*In*°5>0 Vx €L
Suy ra f’(x) dong bién trén L.
Theo dinh 1y Rolle, phuong trinh f(x) = 0 c6 khong qua 2 nghiém.
D@ thay x = 0 va x = 1 13 2 nghiém ctia phuong trinh f(x) = 0.
Vay phuong trinh f(x) =0 c6 2 nghifm lax=0vax = 1.
Mat khac, f(x) lién tyc trén [ = f(x) lién tuc trén (-0,0), (0,1), (1, +o0).
Va trén mdi khoang nay f(x) gilt nguyén 1 diu.

68
Talaico f(-1)= In >0

f3) = V3 +45- 5 <0

f(2)=20>0.
Ta c6 bang xét dau:
X | -00 0 1 +o0
f(x) | + 0 - 0 +

Két luan: Nghiém cta (1) 1a Vx € (0,1).

Nhdn xét: Qua vi du trén, ta thdy rang viéc giai bat phwong trinh bang viéc sir dung
dinh 1y Lagrange va hé qua cua né ciing lién quan mat thiét dén viéc giai phuong
trinh bang phuong phap nay. Nhu vay chi viéc thay d6i dau “=" bang dau “>, <, >,
<7, ta s& c6 dugc nhitng bai toan giai bat phuwong trinh va nguoc lai.
II. Ung dung giai h¢ phuong trinh:

Lop bai toan nay xut phét tir bo dé sau:

“Cho ham sé f{(x) xdc dinh, lién tuc trén [a,b], kha vi trén (a,b) va f'(x) #0 Vx €
(a,b). Khi d6 néu fix) = f(y) véix, y € [a,b] thix =y

Phuong phap:
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F(x,y)=0
G(x,y)=0

Gid sit bang cdc phép bién doi twong dwong hay bién doi hé qud, ta dan t6i 1
phuong trinh nao do co dang f(x) = f(v), trong do f(x) la mot ham so xdc dinh, lién
tuc trén [a,b], kha vi trén (a,b) va thoa man f’(t) #0 Yt € (a,b). Khi do theo bo dé
trén ta suy ra x = y.

Gid s ta can gidi hé { (1), trong do x,y € D c /]

F(x,y)=0
Do vay (I) & 1G(x,y) =0 (II) thi viéc gidi hé (II) cé thé thuc hién dé dang.
X =Yy
Vi du:
I-
- |x[+ 31| = log, :y:
Gidi hé I |x @)
- + 3x| =
|y |+ 3x] ]+|x|
Giai:
Pit [x|=a, |y|=b,0 < ab<1.

-a+ 3b= log3i—b (1)

O
-b+ 3a—log31 (2)

1- b
Lay (1) — (2) ta dugc 10g31—- 4a —10g3ﬁ- 4b .
. 1-
Xét ham so f(t) = 10g3m - 4t voit € [0,1].
1+t 1 2
1- t (1+1t)* In3
Theo bo dé = a=b.

Taco f(t) = - -4=0_vte (0,1).

a=b a=b
, ) il
Dodé () = 2a = log, _i a < {(1+a)+log3 (I1+a) =(1-a)tlog;(1-a) W
+a

Xét ham sb g(t) =t + logst véi t > 0.
1
Tacog'(t)y=1+ ——>0 Vt>0.
tin3

Theo b d&, ta c6 (I & | 2= =0
cobodetaco =N 1 2 Clb=0 ly=0

22




x =0
Vay nghiém cua hé (I) 1a {y ~0
I11. Ung dung chirng minh bat dang thirc:
Phwong phap:

Gid sir bat dang thirc A > 0 (I) (hodc A < 0) nao dé can chitng minh ma cdc dai
lirong tham gia vao bat dang thire (I) can dwoc danh gid ¢é lién quan dén cdc gid tri
fta), f(b), f(c), ... ciia mét ham sé f{x) ndo dé xdc dinh, kha vi trén tdp D < [] trong dé
a, b, c, .. €Dvacacdogn [ab], [b,c], [ac], ... bao ham trong D.

Khi d6, theo dinh Iy Lagrange ton tai ¢, € [a,b], ¢; € [b,c], ¢s € [c,a], ... dé f(c,)
_ f(b; f(a),f’(@) _ Jf(o) f(b)’f(&) _ f(e)- f(a)

-a c-b c-a
ta chuyén viéc danh gid fla), f(b), flc), ... vé danh gid f'(c1), f(c3), f(c3),... thuong
don gian hon so vai f(a), f(b), f(c),....

Vi du:

, ... Nho biéu dién nay

Cho ham sé f{x) xdc dinh lién tuc trén [@.B], khd vi trén (a,B),a,p €[] a<f, va
f'(x) dong bién trén (@, f ). Chitng minh rang Ya,b,c €/,B], a = b = c ta ¢é fla)
(b-¢) * f(b)(c-a) + flc)(a-b) = 0

Giai:
Bit ding thire (1) s& hién nhién trd thanh dang thic néu trong 3 s6 a,b,c c6 2 sd
bang nhau. Do viy, khong giam tinh tong quat ta gia sta>b>cvaa, b, c €[aB].
() = f(a)(b-c) + f(b)[(c-b)+(b-a)] + f(c)(a-b) = 0
< [f(a) - f(b)](b - ¢) = [f(b) - f(c)](a - b)
< f(a)- f(b) Zf(b) - f(c) () (doa>b>oc)
a-b b-c
Bét dang thic (2) goi ¥ cho ta dung dinh 1y Lagrange.
That vay, ap dung dinh 1y Lagrange cho ham f(x) trén [c,b] va [b,a] thi ton tai t, €
(c,b) vat, € (b,a) dé £(t) = f®)- fte) (L) = f@)- 1)
b-c a-b
Hién nhién t, <t, va theo gia thiét bai toan ta c6 £(t,) > £(t,).
Do dé (2) dugc chung minh = (1) dugc ching minh.

Nhan xét:

+ Néu f{x) nghich bién thi bat dang thirc ddi chiéu.

+ Néu ta chon f(x) va cdc gia tri a,b,c thich hop thi ta duoc cac bat dcfng thure ma
viéc chitng minh bang phirong phdp dai sé khéng don gian.

IV.Bai tap dé nghi:
1. Giai bat phuong trinh sau:
a)3*+5*=24
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b) 3x2-2x _|_3(x2-2x)2 >4(x2-2x)2 +2x2-2x
¢) x* >ax +1- o vOix >0, &1atham sb duong.
2. Gidi cac hé phuong trinh sau:
. {logz(l +3cosx) =log,(siny) +2
log,(1+3cosy) =log;(sinx) +2

-y _SInX

siny
b) 110vVx°® +1 =3(y* +2)

T<X <5_J'C
Y A

3. Ching minh rang;

2x T
inx>— Vxe€|0,—
a) sinx . 2]
2
bysinx < =2 wxe o,E].
Ton 2

4. Cho a,b,c,r,s thbaa>b>c >0, r>s> (0. Chung minh bat déng thire sau:
a.b+b.ct+cla*>a’ b +b'.c+cla
5. Cho a,b,c,d 14 4 s6 duong bét ki. Chirg minh rang
{/abc +abd +acd +bed <\/ab +ac +ad +bc +bd +cd
4 6

\ 14 = b = b
6. Ching minh ring néu 0 < b < a thi —— <In- < ab .
a

sinp - sinq >sinr- sint
p-q = r-t

7.Cho 0 < p<q<r<t < T Ching minh rang

8. Cho a,b,c,d > 0. Chtrng minh réng \/abc +bod + cda + dab <a+b+c+d.

4
9. Biét rang phuong trinh x* + ax®> + bx + ¢ = 0 (*) ¢6 3 nghiém phan biét (a,b,c € ).

Chimg minh rang [27¢ + 2a° — 9ab| < 2./(a’ - 3b)*.

10. Cho da thtic p(x) =ap T aix + ... + ax", aa € [, Vi =,bn n=2,n€e€l)con

nghiém thuc phan biét. Chung minh rﬁng i <a, Vk =Ln- 1.
n+l

bang phuong phap sir

n

1+—
n

1+l
n

11. Ching minh rang Vn > 0 ta co <e<

dung dinh ly Lagrange.
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KET LUAN CHUNG

Pé tai clia chung t6i da gidi thiéu dén cac ban hai phwong phép giai phuong trinh,
do la ap dung tinh chat cia ham s nguoc va dinh ly Lagrange, dinh ly Rolle. Pong
thoi dé tai ciing gidi thidu so qua mot sé ing dung khac cta dinh 1y Lagrange va dinh
1y Rolle. Chung t6i da trinh bay cu thé phuong phap, vi du minh hoa va tong quat mat
s6 bai toan. Tir dang tong quat ndy, cac ban c6 thé cho cu thé ham hodc s thich hop
s€ ¢o0 duoc nhirng bai tap kha tha vi.

Tuy nhién, vi kién thirc con han ché nén dé tai khong thé tranh khoi sai sot. Rat
mong nhan dugc su nhan xét, dong goép cua ban doc vé ndi dung dé tai.
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