Chuyén dé 8. PHEP CHIA HET TREN TAP HQP SO NGUYEN

A. Kién thirc can nhé

1. Khai niém: Cho a, b 13 hai s6 nguyén va b khac 0. Ta noi a chia hét cho b néu t6n tai s nguyén q sao cho
a =bq .

Khi a chia hét cho b thi ta ndi b 1a uGc cta a hay b chia hét a; a 1a boi cua b.

Luwu y: Khi a chia hét cho b thi a ciing chia hét cho - 5.

2. Mt s6 tinh chat thwong ding

a) Néu a chia hét cho b, b chia hét cho c thi a chia hét cho c.

b) Néu a, b chia hét cho m thi ax +by ciing chia hét cho m (x, y 1a s6 nguyén)

¢) Néu a chia hét cho tich m.n thi a chia hét cho m, a chia hét cho n. (diéu nguoc lai khong dung)

d) Néu a chia hét cho m, n v6i (m,n) =1 thi a chia hét cho tich mn.

e) Néu tich a.b chia hét cho m ma (b,m) = thi a chia hét cho m.

f) Cho p 1a s6 nguyén t6. Khi d6, néu tich ab chia hét cho p thi a chia hét cho p hoidc b chia hét cho p.

g) Khi chia n + 1 s6 nguyén duong lién tiép cho n (7 > 0) ludn nhan dugc hai sé du bang nhau.

h) Tich ciia n s6 nguyén lién tiép ludn chia hét chon (n>0).

i) Trong n s6 nguyén lién tiép (n > 0) ludn c6 duy nhat mot sb chia hét cho n.

4. Cho a,b 14 hai s6 nguyén va b khac 0. Khi d6, ton tai duy nhat cip s6 nguyén (¢,7) sao cho a =bg+r va
0<r</p|-1.

Cho >0 vaatuyy.

Khi d6, néu chia a cho b thi s6 du chi c6 thé 140, 1,2,...,b - 1.
B. Mot s6 vi du

I. PHUONG PHAP XET SO DU

Vi du 1: Chimg minh rang:

a) ab(a+b) chia hét cho 2 véi a,b€Z

b) 4 =n(n* +1)(n* +4) chia hét cho 5 voi
Gidi
Tim céch giai. Dé chimg minh A(n) chia hét cho k, ta c¢6 thé xét moi truong hop vé sé du khi chia n cho k.
Chang han:
Cau a. Chung ta xét cac truong hop sd du khi chia a; b cho 2.
Cau b. Chiing ta xét cac truong hop sb du khi chia n cho 5.
Trinh bay loi giai
a) Xét cac truong hop vé sé du khi chia cho 2, ta cé:
Néu it nhét a hodc b chia hét cho 2 thi ab chia hét cho 2.

Néu a va b cung khong chia hét cho 2 thi ching cung 1é suy ra @ +b chin do d6 a+b chia hét cho 2.



Vay ab(a+b) chia hét cho 2 véi a’,bEZ.
b) Xét cac truong hop vé sb du khi chia cho 5, ta co:

Néu n =5k (k€Z) thi A chia hét cho 5.

Néu n =5k +1 thi n* =5m+1 (MEZ) nén n> +4 =5m +5 chia hét cho 5 suy ra A chia hét cho 5.
Néu n =5k +2 thi n* =5m+4 (MEZ) nén > +1 =5m +5 chia hét cho 5 suy ra A chia hét cho 5.
vay 4 =n(n* +1)(n* +4) chia hét cho 5 vai

Vi du 2: Cho x, y, z 1a cac sb nguyén sao cho (x- (- 2)z-x)=x+y+z
Chung minh rang X+ +Z chia hét cho 27.

(Thi hoc sinh gidi Toan 9, Thanh phé Ho Chi Minh, vong 2 - nam hoc 1995- 1996)

Gidi
Tim cach gidi. Nhan thay X+ Y +Z chia hét cho 27 tuc la (x- y)(y- z)(z- x) chia hét cho 27. Vi vay
chung ta can xét s6 du khi chia x, y, z cho 3. Tuy nhién néu xét riéng thi nhiéu truong hop qua, do tinh hoan
vi chung ta c6 thé xét cac trudng hop cung sb du, khac sb du.
Trinh bay loi giai
Xét cac truong hop vé sd du khi chia cho 3, ta co:
Néu x, y, z chia cho 3 ¢6 cac sé du khac nhau thi: X~ ¥,¥~ 2,2~ X cing khong chia hét cho 3, con X+ +z
chia hét cho 3 do d6 (x - y)(y - z)(z -X) = x + y + z khong xdy ra.
Néu x, y, z chi co6 hai s6 chia cho 3 c6 cung sé duthi X= ¥,¥ - 2,2= X chi c6 mdt hiéu chia hét cho 3 con
x+y+z khong chia hét cho 3 do d6 (x- (- 2)z-x)=x+y+z khong xay ra.
Do d6 x, y, z chia cho 3 ¢6 cung s du suy ra X~ ¥,¥= Z,Z= X chia hét cho 3. Vay
X+y+z =(x- y)(y - z)(z- x) chia hét cho 27.
II. PHUONG PHAP PHAN TiCH TiCH
Vi du 3: Chiing minh rang P =a’h- ab’® chia hét cho 30 véi a, b 13 hai s6 nguyén bat ky.
(Thi hoc sinh gidi Todn 9, Todn quéc, ndm hoc 1985 - 1986)
Gidi

Tim céch giai. Nhan thiy rang néu dung phuong phap xét s6 du cho 30 thi nhiéu trudng hop qua nén khong
kha thi. Ta sir dung phuong phap phan tich thanh tich: dé chimg minh A(n) chia hét cho k, ta phan tich k ra
thira s6 k =p.g, néu (p.q) =1 , ta chirmg minh A(n) chia hét cho p va A(n) chia hét cho q.
Mit khac 30 =2.3.5 ma (2:3)=(3;5) =(5;2) =1 nén ta chi cin chimg minh P chia hét cho 2; 3; 5. Mbi
truong hop chung ta dung k¥ thuat xét sé du.
Trinh bay loi giai
Ta co: P =ab(a® +b*)(a* - b*)



Vi 30 =2.3.5 ma (2:3)=(3;5) =(5;2) =1 nén ta chimg minh P chia hét cho 2; 3; 5
Chimg minh P chia hét cho 2.
Néu it nhat a hogc b chn thi ab chia hét cho 2.
Néuavabcunglé thi a- b chia hét cho 2.
Chtng minh P chia hét cho 3.
- Néu it nhét a hodc b chia hét cho 3 thi ab chia hét cho 3.
- Néu a, b cung khong chia hét cho 3 thi chiing ¢6 dang 3k =1 suy ra a”,b> c¢6 dang 3m+1 nén 4> - »> chia
hét cho 3.
Chimg minh P chia hét cho 5.
- Néu it nhit a hodc b chia hét cho 5 thi ab chia hét cho 5.
- Néu a, b cung khong chia hét cho 5.
Néu a, b c6 mot trong cac dang Sk +1 hodc 5k 2 thi a’,b* ¢ cing dang Sm+1 hodc 5m+4 nén &°- b’
chia hét cho 5.
Néu a, b c6 mot sb co dang S5k +1 con mot s6 c6 dang Sk 2 thi ¢® va b*> co mot sb ¢6 dang 5Sm+1 con
mot s6 co dang Sm+4 nén a® +b> chia hét cho 5.
Vay P chia hét cho 30.
Vi du 4: Chimg minh rang mét s6 c6 dang: P =n*- 4n* - 4n> +16n (v6in 1a s6 chan 16n hon 4) thi chia hét
cho 384.
(Thi hoc sinh gidi Todn 9, Toan quoc, ndm hoc 1970 - 1971)
Gidi
Tim cach giai. Ta nhan thdy biéu thic ¢ thé phan tich thanh nhén tir dugc:
n*- 4n* - 4n® +16n =n(n- 4)(n- 2)(n+2) . Vin chin 16n hon 4 nén n =2k +2 (keN"). thay vao biéu
thic P ta duge: P =(2k +2)Qk +2- 4)(2k +2- 2)(2k +2+2) =16k (k- D)k +1)(k +2) . Mt khéc ta c6

384 =16.24 do vay ching ta chi can ching minh & (k- D(k +1)(k +2) chia hét cho 24.
Trinh bay loi giai

Taco n' - 4n’ - 4n> +16n =n(n- 4)(n- 2)(n+2)

Vi n chin 16n hon 4 nén n =2k +2 (k€N") thay vao bidu thic P ta duoc:

2k +2)Qk +2- 4)2k +2- 2)(2k +2+2) =16k (k- 1Dk +1)(k +2).

k,k+1,k+2 c6 mot sé chia hét cho 3.

k- 1k,k+1,k+2 c6 hai s chin lién tiép, nén mot s chia hét cho 2, mot sb chia hét cho 4 suy ra

k (k- 1)k +1)(k +2) chia hét cho 8.



Do d6 k (k- 1)(k +1)(k +2) chia hét cho 24 vi (3;8) =1 hay 16k (k- 1)(k +1)(k +2) chia hét cho 16.24 tirc
1a n* - 4n® - 4n” +16n chia hét cho 384.
II1. PHUONG PHAP TACH TONG
Vi du 5: Ching minh rang v6i moi s6 nguyén a ta déu c6 (613 + Sa) 1a s6 nguyén chia hét cho 6.
(Thi hoc sinh giéi Todn 9, Thanh phé Ha Néi, nam hoc 2008 - 2009)
Gidi

Tim céch giai. Nhan thiy vi du nay co thé giai duoc bang k¥ thuat xét s6 du. Song chung ta c6 thé giai bang
phuong phap tach tong: Dé chimg minh A(n) chia hét cho k, ta ¢6 thé bién doi A(n) thanh téng ciia nhidu
hang tir va chimg minh mdi hang tir chia hét cho k. Do d6 ta chi cin tach o* +5a =a° - a +6a, sau d6 chung
td @’ - @ va 6a cing chia hét cho 6.
Trinh bay loi giai
Tacod a’ +5a =a’ - a+6a.
Ma @’ - a =(a- Dala+1) chia hét cho 6 vi 1a tich ctia ba sb nguyén lién tiép va 6a chia hét cho 6 v&i moi
sd nguyén a.
Vay (¢’ +5a) 1356 nguyén chia hét cho 6.
IV. PHUONG PHAP SU DUNG HANG PANG THUC
Vi du 6: Ching minh ring véi moi sé nguyén duong n, s& 4(n) =5" (5" +1)- 6" (3" +2") chia hét cho 91.

(Tuyén sinh 16p 10, Truong THPT chuyén DHSP Ha Ngi, Vong 1 - nam hoc 1997 - 1998)

Gidi

Tim cach giai. Nhitng bai todn chirng minh chia hét ma biéu thirc c6 s6 mil n hodc qué 16n chung ta co thé
sir dung két qua cua cac hang dang thirc mo rong:
a" - b" chiahétcho a- b (a #b) véin bat ky.
a" - b" chiahétcho a+b (a #-b) véin chin.
a" +b" chiahétcho a+b (a #-b) véin e,
Trong vi du nay, ta c6 91 =7.13 va (7;13) =1. pé chimg minh A(n) chia hét cho 91, ta chimg minh A(n)
chia hét cho 7 va 13. Véy chiing ta chi can nhom cac hang tir mot cach thich hop.
Trinh bay loi giai
Ta c6: 91 =7.13 va (7;13) =1. Pé ching minh A(n) chia hét cho 91, ta ching minh A(n) chia hét cho 7 va
13. Taco A(n) =25"+5"-18"- 12"
Ap dung tinh chat (a" - b"):a- b) véi moi a, b, n 1a sb nguyén dwong va a #b, 25" - 18" chia hét cho
25- 18 tic 1a 25" - 18" chia hét cho 7.
12" - 5" chia hét cho 12- 5 tirc 14 12" - 5" chia hét cho 7.



vay 4(n)=25"-18"- (12" - 5") chia hét cho 7.
25" - 12" chia hét cho 25- 12 tirc 1a 25" - 12" chia hét cho 13.
18" - 5" chia hét cho 18- 5 tirc 1a 18" - 5" chia hét cho 13.
vay A(n)=25"-12"- (18" - 5") chia hét cho 13.
Suy ra s6 A(n) =5" (5" +1)- 6" (3" +2") chia hét cho 91.
Vi du 7: Ching minh rang néu n 13 s6 nguyén duong thi 25" +7" - 4" (3" +5") chia hét cho 65
(Tuyén sinh I6p 10, Truong THPT chuyén Ha Ngi, nam hoc 2014 - 2015)
Gidi
Ta cé: 65 =13.5 va (5; 13) = 1. Dé chting minh biéu thirc chia hét cho 65, ta chirmg minh biéu thirc chia hét
cho 13 vas.
Ta CO: 25” + 7” - 4” (3)1 + 5”) :2511 + 7/1 - 12}1 - 20}1

Ap dung tinh chat (a"- b")(a- b) vai moi a, b, n 13 sb nguyén duong va a #b
25" - 12" chia hét cho 25- 12 tiic 1a 25" - 12" chia hét cho 13.
20" - 7" chia hét cho 20- 7 tiic 1a 20" - 7" chia hét cho 13.

25" +7" - 4" (3" +5") chia hét cho 13

25" - 20" chia hét cho 25- 20 tuc 1a 25" - 20" chia hét cho 5.
12" - 7" chia hét cho 12- 7 tic 1a 12" - 7" chia hét cho 5.

25" +7" - 4" (3" +5") chia hét cho 5

4=(25"-20")- (12 7"):5 ma UCLN (5:13) =1 nén 4:65.

V. PHUONG PHAP DUNG NGUYEN LY DIRICHLET

Phwong phap giai

Néu nhét 7 +1 tho vao n cai 10ng thi chic chin c6 mot 16ng chira it nhat hai tho.

- Trong n sb nguyén lién tiép thi c6 mot sé chia hét cho n (n =1)

- Trong n+1 s6 nguiyén bat ky thi c6 it nhét hai s6 c¢6 cing s6 du khi chia cho n (n >1).

Vi du 8: Chimg minh ring ton tai s6 t nhién n khac 0 thoa man (13579 - 1) chia hét cho 37

(Thi hoc sinh giéi Todn 9, Thanh phé Ha Néi, nam hoc 2005 - 2006)
Gidi
Xét 3% 6 sau: 13579; 135797; 13579%;.....; 13579 dem chia cho 3" ta nhan dugc 3" sé du.
Ma 13579 khong chia hét cho 3 nén trong cac s trén khong c6 sd ndo chia hét cho 3 do d6 ching nhan cac

. 13579
53

s0 du trong cac so: 1; 2; 3;.. - 1 nén ton tai hai s0 ¢6 cung so du.



Gia sir d6 1a hai sé 13579':135797 (> j)= 13579 - 13579’ chia hét cho 3" = 13579 (13579"/ - 1)

chia hét cho 3™ ma (13579;3) =1 nén (13579"7 - 1) chia hét cho 3™ véi n =i- j. Tir d6 suy ra didu
phai chirng minh.
Nhin xét. Chung ta c6 thé giai duoc bai toan tong quat sau: Véi a va p 1a hai sb nguyén té cung nhau. Véi
s6 tu nhién k chimg minh rang ton tai s4 tu nhién n khac 0 thoa man (a” - 1) chia hét cho pr.
Vi du 9: Chiing minh rang trong 5 s nguyén bat ky bao gio ciing tim dugc 3 s6 c6 tong chia hét cho 3.
(Thi hoc sinh giéi Todn 9, Thanh phé Ha Néi, nam hoc 2000 — 2001)
Gidi
Dit5so6délaa, b, c,d,e.
Pem 5 sb chia cho 3 chung chi nhan céac s6dulao; 1 ;2.
Néu ton tai 3 s6 ¢6 cing sb du thi tong ba sé d6 chia hét cho 3.
Néu khong ton tai 3 s6 c6 cung sd du thi nhiéu nhét chi ¢6 2 s6 ¢6 cing s6 du khi chia cho 3, suy ra phai c6
3 56 c¢6 s du khac nhau khi chia cho 3. Téng 3 sd nay chia hét cho 3.
VL. PHUONG PHAP DUNG QUY NAP TOAN HQC
Phwong phap giai
Trong toan hoc, khi ding quy nap dé chimg minh A(n) chia hét cho k véi 7 =n, ta thyc hién:
Buwéc 1. Chirng minh A(n) chia hét cho k v6i n =n,.
Burée 2. Chimg minh v6i moi 7 >n, gid sit néu A(m) chia hét cho k dung, ta phai chimg minh 4 (m +1)
chia hét cho k.
Bude 3. Két luan.
Vi du 10: V6i moi n nguyén duong, chimg minh rang: 4(n) =7" +3n- 1 chia hét cho 9.
Gidi
Véi n =1 thi 4()=7+3-1=9 chia hét cho 9.
Gia str bai toan dung v6i n =k (k =1) | e 1a A(k) =7" +3k - 1 chia hét cho 9. Ta cin chimg minh ménh dé
dung voi n =k +1. That vay:
Taco: AUk +1D)=7"+3(k+1)- 1 =7.7" +3k +2

= Ak +1)=7.(7" +3k-1)- 18k +9. Vi 7% + 3k - 1 chia hét cho 9 va 18k; 9 chia hét cho 9 = A(k +1)
chia hét cho 9. Nhu vay bai toan dung véi n =k +1. Do d6 bai toan dung véi moi n 1a s6 nguyén duong.
Vi du 11: Chtrng minh rang véi mdi sé nguyén duong n thi 122! +11"** chia hét cho 133.

Gidi

Véi n =1, tong 12° +11° =2926 =22.133 chia hét cho 133.



Gia st ménh d& dung voi n =k (k =1) | tire 1a 122 +11°2 chia hét cho 133. Ta cin chimg minh dung véi
n=k+1.
Taco: 127 + 117 =144.12°% + 11117 =133.127 +11.(12°" +11"**). M&i 56 hang cua téng chia hét
cho 133 nén 12%* +11** chia hét cho 133.
Nhu vay bai toan dung véi n =k +1
Do d6 bai toan ding v6i moi n 13 sé nguyén duong.
VIL. PHUONG PHAP DUNG PONG DU THUC
Phwong phap giai
Hai s6 nguyén a va b chia cho s6 nguyén m (m #0) c6 cung sd du ta néi a ddng du v6i b theo modun m, ki
hiéu a =b(modm).
Véi a,b,c,d €Z va me N’ ta co:
a =b(modm);b =c(modm)= a =c(modm)
a =b(modm);c =d(modm)= a+c =b+d(modm)
a- ¢ =b- d(modm);a.c =b.d(modm)
a =b(modm)= a" =b" (modm) véi neN'
a =b(modm):ceN" = ac =bc(modm) véi
Vidu 12: Cho 4 =27309'° +27309'" +27309" +...+27309'°" . Tim s du trong phép chia A cho 7.
(Thi hoc sinh gioi Toan 9, Thanh phé Ha Noi, nam hoc 2008 - 2009)
Gidi
Tim cach giai. Nhan thdy 27309 =2(mod 7), mit khac 2° =8 =1(mod7)= 2% =1(mod7) nén ta cin tim
dong du cua sb mil voi 3.
Trinh bay loi giai
Ta co 10" =1(mod 7) v6i neN= 10" =3k +1 (véi kEN) (1)
Ta co 27309 =2(mod 7)= 27309 =2%* =2.8" =2(mod7)  (2)
Tu (1), 2)taco 4 =2+2+..+2(mod7)
A4=20=6(mod7)
Vay s6 du trong phép chia A cho 7 13 6.
Vi du 13: Vi mdi s6 tu nhién n, dit a, =3n" +6n+13 . Chimg minh rang néu hai s§ @.,a; khong chia hét
cho 5 va c6 s du khac nhau khi chia cho 5 thi @ +a; chia hét cho 5.
Gidi

Taco a, =3(n+1)’ +10.



Ta thdy néu a, khong chia hét cho 5 thi #n+1 khong chia hét cho 5 suy ra:
(n+1) =1 hoic 4(mod5)= a, =3 hoic 2(mod5). Do do, néu a,,a; déu khong chia hét cho 5 va c6 sb

du khac nhau thi @, +a; =3+2 =0(mod5) nén &, +a; chia hét cho 5.
VIII. PHUONG PHAP AP DUNG TiNH CHAN LE
Phwong phap giai
Mot s6 bai toan chia hét ta c6 thé giai nhanh bang nhan xét sau:
Trong hai s6 nguyén lién tiép thi c6 mot sb chin va mot s 1é.
Tong hodc hiéu cia mot sé chin va mot s6 1¢ 1a mot sd 1é.
Téng hodc hiéu cta hai s chin 1a mot s6 chan.
Tich cua céc s6 1¢ 1a 6 1¢.
Trong tich chira it nhat mot s chin thi két qua 1a sé chén.
Vi du 14: Cho @,30,;a;;.....,a, 1a cac s6 nguyén va b;b,3b,;......b; ciing 1a s6 nguyén d6, nhung 14y theo thir
tu khac. Ching minh ring (a,- b,)a, - b,)...(a, - b,) 14 s6 chin.
(Thi Hoc sinh gioi Anh, nam 1968)
Gidi
Tim cach gii. Phan tich tir két luan, chiing ta chtrng t6 phai c6 mot nhan tir 1a s6 chdn. M4i nhan tir 1a mot
hiéu, téng 7 hiéu nay béng 0 (sé chan), nén cac hiéu nay khong thé toan 1a s6 1¢ dugc, ma phai co it nhét mot
s6 chan. Tir d6 ta c6 diéu phai ching minh.
Trinh bay loi giai
bit ¢, =a,- b, v6i1=1,2,3,..., 7. Ta co:
¢ +c, +..+c, =(a,- b)+(a,- b,)+...+(a,- b,)

=(a,+a, +a,+..+a,)- (b, +b, +b, +..+b,) =0
Vicosd1é ¢, , tong mot s6 s6 14 0 thi phai co it nhat mot sé chdn = ¢,.c,...c; chia hét cho 2, suy ra diéu phai
chung minh.
Vidu 15: Cho P =(a+b)(b+c)(c+a)- abe véia, b, ¢ la céc sb nguyén.
Chung minh ring néu a +b +c¢ chia hét cho 4 thi P chia hét cho 4.
(Tuyén sinh I6p 10, Truong THPT chuyén Chu Van An, Amsterdam, Vong 2, ndm hoc 2005 - 2006)
Gidi
Tim cach giai.
Tacéd P=(a+b)(b+c)c+a)- abe =(a +b)(bc +ab+ac+c* )- abc
=(a+b)ab+abc+(a+b)c(a+b+c)- 2abc
=(a+b+c)ab+bc+ca)- 2abc

Do a+b+c chia hét cho 4 nén trong 3 s0 a, b, ¢ c6 it nhat mdt so chan.



Suy ra 2abc chia hét cho 4.

Ma (a +b+c)(ab+bc+ca) chia hét cho 4 suy ra P chia hét cho 4.

C. Bai tap van dung

8.1. C6 thé tim duogc s6 ty nhién n dé 5 +n +1 chia hét cho 2025 hay khong?
Huéng dén giai — dap sb

Xét chir sO tan cung n ta co:

n 0 1 2 3 4 5 6 7 8 9

n+n+l |1 3 7 3 1 1 3 7 3 1

= n®> +n+1 khong chia hét cho 5 = n® +n+1 khong chia hét cho 2025.

8.2.a) Ching minh rang »* - n+2 khong chia hét cho 6 v&i moi sb tu nhién n.

b) Chimg minh rang 7’ - n chia hét cho 24 v6i moi s6 tu nhién n 1é.
Hwéng din giai — dap s6

a) Ta co: n-n=n(n-1)mn+1)

n-1;n 1a hai s6 nguyén lién tiép nén »n’ - n:2

n-1;n;n+1 1a ba sb nguyén lién tiép nén n*- n 3

= n’- ni6= n’ - n+2 khong chia hét cho 6.

b) Taco: ' - n=n(n- 1) +1)

Véinlasd 1, dit n =2k +1, biéu thire ¢o dang:

Qk +1)2k 2k +2) =4k @k + 1Dk +1)

Tacod k va k +1 13 hai sb nguyén lién tiép

= k(k+1)2=> 4Qk+Dk(k+1):8

V6i k3 thi 4Qk+Dk(k+1)3

Vé6i ki3 dulthi Qk+1)3= 4Qk+Dk(k+1):3

Voi k33 du2 thi 2k +1)3= 4Qk+Dk(k+1):3

vay 4@k +Dk(k+1)33 véik 1a sb tu nhién

Ma UCLN(3;8) =1 nén »* - n:24.

8.3. Cho a va b 1a cac s nguyén sao cho 4 +5> chia hét cho 13. Chimg minh rang ton tai it nhit mot trong

hai s6 2a +3b;2b +3a chia hét cho 13.
Huéng dén giai — dap sb

Ta co 2a+36)(2b +3a) =6(a? +b*) +13ab

Ma o +5° 13 va 13ab:13 nén 6(a® +5%)+13ab 13



= (2a+3b)(2b+3a)13
Vay ton tai it nhat mot trong hai s6 2a +3b;2b +3a chia hét cho 13.
8.4. Cho a, b, ¢ 1 cic sd nguyén, ching minh rang (613 +b’ +C3) chia hét cho 3 khi va chi khi (a+b+c)
chia hét cho 3.
Hwéng din giai — dap so
xét (@@ +0 +6%)- (a+b+e)=(a*- a)+ (B - b)+(c* - ¢)
Ma @’ - ai3b’- bi3ic’- c3= (o' +b°+07)- (a+b+c)3
Suy ra (¢ +b* +¢*)3 Kkhi va chi khi (a+b+¢)33
8.5. Cho s6 M =1993"" +1997"*
a) Chung minh réng M chia hét cho 15.
b) Hoi M tan cing bang chir sb nao?
(Thi Hoc sinh gidi Todn 9, Thanh phé Ho Chi Minh, Vong 1, ndm hoc 1992 —1993)
Huéng dén giai — dap sb
a) Vi 15 =3.5 ma (3,5) =1 nén ta ching minh M chia hét cho 3 va 5.
Ap dung hang dang thtc ta c6:
19937 - 1 =1993'%7 - 17 chia hét cho 1993- 1, ma 1993~ 1 chia hét cho 3 nén (1993”7 - 1) chia hét cho
3.
1997 +1 =1997" +1"" chia hét cho 1997 +1, ma 1997 +1 chia hét cho 3 nén (1997 +1) chia hét cho
3.
Do do 19937 +1997"** =(19937 - 1)+(1997"" +1) chia hét cho 3.

998 , ,
19937 - 1993 =1993 [(19932) - 1| chia hét cho 1993% +1, ma 19932 +1 chia hét cho 5 nén

1993”7 - 1993 chia hét cho 5
1993 _ _ ( 2 )992 _ . 1A ) \ ) .1 A
1997 1997 =1997|1997 1| chia hét cho 1997% +1, ma 1997 +1 chia hét cho 5 nén

1997"% - 1997 chia hét cho 5

Do d6 1993"7 - 1993 +1997'* - 1997 chia hét cho 5

= 19937 +1997"* - 3990 chia hét cho 5

= 19937 +1997"* chia hét cho 5

Suy ra M chia hét cho 15.

b) Ta c6 19937 +1997"* chia hét cho 5 nén M c6 tan cing 14 0 hodc 5.
Mit khac 19937 +1997' 1a chin nén M c6 tan cung 14 0.

8.6. Chimg minh rang 4 =2903" - 803" - 464" +261" chia hét cho 1897.



(Thi vo dich toan Hunggary, nam 1978)
Hwéng din giai — dap s6

Ap dung cong thiic ¢" - " ‘a- b voia,b,nla s6 tu nhién a #b

2903" - 803" :2903- 803 = 2903" - 803" :2100

464" - 261" 1464 - 261 = 464" - 261" 203

Ma 2100:7;2037 = 2903" - 803" - (464" - 261"):7 hay 47

2903" - 464" 12903 - 464 = 2903" - 464" :2439

803" - 261" :803- 261 = 803" - 261" :542

Ma 243912713542 271 = A4 =2903" - 464" - (803" - 261"):271= A4:271

Ma UCLN(7;271) =1= 4:7.271 hay A4:1897

8.7. Cho X 12 mét tap hop gdm 700 sé nguyén duong d6i mot khac nhau, mdi sé khong 16n hon 2006.

Chtrng minh rang trong tip hop X luén tim duoc hai phan tir x, y sao cho X~ ¥ thudc tp hop £ Z{ 3 6;9}
(Tuyén sinh 16p 10, Truong THPT chuyén DHSP Ha Ngi, Vong 2, nam hoc 2006 - 2007)

Huéng dén giai — dap sb

Cich 1. Chia ddy céc sé nguyén duong tir I dén 2006 thanh 201 doan: [1;10], [11;20], [21;30] ...,

[1991; 2000} , [2001; 2006] . Vi X ¢6 700 s6 nguyén duong khac nhau nén theo nguyén li Di-rich 18, ton tai it

nhét 4 sb trong 700 s6 trén thudc cung mot doan. Mat khac, voi 4 s6 bat ki, ludn ton tai it nhat 2 sb khi chia

cho 3 ¢6 cung s du, hiéu ctia hai s6 d6 chia hét cho 3, suy ra hiéu hai sb nay thudc tap hop E Z{ 3; 6;9} .

Cach 2.

Chia X thanh 3 tap hop nhu sau:

A={x/x=3k+LkeN];

B={x/x=3k+2,keN|;

C={x/x=3k+3keN ;

C6 700 sb dugc chia thanh 3 tip hop, theo nguyén 1i Pi-rich 18, t6n tai mot tip hop c6 it nhat 234 phan t.

Trong tap hop nay ludn t6n tai hai s6 cach nhau 3 hodc 6 don vi. That vay néu cac s trong tap hop chi cac

nhau it nhat 9 don vi thi s6 16n nhat trong tap hop khong nho hon 9.233 =2097 > 2006, mau thudn véi gia

thiét. Suy ra trong X ludn ton tai hai s cach nhau 3 hodc 6. Vay trong tap hop X luén tim duoc hai phan tir

X, y sao cho X~ Y thudc tap hop £ :{ 3; 6;9} :

8.8. Chung minh ring néu m chia hét cho 2 thi (m* +20m) chia hét cho 48, véi m 13 mot sé nguyén.
(Thi hoc sinh gioi Toan 9, Binh Phudc, nam hoc 2012 - 2013)
Huéng dén giai — dap sb

pit m =2k (k€e2)



Ta c6 m’ +20m =8k* + 40k =8k (k> +5)

Xétk chin = 8k 16 = 8k (k> +5)116

Xétk1e = kK +52= 8(k* +5)16 = 8k (k> +5)116
Xét k3= 8k(k2+5)3

Xét k khong chia hét cho 3: k =3m 1= k* =9m* +6m +1

= k2 +5=9m> +6m+63= 8k(k2+5)3

Ma UCLN (3;16) =1 nan 8k (k> +5):48 hay (m® +20m) chia hét cho 48.
8.9 V&i a, b 14 cac s6 nguyén. Chirng minh rang néu 44> +3ab- 11b* chia hét cho 5 thi ¢* - * chia hét cho
5.
(Thi hoc sinh gioi Toan 9, Hai Dwong, nam hoc 2012 - 2013)
Huéng dén giai — dap sb
Ta c6 4a’ +3ab- 110* =4a* +3ab- b* - 106> =(4a- b)(a +b)- 105
4a’ +3ab- 1105 = (4a- b)a+b)i5 (vi 106*:5)
- Truong hop 1. 4a- b5 5a- (a+b)5 = a+b5
Ma a'-b* :(a2 +b2)(a +b)(a- b) nén 4*- b* 5
- Truomg hop 2. a+b:5 ma a* - b* =(a* +6*)a+b)a- b) nén o* - b* 5

Vay 4a’ +3ab- 115> chia hét cho 5 thi ¢* - »* chia hét cho 5.
8.10. Ching minh ring néu téng hai sb nguyén chia hét cho 3 thi tong 1ap phwong ctia chung chia hét cho 9.
(Thi hoc sinh gioi Toan 9, tinh Vinh Long, nam hoc 2012 - 2013)
Huéng dén giai — dap sb
Dit hai s6 nguyén dé laavab thi a+5b:3

Xet @ +b° =(a+b)(a* - ab+b2):(a+b){(a+b)2- 3ab)| 3

= (a+b)[(a+b)2- 305} 9 suyra d’+b' 9

8.11. Cho 4 =n™" +,®" +1. Tim tat ca cac s ty nhién n dé A nhan gié tri 1a mot s6 nguyén tb.
(Thi hoc sinh gioi Toan 9, tinh Nghé An, nam hoc 2011 - 2012)
Hwéng din giai — dap sé
Xét n =0 thi 4 =1, khong phai s6 nguyén to.
Xét voi n =1 thi 4 =3 la sé nguyén tb.
Xét n =2,

2011

Taco A=n"""-n”+n"" - n+n’*+n+l1



=n? (n3670 _ 1)+n(n3670 _ 1)+(n2 +n+1)

070 . . . . \
Ma - 1=(*) -1 - -1 +n+1= B -1 +n+l= A’ +n+n +n+1>1 va

n® +n+1< 4 nghia 1a A khong phai 12 s6 nguyén t6 véi n =2 . Vay chi c6 n =1 thoa mén.
8.12. Cho da thirc bac ba f (x) v6i hé sb cia x* 1a mot s nguyén dwong va biét £ (5)- £(3) =2020,
Ching minh rang /(7)- £ (1) 1a hop sé.
Huéng din giai — dap sb
Theo dé bai /' (x) co dang f(x) =ax’ +bx* +cx+d (a€Z’)
Taco: 2020 =7 (5)- £ (3)=(5"- 3" )a+(5- 3% )b+ (5- 3)c =98a +16b +2c
= 16b +2¢ =(2020- 98a)
Taco: £(1)- fD)=(7"-1)a+(7*- 1?)p+(7- De
=342a +48b + 6¢ =342a +3(16b +2¢)
=3424 +3(2020- 98a) =6060 + 484 3
vay f(7)- £ 1a hop sb.
8.13. Cho sb nguyén k.
a) Chtng minh (k> +3k +5) chia hét cho 11 khi va chi khi k =11¢+4 véi t a s6 nguyén.
b) Ching minh ( +3k +5) khong chia hét cho 121.
(Tuyén sinh I6p 10, chuyén todn, Truong Phé Théng Nang Khiéu, PH QG TP Ho Chi Minh, ndm hoc 1996 -
1997)
Hwéng din giai — dap so
a)Tacod k> +3k+5=(k- 4) +11(k-1). Suvra k> +3k +5 chia hét cho 11 khi
va chi khi (k- 4)° chia hét cho 11. Do 11 1a sé nguyén td nén diéu nay chi xay ra khi k- 4 chia hét cho 11
hay k =11¢+4 véi t 1a s6 nguyén.
b) Gia str ¢6 k nguyén sao cho (k? +3k +5) chia hét cho 121. Khi d6 (k* +3k +5) chia hét cho 11. Theo
cau a) thi k£ =117 +4, thay vao ta co:
k> +3k +5 =(k - 4 +11(k - 1) =121¢* +121¢ +33 khong chia hét cho 121 (vi 33 khong chia hét cho 121).
Mau thuan.

Viay (k* +3k +5) khong chia hét cho 121.
8.14. Cho ab, ¢ khic 0 théa man didu kién: (ab+bc+ca) =a’b* +b’c* +c*a*. Ching minh ring

@’ +b° +¢* chia hét cho 3.



Huéng dén giai — dap sb
Tir gia thiét ta c6:
a’b? + b +Pa? +2ab’c + 2bcta + 2bca’ =a*h? + bt + Cdl
= 2abc(a+b+c)=0= a+b+c =0 vi abc #0
Tacd: @’ +b°+c* =a* +b - (a+b) =d’ +b* - &* - 3a°h- 3ab*- b’

=-3ab(a+b) =3abc 3

8.15. Cho A(n) =n*(n*- 1), Chitng minh ring 4 (1) chia hét cho 60 v6i moi sé tu nhién n.
Huéng dén giai — dap sb

Ta co:

A(n) =n* (n2 - 1)(n2 +l) =n*(n- 1) +l)(n2 +1)

Néunchin = n*4= 44 .

Néunle = (- D(n+1)i4= 434,

-Tacé n- L;nn+1 1a ba sé nguyén lién tiép nén (n- Dn(n+1)3= 43

-Néu n5 thi 435

Néu 7:5 du 1 hodc 4 thi (n- Dn(n+1)i5= 45

Néu n:5 du2hodc3 = n*i5 dud = n* +1:5= 435.

Ma 3; 4; 5 nguyén t6 cung nhau timg d6i mot nén A:3.5.4 hay 4:60.

8.16. Cho P =(a+b)(b+c)(c+a)+abc

a) Phan tich P thanh nhan tu.

b) Chirg minh rang néu a, b, ¢ 12 cac s6 nguyén ma a +b+c chia hét 6 thi P- 3abc ciing chia hét cho 6.
Hwéng din giai — dap sé

a) Taco: P =(a +b)(be +ac+c* +ac)+abe

=(a +b)[c(a +b+c)+ ab] +abc

=(a+b)c(a+b+c)+(a+b)ab+abc

=(a+b)c(a+b+c)+abla+b+c)

=(a+b+c)ab+bc+ca)

b)Th a+b+c:6=> P:6

a+b+c6=> a+b+ci2= a,b,c it nhit ton tai mot s6 chin

= abc:2= 3abc:6= P-3abc:6.

8.17. Cho a, b, ¢ 1a cac s6 nguyén thoa man a’ +b° =4(c* +d°) .

Chtmng minh rang: a+b+c+d chia hét cho 5.



(Thi hoc sinh gioi toan 9, tinh Quang Binh, nam hoc 2010 - 2011)
Hwéng din giai — dap s6
Taco @ +b° +¢° 25(05 +d5)§5

Xét @’ +b3+ +d - (a+b+c+d)=(a’- a)+(B*- b)+(c* - ¢)+(d° - d)

Maa’ -a Za(a4 - 1) Za(a2 - 1)(a2 +1)
-Néuai5=d’-a’5

-Néu a =5k +1 thi ¢*-15= - a5
-Néu a =5k +2 thi ¢* +155= d°- a5
Vay véi a 1a s6 nguyén thi ¢° - a:5.
Tuongtutacd b°-b:5; c’-¢ci5;d -d 5
=>a +b +c’+d’ - (a+b+c+d)’5

Ma @’ +b’ +c +d’ 5= a+b+c+d'5

3 2
a

8.18. Cho 4 23—4 + < + % v6i a 1a s6 ty nhién chan. Hay chimg minh A c6 gia tri nguyén.

Hwéng din giai — dap s6

@ +3a* +2a _ala+1)(a+2)
24 - 24

Tacod: 4 =

a;a+1;a+2 13 cac sb nguyén lién tidp = ala+1D(a+2)3 (1)
Vi a la s6 chdn nén ta dit « =2k (k€N).

4k (k+DQk+1) _ k(k+1DQ2k +1)
- 24 - 6

A

k;k +1 1a céc s nguyén lién tiép = k(k+1)2= a(a+1D(a+2)4 (2)
Ta(1)vi(2) = A€Z
8.19. Cho a, =2""""+2"*" +1 va b, =2"""'- 2”"*' +1_ Chung minh ring véi moi sb ty nhién n, c6 mot va
chi moét trong 2 $b a, hodc b, chia hét cho 5.
Huéng dén giai — dap sb
Taco a, +b =22 +2=(22)" +2 =4 +2
Véin 1a s6 ty nhién thi 4" chi c6 thé tin cing 1a 4 hodic 6 = a, +b, chi co thé tan cung 14 6 hoic 8
= a, +b, khong chia hét cho 5 = a, va b, khong cung chia hét cho 5.(1)

Xét an,b" :(2211+l +22n+1 +1)(22n+l _ 2n+1 +1)

:(22I1+1 +1)2 . (211+1 )2 :42I7+1 +2.22n+1 +1_ 22I1+2 :42”+1 :5 (Vi 2n+1 lé)



A,b,:5 (2)

Tir (1) va (2) suy ra c6 mot va chi mot trong 2 s6 4, hodc b, chia hét cho 5.

8.20. Ching minh rang néu p 13 s6 nguyén té 16n hon 3 thi p*- 1:24
Hwéng din giai — dap s6

Ta c6 p 1a s6 nguyén t6 16n hon 3 nén p* chia 3 du 1

= p-13 (1)

Mit khac p 14 s6 nguyén t6 16n hon 3 nén p- 1; p+1 1a hai s6 chin lién tiép.

= (p-D(p+D8= p*- 18 (2)

*Ma (3;8) =1, tir (1) va (2) suy ra diéu phai chimg minh.



