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DU POAN
DAU BANG TRONG BAT PANG THUC CO-SI
(CAUCHY) PE TIM GTNN, GTLN VA CHUNG
MINH BAT PANG THUC

I. LY DO CHON PE TAI

- Bat dang thue (BDT) la kién thic khdng thé thiéu trong cac ki thi dai hoc, cao
dang, thi hoc sinh gioi. BDT 4p dung rat nhiéu trong trong cudc séng néi chung va
toan hoc néi riéng chang han: giai phuong trinh, hé phuong trinh, bat phuong trinh,
hé bat phuong trinh, cac bai toan cuc tri . . . Pa sb hoc sinh (HS) khi gip BDT
thuodng hay lang tang, khdng biét nén xuat phét tir dau? Phuong phap giai nhu the
nao? Vi vai trd 1a giéo vién day Toan 10, t6i mubn HS 16p 10 duoc tlep can mot sb
dé thi cao dang, dai hoc, dé thi hoc sinh gioi, bai BDT hay tir nhitng kién thiic binh
thuong, dé hiéu nhat.

- Chung minh BDT hoac tim gié tri 1on nhat(GTLN) gla tri nho nhat(GTNN) cua
mot biéu thie thyuc ra 1a mot day hitu han cac budc bién doi, danh gia thong qua céac
BDT ma dam bao diu “=” BDT luon dang tai moi thoi diém. Céc sai lam va kho
khan HS hay gap phai la :

v" Theo thoi quen lam BDT trong chuong trinh, HS thuong khong kiém tra dau
“=" cua BDT c6 xay ra hay khong? Nhu thé, HS d& mic sai 1am khi ap dung
“vé tw’” cac BDT ma khong xay ra dau “="

v HS s& ling ting khong biét xuat phat tir d4u? Lam cach ndao dé suy luan ra
cac BDT can dung trong bai toan.

Dy doan dau “=" trong bat dang thic C6-si 1a mot ki thuat “suy nguwgc” nhung rat
logic. Tur gia tri cua cac bién s6 trong BPT tai diu “=" & du doan ban dau, suy ra c4c
gia tri ctia cac bién sb trong BDT tai cac thoi diém dung cac BDT dé danh gia, suy
ra cac BDT phu hop s& dugc sir dung trong bai toan. Hon nita, gilp chdng ta c6 thé
kiém chirng lai cch 1am bai toan co dung khong? tir d6 han ché, khic phuc sai lam.
T6m lai, ki thuat trén cho phép ta dw dodn, tranh sai ldm va dinh hwéng céch gidi
bai toan.

- Dy doan diu “=" trong bat dang thac Co-si ¢é ching minh BDT hoic tim GTLN,
GTNN Ia mét trong cac phuong phap don gian, dé hiéu hon so véi da s cac phuong
phap khac, phi hop véi HS 16p 10. Cho phép HS giai quyét dugc nhiéu bai toan
BDT ma khdng can huy dong téi kién thic vé dao ham cua I6p 12.
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II. THUC TRANG TRUOC KHI THUC HIEN CAC GIAl PHAP CUA PE
TAI

Mot 13, qua thuc té day hoc va tir ghi nhan trén ching toi nhan thay trong
chuong trinh 16p 10 phan BDT, s bai tap trong sach gido khoa han ché va thoi
lwgng danh cho né rat it.

Hai 13, trong sach gido khoa, sach bai tip dai sé va hinh hoc ban nang cao va
ban co ban déu khdng ¢ hoic rat it bai BDT yéu cau diu “=" xay ra khi ndo? Do do,
thong thuong khi lam bai BDT thi HS khéng c6 thdi quen thir lai dau “=" c6 xay ra
hay khéng? Pay chinh Ia sai lam HS thudng gap phai.

Do d6, t6i manh dan lam SKKN ndy v&i mong muén 1a mét tai liéu nho gidp HS
d& kho khan hon khi gap mot s6 bai BDT c6 dang trén.

I11. NOI DUNG PE TAI
A) Co sé li thuyét

Theo chuong trinh séch gido khoa ban nang cao va co ban hién hanh, HS chi
duoc hoc BDT Cé-si 2 va 3 sé khong &m. Do d6, chiing tdi c6 gang bién soan hé
thdng bai tap, ki thuat giai dua trén BDT C6-si 2 va 3 s6 khéng &m, muc dich cho
HS dé hiéu nhat c6 thé.
@ Bat dang thic Co-si 2 s6 khéng am

a+b

Cho a, b >0, ta co: =Vab  pgy "="xayra<a=>h.

> Tu BDT Co-si 2 s6 khong am ta co thé dé dang chimg minh dugc cac BDT Hé
qua sau:

®(a+b)[§+%)24 véi a,b>0

vsi a,b>0

®£+12
a b (a+b)

©) 1 si E+l véi a,b>0
a+b 4la b

DAu “=" xay ra < a=b

@ Bat dang thic Co-si 3 s6 khéng am

~a+b+c _3 ,
Cho a, b, ¢ >0, ta cé: TZ abc . Dy "="xayra @a=b=c.

> Tu BDT Co-si 3 s6 khong am ta co thé dé dang chimg minh dugc cac BDT Hé
qua sau:
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®(a+b+c)[§+%+1]29véi a,b,c>0

C
@£+1+12 J véi a,b,c>0
a b ¢ a+b+c

1 sl E+1+l véi a,b,c>0
a+b+c 9la b c

DAu “=" xay ra < a=h=c
& Gia tri lon nhat, gié tri nhé nhat
Cho f(X,Xy,....X;) la mot ham n biénthuctrén Dc": f:D -1

f (X, %5, X ) <M V(X,%Xy,..., %) €D
- Maxf=M < ;2 2 10 20 "
D A, %3, xD) e D F(, X9, %)) =M
_ f (X, X000 X)) 2 M V(X, X5,...,X,) €D
- Minf=m& 0 0 0 0,0 0
D AX X5, Xg) €D T (X, X540, X ) =M

» Nhan xet:
— Ddu higu dé duing BDT C6-si va cac hé qua la cac bién trong BDT ludn khong
am hoic duong. Diéu ndy gilp ta nhan dinh nhanh bai toan c6 nén diung BDT Cb-si
hay khong.
— Trung binh cong cua cac sé khong am Iudn 16n hon hodc bing trung binh nhan
cua chung. Do do6:

+Pé tim GTNN cua biéu thirc thudng ta s& bién ddi tong thanh tich.

+Pé tim GTLN cua biéu thirc thudng ta s& bién ddi tich thanh tong.
— DAu “=” trong bat dang thirc 6 vai trd rat quan trong. N6 gidp kiém tra tinh diing
ddn cua chiing minh, dinh hwéng cach giai. Bac biét, khi ap dung nhiéu lan bat
dang thic CO-si hodc hé qua thi cac dau “=" phai dong thoi xdy ra véi cing mét
diéu kién cua bién.
— BDT @ “ggp” tir tong 2 hodc 3 s6 hang thanh mot s6 hang duy nhat.
— BDT ® “tach” tir mot s6 hang thanh 2 hoic 3 sé hang.

B) Ung dung du doan diu bang trong BPT C6-si tim GTLN, GTNN cia biéu
thirc va chitng minh BDT
1) Céc sai lam hoc sinh hay gdp phdi

Pa s6 khi moi lam BDT thi HS thuong hay gap phai sai lam. Pang néi hon 1a
HS khong biét minh sai nhu thé ndo? Tir dau?. Sau day 1a cac vi du HS hay gap phai
sai lam. Dau tién 12 Bai 4.22 trang 105 Sach bai tdp dai sé 10 ban nang cao
Bai 1. Cho mét tim ton hinh chit nhat c6 kich thuéc 80cm x 50 cm. Hay cit di &

bdn géc vudng nhitng hinh vudng bang nhau dé khi gap lai theo mép cit thi duoc

mot cai hop (khéng nap) co thé tich I6n nhat
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@ Sai 1am HS thwong gap: ,
Goi x (cm), 0<x< 25 la d6 dai hinh vuéng duoc cat.
Do @6 V = (80-2x)(50 - 2x)x = %[(80 —2X)(50 — 2x)4x]

Ap dung BPT C6-si cho 356 80-2x>0,50—-2x > 0,4x >0
(80—2x)+ (50— 2x) + 4x _ 130
3 3
3
— (80— 2X)(50— 2X)4x < (130} V<t (130} Vay MaxV :l(@j
3 4 3 4\ 3

@ Nguyén nhan sai lam:

Ta co: 3/(80—2x)(50—2x)4x <

+Theo théi quen, HS khdng kiém chung lai ddu”=" cua BPT xay ra khi nao?

MaxV_4(lzoj khi 80-2x =50-2x < 80=50 (V0 ly). Do d6, dau “=" khong xay ra.

1
Bai2. Cho Xx>2.Tim GTNN cua A=x+;

@ Sai lam HS thwong gap:

Ap dung BDT C6-si 2 s6 khdng &m ta c6 A= x+% >2 /x% =2.Vay Min A= 2.

@ Nguyén nhan sai lam:
+HS ngé nhgn Bai 2 véi hé qua 1 ciia BDT Co-si cho 2 sé khdng am trang 73 sach

gido khoa dai s6 10 ban co ban c6 phét biéu:

Tong mét so dwong va nghich dao cia n6 |én hon hodc bang 2. a+s>2va0.
a

+Theo théi quen, HS khdng kiém chang lai dau”=" cua BDT xay ra khi nao? Cu thé

Min A=2 o x=1 ox-=1 (v 1Y) vi x>2. Do d6, dau “=" khdng xay ra.
X

Bai 3. Cho sé thyc x>2. Tim GTNN cia A=x+i2
X

@ Sai lam HS thwong gap:
< A i A LA A . X x 1 Xxx 1 1 3
Ap dung BDT Co-si 3 s6 khong am ta co A:E+§+7 >33 /55—2 = 3§/; Y

Vay MinA=

S
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@ Nguyén nhan sai lam:
Cach giai trén méc sai 1am do du bang cua bat dang thirc khdng xay ra. Bai vi, dau

“=" xay ra < gzgzizax:%ﬁ trai vai gia thuyét x> 2.
X

Bai 4. Lap phuong trinh duong thang A di qua Q(2;3) va cit céc tia ox,0y tai 2
diém M, N khac diém O sao cho OM+ON dat GTNN.

Trich t&r Bai 10 trang 101 Sach bai tgp hinh hoc 10 ban néng cao hi¢n hanh
@ Sai 1am HS thwong gap: Gia st M(m;0),N(0;n) v&i m,n>0.

Phuong trinh dudng thing theo doan chan 1a Al Yog,

m n
2 3
Do Q(23)eA=—+==1
m n
ApdungBDTC6-3i2363§>0 = —>2/—— 1>2 ——:>mn>24
m n m n

Mit khdc OM +ON =m+n > 2m =2J_=4J_.
Do d6, Min(OM +ON) =46
@ Nguyén nhan sai lam:

Theo thoi quen, HS khong kiém chang lai dau”=" cua BDT xay ra khi nao? Cu thé

2 3
DAu “=" xdy ra khi {E “n=>m=n=0(V0 ly). Do d6 dau “=" khdng xay ra.
m=n

2) Khic phuc sai lam, phan tich va dinh hwéng céch gigi
& Ky thuat du doan dau bang de tim GTLN, GTNN cua biéu thirc:

B1: Du dodn ddu “=" xdy ra:

xDdu hiéu:

+Néu biéu thuc co diéu kién rang budc thi GTLN, GTNN cua biéu thic thuong dat
duoc tai vi tri bién.

+Néu biéu thuc c6 tinh dbi xang thi ddu “=" thudng xay ra khi cac bién bang nhau.
+Néu biéu thic khong cé tinh d6i xtng thi tuy theo bai toan ma linh hoat &p dung.

2 Muc dich: Xac dinh gia tri cac bién va GTLN, GTNN cua biéu thuc tai dau “=" &

du doan ban dau.
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B2: Pinh hwéng cach gidi: Tur gia tri ctia cac bién tai ddu “=" ¢ du doan ban dau,

ta suy ra gia tri cua cac bién va cac BPT tham gia danh gia tai cac thoi diém dau

xay ra. Mdi phép danh gia phai tuan theo nguyén tic gia tri ciia cac bién thugc biéu

thirc tai cac thoi diém dau “=" xay ra cua cac BPT van khong thay ddi. Nghia 13, dau

& mdi lan danh gia déu phai gidng nhu dau & dy doan ban dau.

(13 ”1 (13 ”

x2Muc dich: Lap so d6 déu Xay ra gom cac gid tri cua cac bién tai dau o du

doan ban dau, tai mdi thoi diém danh gia, tir d6 suy ra cac BDT danh gia.

Pé hiéu hon ching ta hiy ap dung vao mét sé bai toan cu thé sau:

, 1
Bail. Chosothuc X>2.Tim GTNN cua A=X+;

B1 : Dy doan dau ‘=’ xay ra:

Ta c6 2 luu y: + Mot 13, bidu thirc ¢6 diéu kién x> 2
+ Hai 13, ham'sé f(x)=x+= ham sé ddng bién trén (2;+e)
X

That vay vx;,x, € (2;+0):x > X, >2

= (%)~ f(x,) :(x1+ij -[xz +ij:(x1—xz)[MJ>0:> f(x)> f(x,)
X, XX,

X;

Do d6 x cang nho thi A cang nhé. Dy doan dau “=” xay ra tai x=2 va Min A= g :

B2:Pinh hwéng cach giai: Biéu thic A c6 chira tong xva =, détim GTNN cua A
ta phai dung BDT nao ma khi danh gia cac bién x phai triét tiéu. Do d6, nghi ngay
dén phép danh gia tong thanh tich BDT Co-si 2 s6 khong am.

+Khong thé 4p dung BDT C6-si cho 2 s khong am xva = vi dau “=" khdng xay ra

(nguy@n tic dau “=" khong dam bio).

' So db ddu “=": Theo Nhitng vién kim cwong trong bat dang thirc toén hoc, Tran Phuong, NXB Tri thirc thi ! duoc
goi 12 “So’ do diém roi”. Nhung thuat ngit “So’ @6 diém roi” khong duge dinh nghia trong chuong trinh. Nén ching toi

tam goi 1a So’ @6 dédu “=" v&i muc dich cho HS dé hiéu.
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+Cho nén, ta phai tach x hoac 3 dé khi ap dung bat dang thic Co-si 2 s6 khdng am

thi ddu “=" xdy ra. Dau “=" xay ra tai x=2, két hop véi nhan xét trén ta sir dung

BDT Co-si cho cip sb (i,ij thi 5+322/5£=2\/1, ddu “=” xay ra
o X [04 X o X [04

X 1 {X (nguyén tic dau “=" vin dam bao). Gia tri cua x=2 tai dau “=" &
(04 X o =

du doan ban dau xay ra ciing khong thay d6i so véi khi sir dung BDT Co6-si 2 s6

khéng am. Pé tién hon ching ta ding so d6 dau ‘=’ xay ra:
x_2
a a 2 1 A n A . )
X=2= 1 1:>—=E:>oz=4 . Vay ta nén phan tich A nhu sau:
o
X 2
Aoxsl X X1 (X+1j+3— va ta c0 loi giai tuong (ng.
X 4 4 X 4 X 4

Loi gidi dung

Ap dung BDT C6-si cho 2 s duong %% >0

, x 1
Dau “=" xay ra < —=— hayx=2 . Vay MinA=2.
4 X 2
Nhén xét: Pé gidi bai toan trén, ngodi cach chon cdp sé (13 ta c6 thé chon cac
[04
p . 4 . 1 y a y 1
Cac cap so sau: | ax,=—| hoac | x,— | hoac | x,—|.
X X aX

1 1
Bai 2. Cho X,y >0thoa X+Y<1 TimGTNN cua A=X+ y+; +§

B1 : Dy doan dau ‘=’ xay ra

\ . A ) _ 1
Do A la biéu thire doi xang theo x, y nén du dodn GTNN cua Atai X=Yy = >
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B2: Pinh hwéong céch giai

14 1
+ Tu Bai 1 va dau “=“ xay ratai X= Y=§ , ta phén tich A:(x+%j+[y +%j
Ar az 7 1 1 .-
roi danh gia (x +—j,(y +—j theo nhu Bal 1.
X

y

Do d6 ta c6 So dd dau “=" nhu sau: x=y= 1

Ap dung BPT C6-si 2 s6 khong am

A:(4X+EJ+[4y+£j—3(x+ y)22\/4x.£+2\/4y.£—3(x+ y)=8-3=5
X y X y

- , 1
vay MINA=5. Dau “=" xay ra< x =y =3

Nhan xét: Dé gidi bai toan trén co thé ding BPT Co-si 4 so khéng am, nhung do

gigi han chwong tinh nén ching tdi chi dimg BPT Cé-si 2 va 3 sé khdng am.

¥ . 1 1 1
Bai 3. Cho x,y,z>0:x+y+zsg_T|mGTNN cua A=X+y+z2+— +—+=—

X y z
B1 : Dy doan dau ‘=’ xay ra

Do A 14 biéu thirc dbi xang véi x, y, z nén MinA dat tai x=y=z=

B2:Pinh hwéng cach giai

x_y_z_1
So do : x=y=z=-=1% % ¢ Za:izzjazi
111, T 4
X y 1
Loi gidi
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Ap dung BPT C6-si cho 2 s6 khong am

A:(4x+£j+(4y+£j+(4z+£J—3(x+ y+z)22\/4x.£+2\/4y.£+2\/4z.£—3(x+ y+12)
z X z

X y y

212 ——=—
2 2

Viy MinA:§ Kkhi x:y:zzé

Nhan xét: Véi cung ki thudt gidi va BDT Cé-si 2 s6 ta ¢6 bai toan tong qudt hon:

M¢ réng Bai 3: Cho x,x,,%;,..X, > 01X + X, + X, +..+ X, < .

1 1 1 1 i 2 \
A=ﬂ(x1+x2+x3+...+xn)+y[—+—+—+...+—]vé’| ,B—Q<0 (a,B,7>0 la
X X X X a

n

2 2
hang so cho trudc, neN™) thi MinA = P27 i X =Xy = Xy == X, =
a n

D& dang tim dugc GTNN va cach 1am dya vao ki thuat dy doan dau “=" nhu trén.

Bai 4. Cho sb thuc x>2. Tim gia tri nho nhat cua A= x+i2
X

B1: Dw doan diu ‘=’ Xay ra:

Ham sb f(x)= x+i2 ddng bién trén (2;+00). That vay Vx;,x, € (2;+0) 1% > X, > 2
X

= f(x)- f(&){m%} -[xz+xizzj=(x1—x2)_[ﬂj

2y 2
XX

2y 2 _
=(x1—xz)(1— fjlfxxf}(xl—xz)[—‘ o X?j>0:» f4)> f(x)
2 2

X >2  [x°x7>4x°
Do = = X2X2 > 2X %+ 2X.% > 4X +4X, > X + X
( {X2>2 {X12X22>4X22 X X" > 2%7 2% > 4% + 4%, > X +X,)

Do d6, x cang nho thi A cang nho. Ta du doan MinA:% tal x=2.

B2: Pinh hwéng cach giai

+Khong thé ap dung BDT C6-si cho 3 s g,gva iz vi dau “=" khong xay ra.
X
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+Tach x hoic % dé khi ap dung BDT Cd-si 3 56 thi ddu “=" xay ra .

+Sir dung BDT Cb-si cho bg s6 (ilizjsaochotalx 2 thi = =5=i2.
a a X a o X
X_X_
y 4z Ta X2
Tacosododau‘=": x=2={¢ Oi X2 1,8
o
X2 4
Vay A=5+5+i2+§x va ta co loi giai sau.
8 8 x° 8
Loi Giai:

Ap dung BPT C6-si 3 s6 khong am ta c6

X X 3 9
A:(—+—+—2j+—23.3—.—. 22—t —=—
8 8 X 8 88x 8 4 8 4

Dau “=" xdy ra < x=2. Vay Min A= MinA:% tal x=2.

Nhan xét: Twong tw ki thudt gidi va BPT Cé-si 3 s6 ta ¢6 bai toan tong qudt hon:

M¢ réng Bai 4: Cho x,x,,%;,..X, > 01X + X, + X, +..+ X, < .

<0(a,B,y>0 la

1 1 1 1 ] 3
A:ﬂ(x1+x2+x3+...+xn)+y[—2+_2+_2+___+_2] Vi ’B_Zyr;
XX X X o

. , . 3 3 ]
hang s6 cho trugc, neN”) thi MlnA=Wa—+27n khi X1=X2=X3=---=Xn=%
Bai 5. Cho séthuc x>6.Tim GTNN cua N

X

B1: Dw doan dau ‘=’ xay ra

Do ham sb f(x)=x2+X> déng bién trén (6;+o) nén x cang nho thi A cang nhé. Ta
X

du doan MinA=39 khi x=6.
B2: Pinh hwéng cach giai
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X _36
So d6 diu “=": x=6=J % ¢ :}ﬁzgja 24
9.9 3
X 6 2
Loi Giai:

Ap dung BDT C6-si 3 s6 khdng am ta co:

24 X X

2 2 2 2
A (X,9,9),23¢ L [x* 99 23¢ 9 2336 _,
24 ~N2a'x'x 24 "2 24
2

DAu “=” xay ra ©%=%© x=6.Vay GTNN cua A 1a 39

Bai 6. Cho x,y,z>0 thoa x+y+z§%.T‘|m GTNN cua A=x2+y2+zz+E P
E— X Yy z

B1: Dw doan dau ‘=’ xay ra
Do A 1 biéu thirc dbi xtung theo x,y,z nén du doan MinA dat tai x=y =z =%

B2: Pinh hwéng cach giai

AL .1 1 2 B
So do : x—y_z_2:> . 1 1 334_a:>a_8

ax ay ai «a
Loi Giai:
Ap dung BDT C6-si 3 s6 khdng &m va Hé qua @ cua no. Ta duoc:

A:(x2+£j +(y2+£j+(zz+lj
X y z
(211J211(211j6111
=Xt =t | +| Yt — [+ =t || =+ =+
8x 8x 8y 8y 8z 8z) 8\x y z
23§/X2ii+33yzii+3i/zzii+§LZg+2—7£:2—7
8x 8x 8y 8y 828z 4(x+y+z) 4 43 4

DAu “=” xay ra < x=y=z=

N |-

Vay MinAz%7
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Nhan xét: Twong tw ta cd thé gidi quyér diroc bai toan tong qudt hon.

M¢ réng Bai 6: Cho x,x,,%;,..X, > 01X + X, + X, +..+ X, < .

1 1 1 1 . 2pBa’
A= B (X2 +X7+ X+ X2 )+ Y| —+—+ 4.+ — |VGiy— 0
ﬂ(xl 2 3 n ) /4 X % X X oly e >

(a, B,y >0 la hang s6 cho trudc, neN”)

thi MinA =821 i x =x, =x, =..=x, =

a
N n

Bai7. Cho ba sé thuc duong xy,z thoa %+%+%=4 . Tim GTLN

ciaP=—+ —+ Y Y péhibaihoc khéi A nim 2005
2X+Y+2Z X+2y+7 X+y+2z

B1: Dw doan dau ‘=’ xay ra
Do P 14 biéu thirc di xang véi X, y, z nén du doan Min P dat tai x=y =z =3Z

B2: Pinh hwéng cach giai

Nhan thiy dé P c6 thé st dung gia thuyét %+%+% =4 thi

1 1 1 1

, , , phai duoc tach thanh tong céc sé hang
2X+Y+2Z X+2Y+Z X+Yy+27 2X+y+12

%%% Tur 1 s6 hang ban dau tach thanh nhiéu sé hang, nghi ngay dén Hé qua ®

ctia BDT Cb-si 2 s6 khdng am Lgi+£,(a,b>0).
atb a b

Dodo s =<x+y>i<x+z>f%hxiy)+<xinﬁ%K%+%J+6+%ﬂ-

DAu “=” xay ra <>x=y=z khong thay doi S0 Vi x=y =1 =3Ztai dau “=" ¢ du doan

ban dau xay ra (Pam bdo nguyén tic dau “=" xdy ra)
Loi Giai:

-13 -
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Ap dung Hé qua ® ctua BPT Co-si 2 s6 khong am

v =<x+y>1<x+z>Si[(xiy)*(xizﬂﬁﬁm*a*(?*iﬂ

) 1 11 1 1 1
Tuongty: —————< | =+=+=+=
X+2y+1z 16(x y y zj

1 1(1 1 1 1
———— < —| =+ —+—+—
X+y+2z 16{x y z z

Cong theo vé 3 bat dang thic trén, ta co:

1 1 1 1(4 4 4
P= + + <—|—+—+—1|=1
2X+Yy+2Z X+2y+z X+y+2z 16\x vy

A __7 9 1 1
Dau“="xayra <« —====
X z

1 =f@x=y=z=i.Vaiy MaxP =1.
y 3 4

Nhan xét: Bang ki thudt twong tir ta c6 thé gidi quyét diroc bai toan manh hon.

X,y¥,2>0
Mé rgng Baitodn7: Cho {1 1 1 .
—+—+—=4

X y z
1 1 1

P_

= + + ,B.2eN" hang sb cho trudc
aX+py+yz PBX+yy+az yx+ay+ Pz (@ fihe ang s6 cho trude)

thi MaxP=— % khi x=y=z=>
a+pP+y 4

Tham chi d6i véi cac bai toan BDT ma dau bang khdng xay ra khi cac bién

bang nhau. Néu dyu doan duoc diu bang xay ra, van lam duoc

Xy >12

Bai8. Cho x,y,z>0: 1.1 ),8 . 12
yz>8

. Cmr: (x+y+z)+2(i+—+—
Xy yz X

B1: Dw doan dau ‘=’ xay ra

xy=1

Du doan GTNN cua A dat duogc khi {yz—82 tal x=3y=4,z=2.

B2: Pinh hwéng céch giai...
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Loi Giai:
Ap dung bét dang thic Co-si 3 s6 khdng am ta co:

13x 13y, \/13x 13y \/5 13,

18 24 18 24 \18'24

13y 13z 22\/13y.13z 22\/338 :E
48 24 4824~ \48'24" 4

Cong theo vé cac bat dang thirc trén ta duoc:

(x+y+2z)+2 1,81 (dpcm)
Xy yz X xyz 12

Bai 9. Cho mot tim ton hinh chit nhat c6 kich thuéc 80cm x 50 cm. Hay cit di &
bdn géc vudng nhitng hinh vudng bang nhau dé khi gap lai theo mép cat thi duoc

mot cai hop (khong nip) c6 thé tich I6n nhat.

Trich tr Bai 4.22 trang 105 Sach bai tdp dai s6 10 ban nang cao hi¢n hanh
Dw doan dau ‘=’ xay ra va Pinh hwéng cach giai...

Goi X (cm), 0< x <25 1a do dai hinh vudng dugc cit.
Do dé V =(80-2x)(50-2x)x.

Pé tim GTLN cua V can ap dung BDT Co-si cho 3 s6: (80— 2x), (50— 2x), Bx >0

(80—2x)+ (50— 2X)+ X 80+50ct +(f — 20 —2)x

— thoa
3 3

3/(80—2x).[2(50—2x)].Bx <

+Mot 13, B—20-2=0= B =2a+2

+Hai 13, dau “=" xay ra khi (80-2x) = &(50—2x) = Bx < (80— 2x) = (50— 2x) = (2a + 2) X
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Do do: 25a = 40 c{a:Z(n) :{a:Z

2a0+1 2+a a =-40(1) S =6

Loi Giai:
Goi x (cm), 0<x <25 1a do dai hinh vudng dugc cit.
Do @6 V = (80-2x)(50 - 2x)x = %[(80 —2x)(100 - 4x)6x]

Ap dung BPT C6-si cho 356 80-2x>0,100—4x > 0,6x >0
(80—2x)+ (100 —4x) +6Xx
3

Ta co: 3/(80—2x)(100—4x)6x < =60

3
— (80— 2x)(100 — 4x)6x < 60° = V/ <%—18000 VAay MaxV =18000

khi 80-2x=100-4x=6x < x=10.

Bai 10. Lap phuong trinh duong thang A di qua Q(2;3) va cat céc tia ox,0y tai 2
diém M, N khac diém O sao cho OM+ON dat GTNN.

Trich t&r Bai 10 trang 101 Sach bai tgp hinh hoc 10 ban néng cao hi¢n hanh
Gia st M(m;0),N(0;n) véi m,n>0.
Phuong trinh dudng thing theo doan chan 13 A: X Yo

m n
2 3 2n

Do Q(2;3)eA:>—+—=1:>m=—3 Ma m>0 nén n>3
m n n-—

Mit khac OM +ON =m+n= 2N +n= 6 +n+2:[i)+(n—3)+5.

n-3 n-3 n-3

Ap dung BPT Cb-si 2 56 (n:j (n—3)>0:(%}(n—?))zz\/(%j.(n%) - 26

n_
n= 3+\/_(n) {m=2+\/§

2 . 6 2
DAu “=” khi | —— |=(n-3 3V =6
a xayra I(n—?’j (n=3)=(n-3) L 3-/6() n=3+6

Vay Min(OM +ON)=26+5

3) Mét thanh hai

K1 thuat du doan diu bang xay ra cho phép du doan GTLN, GTNN cua biéu
thirc. Cho nén tir bai toan tim GTNN, GTLN c6 thé chuyén d6i thanh chirng minh
BDT va nguoc lai. DSi voi nguoi ra dé, c6 thé linh hoat ché tir mot bai toan thanh 2
bai toan khac nhau vé mat hinh thicc cho phong phd, mac du ndi dung va cach giai
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nhu nhau. Con nguoi hoc ¢ the hoc mot biét hai. Vay nén, gido vién chi can giang
mot ma hoc sinh hiéu hai. Ap dung doi vai toan bo cac bai trong SKKN nay. Chang
han tir Bai 11

1 1
X>+y>  2xy

Bai 11. Cho x,y>0:x+y<1. TImGTNN cua : A=

B1: Dy doan dau ‘=’ xay ra: Do A Ia biéu thirc d6i xang theo x,y nén du doan dau

bang xay rakhi x= y:% = MinA=4

. 1 x2+y2:2
B2: Pinh hwéong céch giai: So do: x=y=2= =2a=2=a=1
2
2Xy
Loi Gidi:
Ap dyung BDT C6-si cho 2 s6 dwong ———; 50,150
X“+y 2Xy
A:212+122212 22.21 =4224
x> +y? o 2xy (x*+y?)2xy Xy 2% (x+y)
2
2 2 _
Dau “=” xay ra < Xy _ZXy@x=y=1—.Vay MinA=4.
X+y=1 2

Ta c6 thé thay doi Bai 11 dudi dang ching minh BPT ta duoc Bai 12, phuong phap

giai cling tuong tu.

1 1

2 2

X“+y 2Xy

Bai 12. Cho x,y>0:x+y<1.Cmr:A=

Bai tap luyén tap
» Chirng minh BDT

Bai 1.Cho sé thuc x> 4. Chiing minh ring x+= z%
X

Bai 2.Cho x,y>0:x+y<2.Cmr x+y+E Loy
Xy
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Bai 3.Cho x,y>0.Cmr =—— Xty N9 ZE
JXy  x+y 2
17

Bai 4.Cho x,y >0 thoa x+y<1.Cmr xy+i ZZ
- Xy

Bai 5.Cho x,y,z,t>0:x+y+z+t<1. Cmr 2(x+y+z+t)+3(_ +1+1+%j>50
X Yy z

Bai 6.Cho x,%,,%,,..%, >0:X +X, + X, +..+ X, <a.

Ba? +yn’

o

Cmr: ﬂ(X1+X2+X3+...+X)+y[i+i+i+ + ]
X1 X2 X3 Xn

7= r-]2 \ M A ’ *
Voi (,8—7—2<0;a,,8,;/>0 la hang so0 cho truéc, neN™)
(04

Bai 7.Cho x,y,z>0.Cmr X, ¥,z yFz  zex Xx+y 15
- Y+Z Z+X X+Yy X y z 2
Bai 8. Cho s thuc x>2. Cmr x+i2 z%

X
Bai 9. Cho s thuc x=6.Cmr x’+= 22—(137
- X

Bai 10. Cho x,y,z,t>0:x+y+z+t<1.Cmr 2(x2+y2+zz+t2)+3(i +£+£+%j2977
I X Yy z

Bai 11. Cho x,,%,,X;,..X, > 0:X + X, + X, +...+ X <a .

ﬂa +yn
Xn

1 1 1
Cmr ﬂ(&?+&2+&2+m+xn)+y{—+—_+__+ =
Na

XX X

VGi (7 - >0: a,B,7 >0 lahing sd cho truéc, neN”)

2pa’
n3

1
1+ x>+ y? 2xy 3

| oo

Bai 12. Cho x,y>0 thoa x+y<1.Cmr

Bai 13. Cho x,y>0 thoa x+y<1.Cmr - +i+4xy27
I X+y? Xy
1 1 1

Bai 14. Cho x,y>0 thoa x+y<1.Cmr —— +——+—5>20
X*+y Xy Xy
3 3 3 3
\/1+x +y° \/l+y +2 +\/l+z + X >33
Xy yz X
(Pai hoc khoi D nam 2005)

Bai 15. Cho x,y,z>0:xyz=1.Cmr P =

3,2

Bai 16. Cho x,y>0:x+y=2.Cmr; p=2X*Y +X +y 13357
X2 y? 2x 2y
-18 -
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Bai 17.Chox,y,z >0 x*+y2+z2=1.CmriP= - ¥ . “? 23\6
y2+22 2+x? xP4y? 2
X,¥,2.0
Bail8. ChoJ1 1 1 .Cmr 1 + 1 + 1 <1 cCho
;+§+251 x/§x+y+z x+x/§y+z x+y+\/§z J2+2
X,y,2>0
Bai 19.Cho{1 1 1 .
—+—+—=4
X y z
1 1 1 4 s .
Cmr + + < (o, ,2eN” lahang so )
aX+pBy+yz Bx+yy+az yXx+ay+pPz a+p+y
.- X,¥,2>0
BaIZO.{ y.2> .Cmr§/x+2y+§/y+22+§/z+2x§3§/§.
X+y+z=3

Bai 21. Cho x,y,z>0:x+y+z=%.Cmr §/x+3y +§/y+22 +§/z+3x <3

» Tim GTNN, GTLN

Bai 22. Cho sb thuc x>4. Tim GTNN cua A=x+t
X

Bai 23. Cho x,y>0:x+y<2. Tim GTNN cua A:x+y+% +§

Bai24. Cho x,y>0.TimGTNN cua A=22Y +ﬂ

Sy x+y

Bai 25. Cho x,y>0:x+y<1. Tim GTNN cua A:xy+x—ly

Bai 26. Cho x;y;z>0 théa x+y+z<1. Tim GTNN:P:x+y+z+2(1+1+1j
I X y z

Bai 27. Cho x,%,,%;,.X, >0:X + X, + X, +..+ X, <.

Tim GTNN cua A= B(% +X, +X, +...+xn)+7/[i+i+i+...+ij
Xl XZ X3 Xn

r: r-]2 \ M A ’ *
Voi ,8—7—2<0 (o, B,y >0 la hang so cho trudc, neN™)
(04

Bai 28. Cho x,y,z>0:x+2y+3z>20. Tim GTNN cua A=x+y+z+§+zi+ﬁ
E— X 2y 1z
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Bai29. Cho x,y,z>0. TiIMGTNNcia A=—> ¥ , %  y+z  z+X X+
- Yy+Z Z+X X+Yy X y z

Bai 30. Cho sé thuc x>2. Tim GTNN cua A:X+X—12

Bai31. Cho sthuc x>6.Tim GTNN cia A=x?+=
X

Bai 32. Cho x,y,z,t>0:x+y+z+t<1.

Tim GTNN A:Z(x2+y2+zz+t2)+3(£ +£+i+1j
X y z t

Bai 33. Cho x,%,,%X;,..X, >0:X +X, + X, +..+ X <a.

Tim GTNN cia A= B (X +x.2+ % +...+xn2)+y[i+i+i+...+i]
Xl X2 X3 Xn

3
Voi ;/—Z'Ba >0 (a, B,y >0 la hang so cho trudc, neN”™)

n3

Bai34. Cho x,y>0:x+y<1. TImGTNN cua A= 21 =+ !
—_— 1+x°+y 2Xy

Bai 35. Cho x,y>0 théa x+y<1. TImGTNN cua A= Ty +%+4xy
+
Bai 36. Cho x,y>0 thoa x+y<1. TimGTNN cua A= LI 1 2

+y o Xy xy’
Bai 37. Cho x,y,z>0:xyz=1.Tim GTLN cua
3 3 3 3 3 3
ID:\/l+x +y +\/1+y +2 +\/l+z + X
Xy \V X
Bai 38. Cho x va y la hai s6 dwong thoa mdn **¥Y=2_ Tim GTNN cua biéu thic:

3,02 2,3
p_X+y +x+y_ﬁi+§_

x2 y? 2x 2y
B&i39. Chox,y,z >0 xX2+y2+22=1. TImMGTNNcuaP= % Y , “¢
y2+z2 224+x% xP4y?
X,¥,2.0 L 1 1
Bai 40. Cho . Tim GTLN cua P = + +
- %+%+%£1 V2x+y+z x+2y+z x+y++/2z
X,y,2>0
Bai 41. Cho 1+1+1_4.T‘|mGTLNcﬁa
Xy z
1 1 1

P

= + + ,B, A eN" 1a 3 hing s cho trudc
ax+BYy+yz PX+yy+az yx+ay+ Bz (o2 ang so cho truoc)
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.. X,¥,2>0 R ,
Bai 42. Cho { y.z> X Tim GTLN cua P =§/x+2y +§/y+22 +3z+2x
X+y+z=

Bai 43. Cho x,y,z>0:x+y+z=%T‘|m GTLN cua P:§/x+3y+§/y+22 +3z+3x

IV. KET QUA ‘ , , ‘
Khi 4p dung chuyén dé trén cho HS 10 thi tbi thay HS rat thich thd, dong thoi
cac em ciing do lung tung hon khi gap cac dang bai tap trén.

V. BAI HOC KINH NGHIEM

Néu c6 thém thoi gian ma rong thi toi nghi rang dé tai c6 thé tré nén c6 nhiéu
tac dung hd tro thiét thuc trong viéc rén luyén va phat trién tu duy gop phan giai
dugc kha nhiéu dang toan trong qua trinh day hoc sinh néi chung va bdi dudng hoc
sinh kha, gioi noi riéng.

VI. KET LUAN

- Ap dung ki thudt du doan dau “=" xay ra trong bat dang thic Co-si 1a phuong
phap ngan gon, dé hiéu, hiéu qua cho lop bai toan kha rong cua BDT, phu hop voi
cac hoc sinh 16p 10 va thi dai hoc.

- Ki thuat giai trén cho HS phat hién, khic phuc sai 1am, du doan, danh gia, dinh
hudng céach giai bai toan.

- Huong mo cua SKKN: M¢ rong vei cac truong hop Co-si n sé khéng am |
dau 7= doi voi BDT Bunnhiacopski, Mincopski, BDT phy. . .thi SKKN s& manh
hon vai cong tac boi dudng HSG.

- Tuy nhién, cac dang va phuong phap t6i lwa chon chwa hin téi vu va day du, chic
chan con phai bo sung thém cho viéc giang day tét hon. Rat mong c6 su dong gop
cua qui ddng nghiép. Moi gop y cua qui thiy, cd vui long gui vé dia chi
mail:thangtatdo@yahoo.com
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VIIIL. LOI KET

Pé hoan tat dugc chuyén dé& nay. Toi rat cam on sy nhiét tinh gilp da, tu
van cua C& L& Thanh Ha to truong, Thay Lé Van Pac Mai to phé cung ¢ Bui
Thanh Ha trong T6 Toan Truong THPT Ngb Quyén dé t6i hoan thién SKKN nay.

NGUOI THUC HIEN

PO TAT THANG
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